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98 98 IW e every Infltuiidh 6f Gotefbhent, Wunde cn buſt 
MATE Principles, the Felicity of the Prince and the Peo- 
ple muſt neceſſarily be reciprocal, as it reſults equal- 
| ly from a wiſe and benevolent Exerciſe of Dominion 

in the one, and good Senſe; and rational Sübjection, in the 
other : This is a Truth verified by a Reflexion on the Fate of 
Nations in general, but more eſpecially «copfirmed by that 
of our own, as well in the laſt as preſent Reign, in which the 
Bleſſings of Nature have been accumulated on the Britiſh Na- 
tion almoſt to Profuſion, and we may ſay, with more Juſtice 
than could be ſaid of them in former Times, that the People 
would, if poſſible, be too happy were they truly ſenſible of 
their preſent bliſsful Situation in its utmoſt Extent. But to do 
Ours 
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Teign the happieſt, as well as the greateſt, Monarch of the 


0 DEDICATION. 


— —_— 


every Perſon they produce a rational and noble Propenſity to- 
wards promoting the general Good of the Community, and 
the-Promulgatiun.of the Sciences among all Ranks and Order 
of Men, and inculcate on their Minds Principles that will not 
fail to render them good Subjects: As this is the profeſſed 
Deſign of theſe Papers, I humby preſume they will be accept. 
able to Your Royal Highneſs, and ſhall for eyer eſteem it the 
higheſt Honour that I am permitted to offer them to Your 
Highneſs's Inſpection. That Heaven may preſerve his pre- 
ſent Sacred Majeſty to the lateſt deſirable Period of Life, 
and then Your Highneſs aſcend the Britz/h Throne and long 


World, is the inceſſant Prayer of, 


TI ens bood-bre, are att 
Your Royal Highneſs's | _ 
Moſt dutiful, devoted, 
Aud obedient humble Servant, 
B. MARTIN. 
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USEFULNESS 
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MATHEMATICAL LITERATURE : 


P O E M 


Poſces ante diem librum cum lumine, fi non 
Intendes animum ſtudiis et rebus honeſtis; 
Invidia vel amore vigil torquebere. —— 


Hon. Epiſt. 2. Lib. I. 


A IL ! heav 'nly Science, bright, ſeraphic Truth, 
My Souls Delight, the Labour of my Youth ; 
O ! prove propitious to my artleſs Lays, 
Which I devote with Pleaſure to thy Praiſe. 
When dread Jehovah form'd the Worlds above, 
Aſſign'd their Peſts, and bid the Syſtem move; 
The great, omnipotent, eternal Cauſe, 
Commanded thee to regulate their Laws : 
(Obedience waits the Word) thy Pow'r to prove, 
In perfett Muſic at thy Will they move. 
In Afric's Plains where antient Nilus* Flood, 
Draws up the Marks, and flains the Lands with Blid ; 
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Ts teach weak Mortalt, Pres to ſean, 

- Down came Geometry and form da Plan. 
Mankind, poſſeſs'd of this celeflial Art, 
To diſtant Climes its Influence impart ; ; 

Conflrain the Waods oer Ocean's Fact to rove, 
And mete the ſpangled Firmament above : 
Succęeding Heads, the Properties feviſe, 

Of Lines on Lines, that meet our wond'ring Eyes 
All Nature ſeem'd ſubmiſſive to the Skill, 

And form'd obedient to the human Mill. 

The Property laid down, the Proof was clear, 

But haw.to.make new Properties appear . , . 


Tas tnown to few, —(the Joys that Genius brings | 
Are far ſuperior to all earthly Things; 


But deep Invention ſeldom wills to tray 

Amongſt the Proud, the Buſy, or the Gay) 

An Art, by which deep Secrets are reveal'd, 

Some Antients knew, but carefully conceal'd; 

How far by #his they clear'd Invention's Way 

Ts hard for modern Geometers to ſay : 

Its Uſe in Lines in ſome Degree they knew, 

As Theon's Reas'nings evidently ſhew. 

Indeed, what might not Greeks ed, in Days, 
When Moarchs crown'd Philoſophers with Bays z 

I pen ſolid Learning flouriſh'd thro' the State, 
And to be wiſe, was,rechon'd truly great: 

No foreign Tongue perplex'd their happy Youth, 

They taught them Virtue, and ber Siſter Jer Truth 3. 
Soul- moving Eloguence, found moral Rules, 

And thou, O Science |! grac'd their public Schools. © 
But Sages hold, there's in all mundane Things, 
The Cauſe, from which their Diſſolution ſprings z 
So Greece had kept her Learning, and ber Fame 
Had not falſe Sophiſtry aſſum'd thy Name : 

Oer. ſolid Reaſon, rul'd without controul; 

And groſs Stupidity hood-wint'd the Soul: 

Then, Truth's bright Eſſence fled the human Race, 
And Learning gone, Barbarity took Place. 
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But to deſcond thro dark, _—_— Timer, 
To happier Days, in theſe veſperian Climes ; 
IVhere Truth's fair Goddeſs animated Man, 
For Science ſelf we in a Newton ſcan ! 
Amazing Genius | IWheſe prolific Thought, 
Nature unveil'd, and deep Fluxonia taught - g 
An Art, that makes the hardeſt, antique Rules, 
But toyiſh Problems, in our modern Schools, 
Theſe neighb'ring Nations to thee, Science, owe, 
The new-found Regions, whence their Riches es; 
In do taught Columbus Ocean's Face to ſweep, 


Or kindred Cabots how to plow the Deep, 


But thou alone ?— And | from this Source there ſprings, 

The Pow'r, and Grandeur of European Kings. 

Mankind, ly thee, to fa#the/t India roam, 

I hence orient Pearls, Gems, Silks, and Spices come: 

Where would Britannia's Ships, her Commerce be; 

Her Pow'r, her A. —0 Science, but for thee ? bs 

The meaneſt Ruſtic craves thy powerful Aid, 

To mete the Labour of his toilſome Spade : 

Thoſe grand Machines whence Manufactures flaw, 

(Employ for Thouſands) their Invention owe, 

To thee :———=Theſe Engines Collieries demand, 

By Art „ fair Science plann d: 

Works to force Water, *Gins to conguer Fire, 

Air-mills, and aqueous; all thy Aid require : 

Clocks, noting Time's inceſſant cir lingo ſes. 

Balliſtic Engines all-deftroying Force, 

The Orrery ſublime, ib Armillary Sphere, 

Glaſſes, that weigh the preſſing, ambient Air, 

Sun-dials, optic Inſtrumenti benen, 

Perſpective Drawings, and the Globes are thine. 
Except religious Comforts, Naught below 


Equals the Bliſs that Science? Vot'ries know : 


Theſe happy Mortals, Pallas, by thy Pow'r, 

To diſtant Worlds in Contemplation tour ; 

What mental Bliſs to view the Order giv'n, 

To thoſe bright Orbs; the Ornament of Heav'n ! 
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( vii) 

Not fond Careſſes, nor each charming Gree, 
That plays on blooming Celia's matchleſs Face ; i 
Enamel'd Meadows, nor luxuriant Fields, : 
Give half the Pleaſure, Truth's fair Goddeſ. yields. 
Winter, will grip the happieft ſylvan Shades; 
Old Age, or Sickneſs, Jpring-like Beauty fades ; 
But thoſe refin'd Enjoyments Science brings, 
Like *liv'ning Sol, are everlaſling Things : 
Compleat the reas ning Faculties, and ſave 
The Soul that Trouble, when beyond the Grave: 

Think / then, ye Morals, of your murder'd Hours, 
In burrying Cities, or in rural Bors; 
Coft off your Indolence,” your Minds careen, 
And learn you Science from ber MAGAZINE. 


CnaxkEs W LDBORE, 


INSTI- 


INSTITUTIONS 


ARITHMETIC. 


| Fans The Laois 


DaaliTHESIS is the 8 Dodtine of Quer- 
Hog ity, whoſe various Relations and Affections it 
UL - —_ contemplates, and gives Rules for making an E- 
SR 25 74 Alimate, or Computation thereof; which it expreſſes 
in different Ways, and by various kinds of Symbols or 9 
ters, which is called Notation. 
2. Quantity is every thing which we can conceive to have any 
Magnitude or Parts, or, properly ſpeaking, it is any thing con- 
cerning which we can aſk the Queſtion, how much? Or, how 
great? It is often diſtinguiſhed into continued and diſcrete. 
3. Continued Quantity is that whoſe Parts are all contiguous, 
or adhere together, and make but one I hole, as a Shilling, a 
Stone, a Sheep, &c. this is the Subject of that Part of Matheſis 
which is called Geometry. 
4. Diſcrete Quantity is that whole Parts are not continuous, but 
ſeparate from each other, and make what Logicians call a collective 
Idea, or Whole ; thus one Pound conſiſts of 20 Shillings ; a Flock 
of many Sheep, &c. this is the _— of the nnn ere 
theſis called Aritlunetic. 

5. Notation is of three Kinds, vix. Numerical Seri, ys 
inear ; Numerical Notation is the Repreſentation of Quantity or 
Quantities by thoſe Characters we call Numbers or Digits, which 
are in all Ten, viz. o, Cypher; 1, One; 2, Two; 3, Three; 

Four; 5, Five; 6, Six; 7, Seven; 8, Eight} 9, Nine. 
* are uſed in common Arithmetic. 

B 6. Spe- 


1 


2 INSTITUTIONS 

6. Specious Notation, is that wherein Species, or Letters are 
made uſe of to reprefent „ as the Letters of the Alpha- 
bet, a, b, c, or A, B, C, c. as in Algebra. Or the fame 
Letters with Points over them, thus, æ, Ji in that Part 7 
the Science called Fluxions. | 

7. Lina Netdfion, is the Repreſentation -of Ontntties by 
Lines, and Figures compoſed of Lines, as is done in all the Parts 
of common Geo 6 

8. The Quintidde; conſidered in Atithmetic are Called Numbers, 
of which there are two Sorts, whole and broken, which are otherwiſe 
called titegerr and Fractianr. Fhe leaſt whote Number is Vrity, 
or 1 One; that is, any one Thing i is called an Unite; and Nothing, 
or Nullity is repreſented bythe Cypher o. \ 

9. A Number of Units under Ten, is repreſented by a ſingle 
Digit, as 2, 5, 7, St. but n Units are deſighed by the firff 
Digit r, with a Cypher annexed to the right Hand, thus, 10. 

And as an Unit is made Ten by one Cypher annexed; ſoit is made 
Tien times Ten, or an Hundred, by two annexed Cyphers; viz. 
100; ſo another Cypher makes Ten Hundred, or Ote Thouſand, 
VIZ. 1000, and ſo on as in the following Table, : 


1 Unit 

10 T 
1oo 
1000 
looo 
100000 


1000000 * 


I 0000000 


I 00000000 


10 5 oe 


Ten Millions 
Millions 


Thouſand * 


10. If the Number conſiſts not of een Tens? then fuck a Bl 


git is annexed to the Unit as will expreſs the ſaid Nuniber 3 thus: 


Seventeen is expreſſed by 17. Alſo wirr Tem or Twenty,. is ex- 


preſſed by the Figure 2 and a Cypher, thus, 203 and T herty by 
30 Forcy by 40; and ſo on to an Hundred. The 'ntertnediate 
Numbers are alſo expreſſtd by anrexing, proper Digits in the 
Nlace of the * thus 25 is Bn 


Le. 


Radars 


11. From 


F AR 1THMET FC; 3 
11. From hence we obtain the Method of Enumeration, or 


. agen re IR in any given Sum, 


as ſhewn below. . 
NUMERATION Tas. | We 
e 
. Fo W 
4228 1 _ | | 
I 2 — 2 I wenty- one 
>>| 97 32 ft Three Hundred, Twenty-one 
885 25,4321 4 Thouſand, 3 Hundred, 22 
= | 5254321 9— — —.— Hundred, 21 | 
654321 houſand, 3 Hundred 24 
17654321 ak aal bye Thawaod, 321 
18765432 1 87 Million, og4 Thouſand » 321 
98765432 1 g87 Million, 654 Thouſand, 321. 
Here it is plain, chat in order to-numerate the Figures in any 


Sum, you have only need to mention firſt each Figure, and then 


the Place in which it ſtands, according to its Name of Valuation 


in the Table, in the ſame Manner as you ſee done for each Sum, 
or Line of Figures in the Table on the Right-hand Side. Thus 
for Inſtance, the Sum 850943 you read or value thus, 8 Hun- 
dred, 50 Thouſand, 9 Hundred, 443; or thus at twice, 850 
Thouſand, 943 and ſo the Sum Aeg is thus read, 406 
Million, 528 Thouſand, 35 and fo of others. 

12. As an Unit may have its Value enereaſed ten Times, by 
annexing a Cypher to the Ri „ foits Value is diminiſhed 


in a ten-fold Proportion by prefixing Cyphers thereto z thus 


0, 1 is one Tenth 


o, ot is one Hundreth for an Unit. 
05001 Bonk; houſandth 


C997 - en Tenths. 
Th 0,53 - ifty-three Parts ofan Hundred. 
bt 30375 is Thiee Hundred Beventy-five Parts of a 
| Thouſand. | 


13. In this ale, the Cypher on the Lf, ut oF wich Com- 
ma (,) ſtands in the Unit's Place, and ſhews the Number does 
not amount to Unity, but is a certain Number of ſuch Parts as 
the Unit contains 10, or 100, or 1000, We, and theſe Parts arg 
A B 3 er- 


4 INSTITUTIONS 
expreſſed by the Figures on the Right-hand of the Comma. This 
kind of Notation of the Parts of a broken or divided Unit is called 
Decimal, (from Decem, Ten) and thoſe Parts of Unity are called 
' Decimal Numbers or Decimal Fraftions. 

14. Sometimes a Number conſiſts of Integers and Decimals to- 
gether, and is then called a mix'd Number; thus 7,3 is Seven 
and three Tenths; 84,53 is Eighty-four and Fifty-three Parts 

of an Hundred of another; and ſo of others. That Part of the 
Science which treats of theſe Numbers! is called W N Arith- 
metic. 

15. If Unity be divided in any other chan a ten-fold Proper- 
tion, then another Species of Computation will enfue ; thus in 
Aſtronomy we divide a Degree into 60 equal Parts or Minutes; 
theſe Minutes are each divided into 60 Seconds; each Second into 
60 Thirds ; and fo on to Fourths, Fifths, &c. And they are thus 
denoted, viz. 35* : 47': 31“: 233 Thirty-five Degrees, Forty-ſeven 
Minutes, Thirty-one Seconds, Twenty-three Thirds. The Rules 
for managing theſe Numbers is called Sexagenary or Sexageſſimal 
Arithmetic... + 

16. It frequently * that we are obliged to divide an U- 
nit indefinitely, or intq any Number of Parts as Occaſion requires 
for comparing a Part with the whole Unit, in Parts of ſuch a Di- 
viſion : In this Caſe, the Way to expreſs ſuch a Fraction, is to 
place the Unit divided into its whole Number of Parts below a 
Line, and the Parts of the Unit which are given above it; thus 
⁊ is three Parts of ſuch as the Unit contains Four of; and 24 is 
five Thirteenths of the whole Unit. Theſe are called Vulgar 
Fractions. 

17. A Vulgar Fraction is ſaid to be pure, when it conſiſts only 
of fractional Parts, as x, 44, 5 71 Sc. and mixed, when joined 
with Integers, as 55, 234, Ii, &c. 

18. The Number 1 1 below the Line, is called the Deno- 
minator of the Fraction, becauſe it denominates the Fraction, or 
Number of Parts into which Unity is broken or divided; and the 
Number above the Line is called the Numerator, becauſe it enu- 

merates or ſhews how many of thoſe Parts make the F raction pro- 
poſed. 

19. The Fraction is faid to be proper, when the Numeratcri is 
leſs than the Denominator, as 3; but improper, when the Con- 
wary happens; as 3, ,. Oc. 20. When 


© X 2 


8 8 3 7 


F ARITHMETIC 5 

20. When any two Quantities are compared together, to ob- 
ſerve the — of their Magnitude, ſuch Compariſon is called 
a Ratio; and is thus expreſſed, a: b; of this Ratio, the firſt 
Term (a) is called the Antecedent, and the latter (b), the Conſe- 
guent. \ 

21 When any two Quantities have the fame Rao with an 
other two, it is — by this Character :: thus a: b:: c: d 
Quantity (a) is to (b) as (c) is to (d); which are therefore SF to 
be analogous or proportionate ; and ſuch a Compariſon, or Expreſ- 
ſion, is call'd Analogy or Proportion. 

22. When any Calculation is to be made, it is done either by 
Addition, Subſtraftion, Multiplication or Diviſion of Quantities z 
which four fundamental Rules are called the Algorithm of Quanti- 
ties, and which we now proceed to explain. 


Characters for Abbreviation explained, 
More; as 3+4 is 3 added to 4 
. Leſs; as 3—4, is 3 taken from 4 
Multiplie by; as 3X4, is 3 multiplied by 4 
0 / Divided by; as 3 4, is 3 divided by 4 or 1 
2. 181 as a4, ebe coder 2h * 


VIZ, 


oni 


fi 


UX | + 
ihes 


_— 


. wack _— 


Ca pTERt 


Apprriox of IxrEOERS, or Wrort NuMsss, 


23. A DDITION of Numbers conſiſts in adding together all 
the Units contained in ſeveral particular Numbers, pro- 
perly diſpoſed, into one Sum, Aggregate, or Total, expreſſing the 


Value of all together. 4 * is enn in the following 


Manner, diz. 

24. Letthe ſeveral * ON or Numbers, be aippoſ⸗ 
ed one under another in ſuch a Manner that the Place of Units, 
Tens, Hundreds, &c. in each may conſtitute a perpendicular 
Column of Figures; thus let it be required to add together the 
Numbers 57, 762, 5389, 97615 ; in order to do this they muſt 
hrſt be 1 thus, | 


| 2 IN STITTVTIONS 
| Numbers placed, — eee 
wal er Nr c 
| "7 > VL E, 4 | 
Rechon 145 my Digits in the Flt, or Right-hand; Column, ak 
2. for cuery Ten to carry One to the Place of Tens in the Auen 
N td bg din the remaining Digits under the fir 2 Column of 
—_ Unis: hus, 5+943+7523: which is thus expreſſed, fue 
more nine more two ſeven js equal to twenty-three, in which 
Sum there are two Nins and 3 oyer; you muſt then ſet down the 
and carry Twõ to the next Place o Tens, and proceed as be- 
re; thus, 2+ 1+8+64+5=22 ; here again are two Tens, and 
Two oyer to be ſet down under the ſecond Column; then carry- 
ing the Two to the third Column of Hundreds, you ſay again, 
2+6+3+7=18; here is but one Ten, and 8 to be ſet down; 
then carrying Oe y the next Calimit, fay 1+7+5=13; here 
again is one Ten, and 3 to be ſet down; laftly, carry One to the 
laſt Place, and ſay 14+9=10, which Number, be it rh it will, 
is always ſet down, and the Tun cory! is compleat in one Num- 
der, as in the Furies. W 


57 Gays 
— 5 
r 

* | 31937 

. — 
703823 | 25006 
— — — — 


26. The Reaſon why you Ten from eve 1 to the 

car By becauſe the Value of hy Fi igures in ity Coluinn en- 
. 4 a ten-fold Proportion, ag is evident from Article 9 ; 

and the Digits ſet down under each Column are Units, Tens, 

Hundreds, Thouſands, &c. according to Inſt. 11. which will ex- 

preſs —— of all the Columns feverally collefted and added 


Thus in the hrt Example, the Sumeof each Colyms 


will ſtand thys, WIZ. 


23 Column of Tax 
1600 


200 —— of 
of Thouſands | 
120000 —— of Ten T houfands 
90000 ———— of Hundred Thouſands. 


IR — ———___ 


103823 = Total Value. 
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27. More 


a & «© MM... 1 


D Q OT. 22 


r A a. A. . th i. . .. * 


4 


w 


| 
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35 „ 2 
4 

4 
Ke, 5 _— 
7.5102 57306 #50362 
6486 64102 1859163 


28. In the Addition of ſeveral Sums of Money, Meaſure, 
IViight, &c. you obſerve one general Rule, vr. # colle#t all the 
Units of one Species together ; and then for. every Number of thoſe 
Units, which make one of 1 next Series, you add One to the next 
Column, farting dou the Rau, as above. In Money the 
Species are thus denoted, | 88 


7 F arthings 
Vi. 3! 55 — 5 of 20 


Thus in the 1 for — oe 
carry one Penny to the Column of Pence; fot every 12 Pence 


you carry One to the Column of Shillings, and from thence, for 
every Twenty, you carry one to the Place of Pounds; which 
are added as the Integers.in Inſt. 27. 
E a Shoe." 
r 
125 IO 2 M1 i ofa of FE»? 
750 r 
Total C. —.— 3s 


— 


1 _ here fubjoind;veral Sums 270 added for the Learn- 
$ 


1 4. d. f. 4. 4. f. 
188 19 6 2 = 17 11 2 
386 18 103 2279 16 10 3 
2 40 8 91 
12 22 8 gs. 7 2 
- — — — -& 


3 INSTITUTIONS: 


24101 þ 1 * & FE” 

"I 5. d. f. 1000 16 10 2 

10 16 10 2 100 10 11 3 

5 18 90 go 42 32 

n 2 ;. 10 12 10 1 

956 16 10 1 dr. 917 35 * 
— 0-8 mm O 1 40 

**. — ever) Sos, „ 


e I. Troy WEITIO EHI. 
Hig 24 Grains (Grs.) make 1 Penn Weight. 
In ma $f Put.) 9 * 
12 Ounces (ex.) — 1 Pound. 2 80 
38. lig II. ' APOTHECARIES Wricur. | 
— 20 Grains (Grs.) make 1 Scruple. 
In which JR 91 — 1 _ | 


— voto iter: 
716 Drams {( Drs.) make x Ounce. 
| 16 Ounces | (Oz. ) —— 1 Pound. 4 
In which <4 28 Pounds (I.) — — 1 Quarterofan Hundred. 
| 4 Quarters (Or.) — 1 Hundred vgs 
20 Hundred (C.) — 1 Ton. 


3. In each of theſe Species the Learner may exerciſe himſelf 
by the following Examples, viz. 
In Trey Weight. 
- 2 0 — 
e AY O09 S809 ok 15 | 
| „ I. 7 ; — 4 
a 19 10 19 18 


. 


f ARITHMETIC 9g 
In Apothecaries Weight, - In Avoirdupois Weight. 


hb. J. 3. 9. Grs. 7. C. Yrs. Ib. Oz. Drs. 
1 '20- 0 175 17 3 25 14 13 
9 1 4 e 90 10 2 17 10 12 
16 9 4 1 10 nn 
S 6 . .. 1929-0 ed Is 3 

9 0 1 6 195 17 1 1 9 10 

8 w_ 4:10 3 i2 9 

; — — 

e 


34. Our Mzasurss ( 3 Barley Corns make 1 tack, | 

are of divers Sorts; | 12 Inches —— — 1 Foot, 

the Meaſures of 42 — — I Yard, 

Length are of the v5 Lancs — — 1 _ 
following ſpecies. | 40 Rods — — — 1 Furlong, 

'\ 8 Furlongs — — 1 Mile. « 


35: Our Conn 2 Gallons make 1 Peck. 
MxasukkESs )4 Pecks — 1 Buſhel. 
are the fol- }B Buſhels — 1 Quarter, 

lowing. 5 Quarters — 1 Load. 


8 Jr's make 1 Gallon, © 
36. Gar Lon 2 Gallons — 1 Firkin of Beer, 
_—_— = of, 'Gallons — Ditto of Ale. 
the followi 2 Firkins — 1 Kilderkin, 
8 es =, 2 Kilderkins 1 Barrel. 
* 2 Barrels — 1 Hogſhead, 


37. ButourWinz C 8 Pints make 1 Gallon. 5 
Rr —5 , Pe or Butt. | 
2 Butts — 1 Tun. 


38. The true original Standard for Meaſures of ce or 
obdity, is the Cupic Incn. 


282 I Ale Gallon. 5 
. J due Inches make? 1 Wine Gallon. 
1 Corn Gallon,- - 
Alſo — Cubie Inches make one Foot Solid. 


C 39. Our 


10 IN STITUTIONS 
39. Our Meaſures of Tua are of the following | Denomina 


tions, vix. 
60 Seconds make 1 Miriute: 
- 1 icy — 1 Dy. : 
ours — 1 
7 Days — 1 Week. 
4 Weeks — 1 Month. 
13 Months — 1 Lear. 


40. A CIRCLE, and alſo the Mor io performed in a Circle, 
(eſpecially in reſpect of the ECLIPTIC i in aſtronomical Affairs) 
is divided in the following Manner, vis. 


60 Seconds make 1 Minute. 
60 Minutes — 1 Degree. 
30 Degrees — 1 Sign. 


12 Signs, or 
350 D oe The Circle. 


In very nice Matters we ſub- divide a Second into 60 Thirds 
a Third into 60 Fourths, and ſo on; as mentioned, Inſt. 5. 


41. I ſhall fubjoin the following Exiihple w_ Practice. 


Lg Mare 
NM. F. f M. F. Rds. Yas. F. in. 
17; yp 195 N 27 3 1 10 
19 3 * 3:4 9 4 0 11 
76 7 39 4 © 9 29 3 2 9 
I21 © 20 2 I x7 5. 4 0, 7 
54 6 17 4 © 59 4 18 1 
, 42 Time. 5 
Y. M. V. D. H. 1. MW.D.H. * " 
1% 9.34 if % 10.4 5 19 „ 
"Oo EW 74. . 9. 8:0 a8 5 jp 
9 F 
9 5 2:4 11 1 inne 
110 10 1 3 8 158 12 2 O 22 30 8 


rele, 


Oo 
„ 


„erte. IT: 


Motion. 9 | 
OI > OM e 
175 10 28 5 42 237 11 22 50 40 
74 11 17 44. 3 41, 1 20,9 30 
50 9 21.30. 5 17 9 17 17 27 
9 IF 35 53 573 927 35 
$ 10-50 9 29 10 15 42 
„ 


42. The beſt Way to kno if the Sunrhe caſt up. right, is to 
do it twice over, beginning at the Bottom, and reckoning up- 
wards the fi: ſt Time; and then beginning at the Top, and rec- 
koning downwards the ſecond Time; and if the Sum Total in 
both Caſes be the ſame, the Work is right, * not. 


W + —_ — 


_ —9 — — - 


CHAP. I. 


SUBTRACTION of INTEGERS. 


43. 8 is the ſecond Operation in the Art of 
Computation ; it conſiſts in finding the Difference be- 
tween two Numbers, by taking the Leſſer from the Greater ; and 
as this is the Reverſe of Addition, fo the Rule of * it, 
is the 9 of that, viz. 
RULE. 

44. From cach Figure in the upper Line 8 Right 
Hand) take the Figure in the under Line, if it be leſs, and ſet down 
the Difference, but if the Figure or Number in the lower Line ex- 
ceeds that in the upper One which flands over it, encreaſe that upper 
Figure by adding 10, if it be in the Place of Integers; but if it Be in 
any Species of Monty, Weight, Meaſure, &c. you add to it fuch a 
Number as makes One of the next Denomination, and then ſubtract 
as before, and ſet down the Difference, and remember, that every 
T ime you thus encreaſe the upper Figure, you carry one Unit to the 
next Figure in the lower Line. 


C 2 45. This 


on F « **, = 
* * 
- 5 


INSTITUTIONS 


45. This Rule will be beſt illuſtrated by the following Ex- 


From 57238765 695278675 
Take 23106243 434865740 
Remains 44132522 32522 260412935 
729438640 109765432016 
c — — | — 3 
Money, | | 
. J. 4, d. f, 
7 1 9 17653 05 11 
94 13 5 9 
81 04 3 17063 08 or 1 
= +». 3 BW hb „ d- |.. 
9175 17 4 2 3729 17 10 0 
1049 19 10 3 3018 17 11 3 
Troy Wiig Racy. > + 
J. 02 Put. Grs. * Oz. Pwt. Grs, 
. 173 O5 oO Ol 


79 11 19 20 5 w % 23 


3 2 , 0 OS, 


* 1 —— 


. c. Orr. l. Os, 7. C. Orr. B. On. Drs 
nen 


— * 


Auoirdupois Weight, 


A „ 0 13 © © o O0 15 


f ARITHMETIC 
Ex- Le Meafore. 


M. F. Ras. T. F. M. F. Ras. Tar. F. In. 
„ Uo SS Wi .3a m 
19 7 39 5 © 9 o 0 4 2 11 


Time. 


„ MFAS TH 
157 10 © 6 ax 125 10 © © ©0 ©0 o 


25 12 2 1 23 124 11 3 6 23 59 og 


— 


46. Theſe Examples well underſtood, all others of every 
Sort will be eaſy; and the Reader needs not be told, that the 
Difference added to the lower Line, or leſſer Number, ought 
to make the Sum in the upper Line, and will, when the Work 


is right. 


* 


— 


CHAP. II. 


Mur rirrIcArrIox of INTEGERS. 


47. 12 is the third Operation in Arithmetic, 

and is nothing more than a compendious Way of ad- 
ding any Number or Sum, any Number of Times to its ſelf, 
Thus if the Number 135 be added 3 Times to its ſelf, the um 
will be the ſame as the Product of 135 multiplied by 3» 25 it evi- 
dent below, viz. 


| Add 


ö — 


25 


48. If the ſame Number 1 . 
great, then you make it firſt, 3 Limes as great, viz. 405; and 
after that, 10 Times as great (which is done by annexing a Cy- 
pher to the right Hand, Inſt. g. 0 viz. 1350, and then che Sum 
of both theſę is that required, viz. 


135 The Mollie, = 
The FaQors$ 13 The Multiplier. 


— — 


1ſt Sum 405 
2d Sum 1350 


Total 1755 Product. 


49. But that a Perſon may be ready at inveſtigating t theſe par- 
ticular Sums, it is abſolutely — to oem the ror. 
Tahle by heart. 


The Multplicator Ta. 


FARITHMETIC 5 
50. By this Table we find the Sum which ariſts by adding 
any Digit any Number of Times (under 10) to its.felf ; thus 8 
added 7 Times to its ſelf makes 56, and therefore we ſay, 7 
Times 8 is 56 and fo of others. The Learner will take No- 
tice, that Tunes 8 is the fame as 5 Times 7, and therefore, 
it was not neceſſary to make the Table any larger. 
51. Having this Table perfectly in Mind, the Operation will 
* N. * the n 


RULE. 
With the firfl Figure io the Right Hand, in the Multiples, begin 


to multiply aneh Figure in the Maltiplicand, proceeding from the 
Right to the Left ; in the Producer of each Figure, ſet dtm the Di- 


gits under 10, or between. the Tens; and for every 10 contained in 
fuch Product, carry One to the next Place. In like Manner proceed 
with every Figure of the Multiplier; and ſet down the ſeveral Pro- 
dufts, one under another, in ſuch a Manner that they may ſland one 
Figure backwards, or the fi Figure of each Line under the ſecond 
Figure of that above ; then add all into.one Sum, ous will be the 


Pradud?, as in the following _ 


Examples. 
W 1 
by * 16 „ g 
6940 34428 x99 
| $738 392776 
ſeek 1h 47 | 91 


9 808 - - | 
| 1880448 


52. The Reaſon of the laſt Part of the Rule, v:z. ſetting the 
ſeveral Products one Figure back will eaſily appear from Inſt. 48. 
Becauſe the Cyphers annexed to each Product are here rejected as 
making no Alteration in the Value of the Product, when thus 
reckoned up. Thus, in the laſt Example, the Multiplicand 
4897, being multiplied by 4, 80, 300, ſucceſſively, makes the 
Products, 19588, 391760, 1469100, which, added together, 
make the — as before; as is evident below 


* 
a 


4897 


16 INST 17 url 


47 „. 


IT A '1 
291760 Here the three Cyphers being „ 28 ſuper. | 
1469100 fluous, the Reſt ſtands as => 


1880448 

53. If a Cypher be found in the Multiplier, you place a C- 
pher under it, or annex it to the firſt Figure of the next Product; 

or you ſet the next Figure two Places back inſtead of one. Thus 


1795 multiplied by 307 will ſtaned | 
| thus; 1798 or thus; 1795 or thus; 1795 
n . — | . 
12565 _ 12565 1256s 
or 53850 | 5388 
3385 user. | 551008 | 


The laſt Way i is maſt 8 but the 2d is eaſieſt for a 
Learner, and is generally uſed; the Reaſon of both appears from 
the firſt Poſition of the Product ; for it is evident the 4 Figures 
1795 multiplied by o, gives 4 Places of Cyphers, which are of 
no uſe to fet down. 

54. Tſhall here ſubjoin a Variety of Examples for the Learner's 
Obſervation and Exerciſe, both wrought and Ea oa as 
follow : 


* 


1750 7580 80507 
76 520 3050 
— — 1 
I0500 151600 4025350 
12250 37900 2415210 
133000 3941600 245546350 


756940 


' a 


of ARITHMETIC 17 


756940 70s o 
10 | 11000 
"68124600 © 705059000 © 
 75694000+ - | . ; — — — 
7637 52460 
579603 - - . 1001000 
0001 | 1010 
579603 198 65 | 10010000 
579603000 I0010000 
5796609603 | © 1011910000 
89704500 , -.. goozozeos 
605730 1 90107004. 
57986000 IO01000TO 
18000500 IOOIOOIO 


—_—— —__ —_—_— 


1 ä1„*“ — 


55. The vulgar Method of proving the Truth of the Work, 
by adding together the Digits in the Multiplicand and Multi- 
lier, and caſting out every Nine, as often as it occurs, noting 
e Remainders; then multiplying the Remainders, and caft- 
g the Nines out of the Product, you note the Remainder in 
at Caſe : Laſtly, the Nines are caſt out of the Sum of the Di- 
its in the Product, and if the Remainder, in this Caſe, be the 
me with the laſt mentioned, it is a general Proof that the 
ork is true. Thus in the firſt Example of Inſt. 54, the two 
Remainders are 4 and 4; the Remainder in their Product is 
vhich is alſo the Remainder in the whole Product of the Fac- 
rs, and ſhews the Work is right. But the genuine Proof of 
Lultiplication is by Diviſion. 

56. Compound Multiplication is ſometimes of Uſe. - This is 
hen the Multiplicand conſiſts of differents Parts or Species of 


D Meaſure, 


18 INSTITUTIONS _. 
Meaſure, Weight, Time, Motion, ke. As in the Examples 


following. 2 
"ht 2 2 pts. gr. yds. f. in. th 
Mult. 15 7 64 8 $6-.. 20 46820. 4 pl 
By 1 8 N 12 u 
76 17 8 z . ; E : 5 + 
But when the Multiplier is large, theſe Operations are much 
eafier by Decimal Arithmetic, as will be ſhewn farther on. 
CHAE IV. 
DIVISION of IX TEeIRSõ. 
57. B* this Operation we find how often the ſmalleſt of any 
two given Numbers is contained in the greater, which 
is therefore but the Reverſe of Multiplication ; as for Example, 
Let it be required to find how often 3 is contained in 405. Then 
firſt, 3 is contained in 405 100 Times, with a Remainder of 105 
in this Remainder it is contained 30 Times with another Re- 
mainder of 15, in which it is contained 5 Times; therefore in al 
the Parts of 405, the Number 3 is contained, 1004+ 30 4 5= 
135 Times, as in the Operation below. (See Inſt, 47) 
3) 405 ( x00 
300 
— | | 1 
3) 105 (39 _ 
3 a N 
3) 15 * 9 — 
15 
. 0 : I35 


58. Hence you fee the Reaſon of the compendious Form in 
the common Operatioꝑ of this Part of Arithmetic ; which there- 
fore is performed by the following uk 


f ARITHMETIC 19 
5... UL. * 
If the Diviſor be a leſs Number than ſo many Figures taken on the 


les Left Hand in the Dividend make, ſee how often the Former is con- 
tained in the latter, and the Figure which expreſſes it, is the firſt of 
the Quotient; then multiply the Diviſor by the Quotient Figure, and 
: placing the Product under the ſaid Figure or Figures of the Dividend, 
5 ſaltract it therefrom ; and to the Remainder, annex the following 
: Figure of the Dividend, which divide as before; and thus proceed 
*till the whole Dividend be exhauſted; as the Examples following. 
* 3) 405 ( 135 8 ) 9769 ( 1221 
EE | 10 17 N 
9 16 
15 16 
15 16 | 
1 0 
12) 1728 ( 144 | | 135) 1755 ( 13 
12 | 135 
_ 405 
.- 495 
— — i 
48 ++ 4 « 
48 


59. If it happen that the Diviſor be a greater Number than ſo 
many of the firſt Figures of the Dividend make, then you take 
a Number of Places in the Dividend greater by one, and pro- 
ceed as before, as in the following Examples, 


nin D 2 53795 (758 
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5) 3790 (758 25 ) 129900 5 5116 
35 125 
29 | | 209 
25 25 
40 5 
40 25 
„ | = [24 G 150 
150 


60. If in any Caſe, the Remainder be ſo ſmall, that when 
the Figure of the Dividend joined with it, make a Sum leſs than 
the Diviſor, than a Cypher is to be placed in the Quotient, and 
another Figure taken down; and then the Diviſion renewed, 
proceeds as above, Thus 


9) 1863 (207 12) 250836 ( * 
18 | 24 
26 | 108 
63 108 
=" : * 0+ © 36 
| 36 


61. If the Diviſor be not contained a whole Number of Times 
in the Dividend preciſely, there will be a Remainder, when the 
Diviſion is finiſhed, which is to be placed Fraction-wiſe in the 


Quotient, together with the Divider, as th Damme, as in 
the following Caſes. : 


7) 673 (967 13) 12976 ( 998 F, a 
* „ 
43 127 
42 117 
At ES -_ 4 ' 106 
Nee wg 


2 71) 


to 


of ARITHMETIC #1 
71) 20754 ( 410% 131 (135076 ( 0 fr 


131 
— N 1 — — 
a 407 
71 ; 393 
644 | 146 
639 - MER 131 
4 15 


62. When the Diviſor has one or more Cyphers at the Begin- 
ning, they may be omitted in the Work, provided you ſtrike off 
as many Figures in the Beginning of the Dividend, which are 


* to be annexed to the Remainder to compleat it; as will appear 
7 in the enſuing Operations. 
; At Length. Contracted. 
70) 568g (81 70) 56809. (81328 
560 56 , 

89 Ws **8 

70 | 3 

19 | | © 


$300 ) << ( 1186 83]00 ) * ( 1186. 


15507 1585 
es 
8 
* 8300 5 33 | 
Ty — 
72071 720 
in 66400 664 
56716 567 
49800 49 
* 6916- 6916 


63. Theſe are all the Varieties the Learner will A with in | 
i Operations and „„ 
therein, 


175) 
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1780 89463 9850) 82768 ( 
5900 ) 30002 ( 15700 ) 9875830 ( 
1000 ) 980005 60800 ) 908437200 (_ 


64. To prove the Truth of the Work, multiply.the Quotient 
by the Diviſor, and if the Product be the ſame with the Dividend, 
the Work is right, otherwiſe not. Note, if there be any Re- 
mainder in the Diviſion, it muſt be added to the ſaid Product to 
make the Proof. Thus in the laſt Example of (61) we have 
TYOZIX131==135061, and then the Remainder 15 being added, 

the Whole makes 135076, the ſame with the Dividend. 
65. And, vice verſa, the only true Proof of Multiplication is 
by Diviſſon, as will eaſily appear to any one who underſtands the 
preceding Operations. Thus in the firſt Example of (54) if 
vou divide the Product 133000 by the Multiplier 76, the Quo- 
tient will be the Multiplicand 1750, which proves the Work 
true. | g 


CHAP. v. 


Of VVuILGAR FRACTIONS. 


66. T2 fit Vulgar Fractions for Operation, they ſhould be 


firſt of all reduced to their loweſt Denomination, 
which is done by finding a common Diviſor by this 


RULE. 
Divide the Denaminator by the Numerator, and the 8 by 


the Remainder (if any) and that firſt Remainder þy the Second, the 
ſecond by the Third, and ſo a till the Remainder be nothing; as in 


the Inflances following, VIZ. If, Irr- 


1 ©” — 
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% „%s mies 
— 9.9 155 
6) 15 (2 The „%) 38 (I5 
14 5 30 S 
5 54 6 i)2(2 
6 2 


N 


67. The laſt Diviſor is the common Diviſer ſought, by which, 
if the Fraction be divided, it will be reduced to its loweſt Terms; 
thus if the Fraction 44 be divided in each Part by 3, itis reduced to 
x5, which is equal in Value to the former. And becauſe, in the ſe- 
cond Example, the Remainder is Unity, it ſhews that Fraction is 
already in its loweſt Denomination. | | 

68. Mix d Numbers muſt be reduced to a fractional Form, 
which is done by this | | 

5 RULE. 

Multiply the integral Part by the Denominator of the frafiional 
Part, to whichadd the Numerator, and the Sum will be a new Nu- 
meratof*; under which write the Denominator, and it makes an im- 
proper Fraction of the ſame Value. As in theſe Examples, 54 1418 
2875+ Thus 5$X7=35z and 35+2==37, then */=553; alſo 
IX IIS II, and 11+3=14, then IFT; laſtly, 28X13= 
364, and 3644+1=365, then 355 28 ff. The Reaſon of all 
which appears from common Diviſion (61.) 

69. Two or more Fractions are reducible to one common De- 
nomination, that is, ſhall have all the ſame Denominator, retain- 
ing ſtill their firſt Values, by this general 

RULE. 


Multiply the Numerator of each Fraction into all the Denomina- 
tors, but its own, for a neu Numerator, and multiplying all the De- 
nominators together, the Product ſhall be a common Denominator to all 
the Numerators before found. | 

Thus let it be required to reduce 4, , N, to one common 
Denomination, the Work will ſtand as below. 


24 INSTITUTIONS 


2. 7 I7 73 

13 5 1143 13 

„% ROD END, 
ow 73 17 73 

. 105 221 949 
182 245 E — 
1898 2555 1105 4745 


Then the Fractions become 3324, 3533, 4721, all of the 


ſame Value as before. 
70. This previous Reduction of Fractions to a common De- 


nominator, renders them eaſy to be added, or ſubtracted ; for this | 


is done among the Numerators only of the Fractions thus redu- 
ced ; for Example, to add the two Fractions 4 and 4 together; 
theſe reduced (per 69) are 3545 and 4544, whence 18982555 
244553; conſequently 11 LW th the Sum required. Thus 
alſo, 2+7+533=45343=1734+» So any other Fractions are 
added together. 
71. In like Manner you ſubtract one Fraction from another; ; 
thus 23 2745 becauſe 2555—1898=657. $0 alſo 2— 
=" 1 7774 5 —7323. And the like of others. When Frac- 
tions are thus added or ſubtracted, the fractional Sum or Diffe- 
rence is to be reduced to its loweſt Denominator by the Rule of 
66. 
; 72. To multiply Fraftions together, is no more than to uk. 
ply the Numerators'and the Denominators among themſelves, 
and the Product thence ariſing will be that which is required. 
Thus rs. Thus alſo =I fo ==. 

3. To — one Fraction by another, you multiply the De- 
nominator of the Diviſor by the Numerator of the Dividend, 
for the Numerator of the Quotient; then you multiply the Nu- 
merator of the Diviſor by the Denominator of the Dividend 
for the Denominator of the Quotient. Thus 53+ divided by 2 
will ſtand thus, ) 3+ (He- =I; and thus y) 343 (3542= 


54» by Reduction. Laſtly, ) Z ($4+=4=13. Theſe Caſes of 


Diviſion being only the Reverſe of thoſe of Multiplication (72.) 
74. 


, 


A 


F ARITHMETIC 2; 

47. Any whole Number is expreſſed Fraftion-wiſe, by only 
writing Unity under it, thus 5 is 5, 17 is 7, &c. And fo In- 
tegers and Fractions may be added, ſubtracted, multiplied or 
divided in the ſame Manner, as pure Fractions themſelves by the 
preceding Rules. Thus rr X 5= Fr X4+=4+3=45- On 
the contrary, 5)3(=+)3 (= 75+ | 


Mt _— — * „ EU. _—_ 


CHAP. VI 


The Reduttion of Quantities of divers Denominations 
into One. | | 

75. 12 Rule for doing this is to multiply each ſuperior Spe- 

cies by the Number which it contains of the propoſed 

Species below it. Thus one Pound is reduced to Numbers ex- 


prefling an equal Value in all the inferior 3 as alſo other 
Quantities, as in the Examples below. | 


. 


"mk Sterling. 3 lb, Adidas 
20 | © 16 
'20 Shillinge. 16 Ounces. 
12 N 
240 Pence. | 256 Drams. 
4 ; . 
960 Farthings. * oy | 7 | 
1 5. Troy. 20 Hundreds, 
I2 0 ; 
12 Ounces. _ 80 Quarter. 
8 28 
96 Drams. Ss 2240 Pounds. 
3 | 1 | 
288 Scruples. * 35840 Ounces. 
20 2 


5760 GM . 1 55 


26 INSTITUTIONS 


1 4b. Apotbecaries Wi. 1 Mil. . 
e 5 | 
12 Ounces 8 Purlngs. 
20 8 40 1 8 
— | — 
* 320 R. 
24 162 
5760 Gramm. 58230 Her. 
i - 2 
— . 
1 Day. 6 3 cg Inches. ES Sor 
Mt A 12 
24 Hours. Iv ; oY 
E taſos 6 20 12 Cie. 
1440 Minutes, a þ — n © 
| 360 Degrees. 
86400 Seconds. EE : 60 D 
Aya 21600 Minutes. 
60 | 


1296000 Seconds. 


. 46. If the Quantity, to be reduced, conſiſts of different Spe- 

cies, the Number of each ſeveral Species is to be taken, in, or 
added to the Product which is of the ſame Kind or Denomina- 
tion, as you proceed in the Reduction; — to what you 
{ce here 5 ied, 


6.4; 4. = Ib. oz. pwts. grs. 
_ 17 4 3 ä 9 7 I5 21 
| 12 
3I7 5. | 4 115 
12 20 
3808 p. | 2315 
„ | 24 | 
15235. . 9261 
4632 


1 1 355582 Hence 


In 275 17 39 48, how many Seconds? 


FARITHMETIC += 
- Hence ſeveral Queſtions may be propoted for the Leather 


Exerciſe, as follow. 


lb, ox. drs. 
In 35 13 15 Avoirdupoiſe Weight, how many Drams? 
N Maa 
In 17 13 3 25, how many Pounds? 
3 855 
In 57 7 37 15, how many Feet? 
1 


KS o*6&:£3- ? 
In 15 10 27 49 53, how many Seconds? 


Lds. Drs. B. G. 
In 35 4 7 how many Gallons ? 
Hg. Gal. Pts. 


In 13 51 7, how many Pints? 


＋ 
77. When we have any large Number expreſling any Quan- 


tity in its lower Species, the ſame may be reduced to any or all 
the higher Species by Diviſion, being only the Reverſe of the 
other Proceſs by Multiplication (). 


Thus ſuppoſe it were required to know how many Pounds, 


Shillings, Pence and Farthings were contained in 13235 Far- 
things? *Tis evident, if we divide firſt by 4, the Quotient will 
be Pence; this divided by 12, will quote Shillings ; and theſe again 
divided by 20, will ſhew the Number of Pounds; the Remainders in 
each Diviſion being the odd Shillings, Pence, and Farthings. The 
Work placed after the uſual Manner will ſtand. as below. 


12 20 
4 ) 15235 (3808 ( 317 (15 
12 36 20 ä 


32 20 117 

* 12 100 
35 17 | 
32 0 Anſwer 15l. 175. 4d. 3. 
. 3 . A ; _ 


E 3 Again, — 


\ 


| 
® 
; 
' 
| 
f 
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Again, In 5558 1 Grains, how many Pounds, 9 
nyweights, and Grains ? | 


20 I2 
24) 58581 ( 2315 ( m5 ( J 
48 108 
9 ep 
72 20 | 
38 115 
24 100 
141 15 Anſwer 9 7 15 21 
120 
21 
After the ſame Manner the Learner may operate the follow- 
ing Queſtions. 


In 59786 Grains, how many Pounds, Ounces, Drams, Scru- 
ples, and Grains? Troy. 

In 197568 Ounces, Avoirdupois, how many Tuns ? 

In 1000000 Feet, how many Miles, &c. 

In 2974600”, how many Days ? 

In 597 3864 Finn, how many Load? © 


— „ —— * a 


CHAP. VII. 


Of DEcIMAL ARITHMETIC. 
78, # HE Nature and Notation of Decimal Numbers having 
| been already declared (12, 13, 14) I ſhall proceed 
immediately to give the Rules for their Operation. 'The firſt of 
which is Fj: HY 


SDDITIO N. 

The Addition of Decimal Numbers does no way differ from 
that of Integers, due Care being taken to place all the particular 
Sums, fo that the firſt Places of the integral or decimal Parts be 
exactly under each other, as is ſeen in the following Examples, 
(See 255 27; } 3 


577 


t 


T! 


cim 


J. 


1- 


nothing, 
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SUB 


81. The ſame Precautions being obſerved, Subrraction of De- 
cimalsis performed in all Reſpects like that of Integers, as in the 


5723,8765 


1310, 6243. 


4413, 2522 


79. If any Number be purely decimal, or has no integral Part, 
tis uſual to put a Cypher in Units Place of Integers, as thus, 


0,5729 
4,3605 
o, 9833 
3,0546 
755102 


16,4816 


30. Cyphers on the Right Hand of a decimal Number avail 
I are therefore more elegantly omitted. 


1120,3879 


enen 


69527, 8675 
4348 


0,574 


26041,2935 
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552, 987 143592 © 

179,5 | 1379,8256 

3925987 005553744 | 

, 5697631 LY 5 

0, 5589030 4.876902 

0,01 861 o, 123098 5 
10,005 I00000, 
0,0098753 | | $,0000001 
99951247 | 9999049999999 

MULTIPLICATION. 


82. In Multiplication of Decimals, having placed the Factors 
(as in common Multiplication, 51.) you obſerve this general 
Rule, viz. Cut off ſo many Places of Figures for Decimals in the 
Product as there contain d Decimal Places in both the Factors. 


Thus Mult. 17,35 $738 48,97 
by - 14 1,6 23584 
| | 
69, 10 34 428 19588 
57 38 12075 
91, 808 
| 188,0448 
” NYT” 0,80507 
0,70 n 0, 305 
10500 1516 4025385 
12250 3790 2475210 
1330. 8,9416 , 24554635 


83. But if it happen that when the Operation is finiſhed, 
there are not ſo many Figures in the- Product, as there are Places 
of Decimals in the Factors, then Cyphers are to be prefix'd to 


the! 


A ARITHMETIC 3x 
the Product to make the Number of Places equal. As in theſe 


Examples, 
5 ene 00x75 „dor 
2 a "os 0076 501 
506 „0072 1050 »0000T 
1225 
F 
59. „rooof01 1000000. 
000006 51 z00000001 
— — — 
„000354 v0 7080107 201 


D IVIS ION. | 
$4. Diviſion of Decimals is alſo perform'd by one REP" 
Rule, viz. Divide the Numbers as if they were all Integers, and then 
cut off ſo many Figures for Decimals in the Quotient as when added 
to thoſe of the Diviſor, do make the ſame Number of Decimals as 


tors 


eral Ncre contain d in the Dividend. Examples follow.” (See 51, 54.) 
" 1,6) 5 05 (57,38 48,97) 1 88,0448 (3,84 
| 146 91 
11 8 41 134 
5k 39 176 
— 2 — 
60 * I 9588 
* 19588 
128 : 2 ͥ ' 0 
128 
1750) 1330, oo (,76 32) „39416 678 
1225 364 
105 00 301 
105 00 260 
. „* 5 . * . 
ned, | = 
aces — 
d to 5 
85.1 
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35. If, when the Diviſion is firſiſhed, there are not ſo mam 
Places in the Quotient as with thoſe Decimals in the Di 
will equal the Number of Decimals in the Dividend,. den Of 
phers — — * ind | 
amples. | 

| ,09),0072(,08 ＋ 59 ),000354 ,000006 

_ 354 


86. When the Dividend is an integral Number, fo many" 
phers are to be annexed thereto as there are decimal Places in t 
Diviſor ; and the Quotient is in this Caſe integral. 


Thus 2,5) 425.0 (170. 39) 741. 00 (1900. 
a 25 39 1 
3 381 
175 351 
| *& 7 *O FR 2 2 

1 we 
5,116) 1279.000 (250. cor ) 597,000 ( 597c "0 
2 * 1 1 
255 80 5 TY 
255 80 
0 


87. But if, when the Diviſion is thus far finiſhed, there h 
pens to be any Remainder then more Cyphers are to be & | 
nexed to the former in the Dividend, and ſo many Places 
. e * 
ples. (See 61.) 7 


. > 
. 
? 27 | 
- 
* 4 y 
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7 6 (902542 - "25 e (9987,538 


—— — — 


EE 
42 0 4 117 


10 106 
7 * 
30 2. 
28 
20 
14 


ry 
71) Ea ( 41907,042 


,01 5 ) I,000|00 ( 66,66 


90 
100 
90 


100 
90 
100 

90 


6 . IO 


88. N. B. In Caſe any large decimal Numbers are to be mul- 
plied by each other, and it be required to retain only a certain 
Jumber of decimal Places in the Product, you may contract the 
ork and ſhorten the Labour by proceeding as follows, - viz. 
rite down the Multiplicand as uſual, and then write under it the 
Hultiplier inverted, with the Unit's Place thereof under that Place 
the Multiplicand, whoſe Place you intend the Product ſhall extend 
3 then multiply, as uſual, by each Figure of the Multiplier, be- 
F 


ginning 


* 


34 INSTITUTIONS 
ginning at thoſe of the Multiplicand which fland over it, neglefing 
thoſe to the Left, unltſs ſo far as to obſerve what would ariſe from 
multiplying the Figure immediately foregoing, which muſt be taken in 
at the Beginning of each Line, the fir J Figure of all which muſt fland 
under one another on the Right-hand 

89. Thus let it be 2 v to multiply 3,141 592 by 52,7438 
to have four Places of Decimals in the Product. And alſo 
104226,8672 by to ah the Work for each will ſtand as 


below. 

Multiplicand 3,1415 92 104226 867 2 2 
Multiplier inverted 8347,25 883997 162,0 
| 1 5707 96 20845 373 4 

5520 — 6253 6120 
219 91 104 226 8 
4 I2 57 72 958 7 
94 | 9 390 Z 
25 937 9 
Product = 165,69 95 8 3 

Product = 27286,529 4 


90. The Reaſon of this Contraction will eaſily occur to any 
one who conſiders the Work at large, as it ſtands below for the 


firſt of theſe Examples. 

3,1 4 1592 Pats * . 

5 2,7438 the Figures 
| — 5 al the uperfluous 22 of 
2 501 32736 the Work to the Right, and 
9 402 4776 leaves the ſignificant Part on 
125 606 368 the Left, which is the ſame as 
2 199 1/1 44 | the contracted Part, but in an 
6 283 118 4 inverted Order, which is the 
157 079 610 | Reaſon why the Multiplier is 
inverted in that Caſe to pro- 

165,699 5[o 01296 duce it. 


N. B. What relates to the Doctrine of Repetendy or circula- 
ting Decimals, we ſhall refer to Logarithms ; as this intricate Af- 


fair is moſt ealily manageable by thoſe artificial M 
CHAP, 


— 
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CHAP. vin. 


The Reducrion of Vulgar Fracrions, and Quantities 
of divers Species to Decimal Numbers. 


91. Common Fraction is reduced into a decimal Expreſſion 

of the ſame Value by dividing the Numerator by the 
Denominator by the Rules in the preceding Chapter. As in 
the Examples below. 


22 5) 2,0 ( $=8) 3,000 ( 0,375 
2 © „ 


— — 


326) 2 ( = 0,16 


92. By this Means you find the decimal Value of any 
Species of Money, Weight, Meaſure, Time, Motion, &c. in any 
Denomination above it. viz. By dividing Unity by the Number 
exprefling how many of that Species make One in the ſuperior 
F 2 De- 


\P, 
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Denomination propoſed. Thus becauſe four Farthings make 
one Penny ; therefore 4 = 0,25 is the Decimal of a Penny for 
one Farthing. In like Manner, r = 0,083 = the decimal 
Part of one Shilling for a Penny; and 5 = 0,05 = the Deci- 
mal of a Pound for one Shilling. 
923. Again, if it be required to know what decimal Part of a 
Pound one F arthing is, becauſe 950 Fathings make a Pound, 


therefore 229 = 0,0010416 is the Decimal of a Pound for 


one Farthing. After this Manner the following Tables are 
made, ſhewing the decimal Value for each Species of the integral 
Quantity or higheſt Denomination, which is always Unity, or 
I, in the ſeveral Sorts of Money, Weight, Meaſure, &c. 


One Pound 1, Trey Pound 1. 

Shilling 0,05 Ounce 0,083 
Penny o, oo416 Dram 0,010416 
Farthing o, oo 10416 Scruple 0,003472 

Grain o, oo0 1736 
One Tun I. One Mile 1. 
Hundred 0,05 | . Furlong 0,125 
Quarter  0,0125 Rod o, oo3125 
Pound  0,0004.46 Foot o, ooo189 
Ounce o, oooo28 Inch o, oo0016 
G 5 Ar. 
Hour o, 416 Sign 0,083 
Minute ' 0,000694. Degree 0,0027 
Second 0,0000011 Minute 0,00004 
| Second 0,0000006 
One Load 1. One Tun? 
gow 0,2 ee 
uſhel 0,025 ipe 0,5 
Gallon 0,003125 Hog ſhead 0,2.5 
Pint o, ooog39 Tierce 0, 16 


Gallon o, oo3967. 


94. Having any Quantity expreſſed in divers Species, as 15% 
17%, 44. 3f; tis eaſy, by the Tables, to turn it into Decimals, 


Thus 


mh, © = — mw a kf. 
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0,00416 XK 4 


; - I 
Thus _ * 
0,001 Xx 32 


Therefore 15I. 175. 4d. 3f. = £ 15,869 


95. Hence, by this Method, it will be eaſy to 3 ſome 
Operations in Arithmetic, which would otherwiſe prove very 
irkſome and difficult. Thus, ſuppoſe it was required to 

Feet Inches 
Multiply 12 : 93 = = 12,8124. 
i By 7 * * = 754532 | 


Now this would greatly puzzle a Learner to perform in the com. 
mon Way, but when reduced to Decimals, is only a Caſe of 
common Multiplication. And it ſhould be a Maxim with School- 
maſters never to torture the Genius of a Scholar with things ex- 
tremely difficult, and at the ſame Time unneceſlary, or per- 
formable by eaſier BENE? which is but too commonly the 
Caſe, 0 


CHAP. IX. 
Of the Ratios of Numbers, and the Rules of Propor 
tion, or Rule of Three Dire&# and Inverſe. 


96. A S the Ratio of Numbers conſiſts of a Compariſon or 
Relation in reſpect of Magnitude; and as one Num- 
ber may exceed another both by Addition and Multiplication, there- 
fore two Sorts of Ratios will ariſe in the Compariſon of Num- 
bers, viz. one, which will be expreſſed by their Difference when 
the leſſer is taken from the greater; and another, which will be 
expreſſed by the Quotient, in dividing the greater by the leſſer. 
97. Hence, in this Series of Numbers 1, 2, 3, 4, 5, 6, 7, 8, 
Sc. where each is greater or leſs than the other by Addition or 
Subtraction of 1, the common Difference will be 1 between any 


two contiguous Terms, which is therefore called the common 
Ratio 


yr Oe 


—— 


— — 


4 
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Ratio of the Series; thus the Ratio of 2 to 1, is2—1 = 1; 


of 5 to 4, is 5 —4 = I; and ſo of the Reſt. But the Ratio 
of 3 to 1, is 3 — 1 2, andgto3=5 — 3= 2, which is 
double the former. And the Ratio of 4 tot = 4 — 1 = 3, 
and 5 to 2 = 5 — 2 = 3, Cc. which are triple the Firſt. In 
the following Series 1, 3, 5, 7, 9, II, 13, 15, Cc. the Ratio or 
common Difference is 2. In this Series 5, 9, 13, 17, 21, 25, 


c. the Ratio is 4; and ſo it may be any given Number, by 
which any Series of Numbers encreaſe or decreaſe. And hence 
ſuch a Series of Numbers are faid to be in arithmetical Progreſ- 


fron. 


98. The other Sort of Ratio is that between Numbers which 
differ by a common Multiplication or Diviſion ; Thus, if 1 and 
each ſubſequent Product be conſtantly multiplied by 2 this Series 
will ariſe, viz. I, 2, 4, 8, 16, 32, 64, Cc. and this con- 
ſtant Multiplier is the common Ratio of the Series; for the Ratio 
of any two proximate Numbers is the ſame; thus the Ratio of 
2: 1 is 1 = 2; and the Ratio of 16:8 = F = 2. Again, 
in this Series 1. 3. 9. 27, 81, 243, Fc. the Ratio is 3; thus 
Z:1I=+= 3, or 243: 81 = n = 3, and ſo of others, 
99: In theſe Series, the Ratio of the third Term to the firſt 
is not double that of the Second to the Firſt, (as in arithmetical 
Series) but is ſaid to be duplicate of it; thus 4: I = 2 X 2=4, 
whereas 2: I = 2, in the firſt Series; and in the ſecond Series, 
9: 1 3X 3 , whereas 3:1= 3. Again, the Ratio of 
the fourth Term to the Firſt is not triple (as in 91) but triplicate 
of the Ratio of the ſecond to the firſt. Thus, 8: 1 2 X 2 X 2 


= 8, which is triplicate of 2:1= 2; or this latter Ratio is 


three Times involved in the former. Thus alſo 27:T==42XTE 
3 = 27, which therefore is triplicate the Ratio of 3: 1 = 3, 
Whence a Series of Numbers having ſuch a Ratio is ſaid to be 
in geometrical Progreſſion, 

100. Hence it is evident, that in eoke to make any Ratio 
twice as great as before, it muſt be multiplied by itſelf. Thus 
2: 1addedto2:1,is Xx K; or I Xx 1 , is 3: 1 added 
to it ſelf, or made twice as great. Conſequently, the Addition 
of geometrical Ratios is performed by multiplying thoſe Ratios by 
each other, Thus the Sum of the Ratios 5: 3 and 8: 7 i553 X 


— 
— 


£ „ wy = 


=—_ 


= 


P 5 „ Ee"  &* hy 


"= I 


ch 


2. 


ies 


7 
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= 22 = 40:21. Again, 1; 3 added to 5: n 
equal to the Ratio 5 : 27, becauſe x X 5 = #7 

101. On the other Hand, the Subtraction of the geometrical 

Ratios is performed by dividing the greater by the leſſer. Thus, if 

from 4 : 1 I take 2: 1, there will remain 2: 1, becauſe 2 )+( — 2, 

In like Manner, if from the Ratio 40: 21 I ſubdue the 


Ratio of 8: 7, there will remain the Ratio of 5: 3 for 3) 


22 (. And from the Ratio 5: a7 7 wo n there 


4. 
will remain 1: 3; becauſe ) (. 
102. From a Compariſon of geometrical Patios reſults the 


Doctrine of Proportion or Analogy ( 21 ) for if there be three Num- 
bers, ſuch that the Ratio between the firſt and ſecond be the ſame 
with the Ratio between the ſecond and third, then are thoſe Num- 
bers ſaid to be Proportionals, as I, 2, 4; for 1: 2 2 2: 4, or 
1: 2:: 2: 4. Alſo 1, 3, 9, are proportional, becauſe 1: 3 = 
3: 9 (by 98.) Thus alſo four Numbers are proportional, when 
the Ratio is the ſame between the firſt and ſecond, as it is between 
the third and fourth; as 1, 2, 4, 8, or 1, 3, 9, 27; becauſe 
1: 2 24:83 ndi:3= 9: 27. 

103. Theſe proportional Numbers are ſuch as either ſucceed 
each other immediately in the Series, as1:2::4:8, or4:8 
: 10: 32; and the Proportion is ſaid to be continued, and ſuch 
Terms are called continual Proportionals. But if the Ratios are 
taken between ſuch Pairs of Numbers as do not ſtand together, or 
immediately follow each ather in the Series, then is the Propor- 
tion ſaid to be diſcontinued or digjun#?. As in theſe 1:2: :8: 16, 


_ or4:8::32:64; or 1: 3:: 81: 243. And this makes what 


is vulgarly called the Golden Rule (becauſe of its Uſefulneſs) or 
Rule of Three. 

104. For by this Rule, if any three Numbers are given as 3, 
9, 81, a Fourth may be found which ſhall be in Proportion, 
that is, ſhall have the ſame Ratio to the third Term 81, as there 
is between the two firſt 3 and g. And becauſe this fourth Term 
is as the unknown or ſought, let us call itx, Then by Suppoſi- 
tion, 3:9::81:x; therefore 3 . (by the Nature of the 
Series 98.) | | | 


105. 
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205. Now it is an Axiom, that if equal Things are multiplied l 
equal en the Products will be equal; therefore if the two equal 


Ratios : „ — be each multiplied by ths ſame Number 81, we 


ſhall have 2 8 - XY = = x, as is evident — 


81 
and ſo makes no Alteration in the Value of x ; lis the Rule 
is, multiply. the ſecond and third Numbers together, and divide the 
Product by the Firs the Quotient will be the fourth Number ſought. 


Thus 22 


98.) 

106. Hence this Rule comes to be of very great and frequent 
Uſe in the various practical Affairs of Life, which 1 hall exem= 
plify by a few Queſtions, as follows. Fc 

If 3 Yards coſt 9 Shillings, what will 81 Yards coſt See th 


Operation. 


= 243, ſo that 3:9::81: 243, mu to 


Iu. f. B. C. 8 
3: 9::81: 12 3 
| | 9 2 
> — 20 4 = 
3) 729 (243 (121. 
ö 
12 143 
12 40 


9 Y 4 „ : 
9 Anſwer 121. * 


If 100. gain 50. Intereſt, what will 15 gain in Ge am 
Time? | 


V 
100 2 2 n 20 
_ 


100) 3750,0 ( 37.5 = 370. 10% 
37500 | 


- i « 
* > Y 
* — 
a 


f ARITHMETIC 4 
If the Moon deſcribes the whole Ecliptic, or 360® in 274 
Days, how many Degrees does ſhe paſs thro in one Day? 
D. D. | EA 
Analogy. 2755 + 3650 : 1: 13%09 


27,5) 360 (13,09, Anſwer. 
275 


850 

825 
2500 
2475 


— — 


"IS 


According to the accurate Meaſures of the French, there are 
57060 Toiſes in a Degree, or 242360 Paris Feet; the Circum- 
ference therefore of a great Circle is 123249600 Feet; and the 
Paris Foot is to the Engliſh, as 1068 to 1000; Quere how ma- 
ny Engliſh Feet and Miles are in the Earth's Circumference ? 


Paris Feet. Eng. Feet. 
Analogy 1000 : 1068 :: 123249600 : 131630573 
Then becauſe 5280 Feet = 1 Mile, ſay; 
F. M. * Tr 


As 5280 : 1 :: 131630573 : 24930 57 2. 


roy. When the Ratio of the Series is carried on by Diviſion 
delow the firſt Term, as it is above it by Multiplication, as 
thus, 10: 8: 4: 2: 1: 4:2: 1: £;, Cc. then are the Ra- 
tios of theſe fractional Numbers to Unity, ſald to be inverſy or 
reciprocally as the Ratios of the integral Numbers to Unity; 
that is, the Ratio of 4 to 1 is the Reciprocal of 8 to x ; or ; is as 
much leſs as 8 is greater than Unity or 1. 

108. When, therefore, any Queſtion in the Rule of Three 
s propoſed, and is of ſuch a Nature, that the fourth Number x, 
vr Conſequent of the ſecond Ratio of the Analogy is reciprocally 
o its Antecedent of what the Conſequent in the firſt Ratio is to 
ts Antecedent, then the Rule of Three is ſaid to be —_ 

G 


—— 
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And the Terms muſt be ſtated in a contrary or inverſe Order, 


as in the following Queſtion. - 4 gies 
If 12 Men do a Piece of Wark i in 15 Days, 5 how many Day uy 

' will 20 Men do the ſame ? this 
Here it is evident, the 4th Number x cannot ſtand in the 4th . 
Place, as before (104) viz. 12: 15 :: : x; for then = C 
would be directly to 20, as 15 to 12; be 2 muſt be leſs than fit 
20, and therefore reciprocally as 15 to 12. Again it is plain, then 
M. a. D. oY leſs 
that 20 : I5 : x Days; and becauſe the Proportion i; 
here direct, therefore 222 = (105.) Conſequently if = 
20 gall 


we take the Terms as they ſtand in Queſtions of this Sort, the ¶ Rat 
Rule for operating them in this, Multiply the firſt and ſecond I 
Numbers together, and divide by the Third, and the _—_— wil N tece 


| bi | 2 X I; duce 
e the fourth Number (x ) ſought. So in the preſent Caſe = 5 Com 
= x = 9 Days, the Anſwer. wh 

| 109. I ſhall here ſubjoin a Queſtion or two of this Sort, m1 WE 
follows. ter 
Friend lends me 3721. for 7 1 and 8 Months, how lon il ** 
muſt I lend him 4.96l. for an Equivalent ? * 
Tn 496 X 7,6 | | | of « 

en per Rule —_ = 5775 Years, Anſwer. the 

If 3 Men, and 4 Women, can do a Piece of Wark in 56 Day; , 
haw long will one Man and one Woman be doing the ſame? © of t 


Becauſe of 3 Men and 4 Women, ſome Number muſt be 
found that may be divided by 3 and 4 without a Remainder, as 
the Number 12; then make the 3 Men or 4 Women equal to +: 
12 Boys; and 1 Man will be equal to 4 Boys, and 1 Woman 
to 3 Boys, and 1 Man and 1 Woman to 7 Boys; then the Que- 3 
{tion is reduced to this, I 12 Boys do a Piece of Work in 56 Day, Ml ©* 
in how many Days will 7 Boys do the ſame © | 


Anſwer 2255 — 96 Days, © * 
110. I ſhall here ſay Nothing of the compound Rule of Propor- = 
tion, or, as it is uſually called, the Double Rule of Three, where- * | 


in 5 Numbers are given to find a Sixth by means of two Analo- 
gies, 


9 
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gies, becauſe this will be beſt explained, and the Reaſon of O- 

no will be more evidently ſeen, in the e of treating 
this Subject in Algebra. | 

111. From what has been ſaid of * it is s eaſy to make 
2 Compariſon of their Magnitude, having firſt premiſed this De- 
finition, viz. That Ratio is ſaid to he greater, equal to, or leſs 
than another, whoſe Antecedent hath a greater, or an equal, or a 
leſs Proportion to its Conſequent; than the other's Antecedent. hath to 
xs Conſzquent. Thus the Ratio of 6 to 3 is ſaid to be greater, 
and the Ratio of 4 to 3 leſs than the Ratio of 5 to 3. Thus a- 
gain, the Ratio 6: 3 is greater, and the Ratio 6 : 5 leſs than the 
Ratio of 6 : 4. 

112. Hence, when two Ratios are to be compared whoſe fon 
tecedent and Conſequent are both different, it till be proper to re- 
duce them to the ſame Antecedent, or the ſame Conſequent, before the 
Compariſon be made; as for Inſtance, ſuppoſe I would know 
which of the two Ratios 7 : 5 or 4 : 3 be the greater; to know 
this, I lay, as 4: 3:: 7: 543; then it is evident, 7: 5 is a grea- 
ter Ratio than 7: 54 (by 111, ) and conſequently greater than 
4: 3. Again, ſuppoſe I would compare the Ratios 3: 4 and 
5:7; then I ſay, as 3:4: : 5: f = 7 — 5; but the Ratio 
of 5:7 — + is greater than the Ratio of 5 : 7, and therefore 
the Ratio 3: 4 is greater than the Ratio of 5: 7. 

113. In any Series of Numbers, 48, 40, 30, 15, the Ratio 
of the Extremes is ſaid to be compounded of all the intermediate Ra- 
tis; viz. 48 : 15 = 48: 40 +40: 30 + 30: 15; which 
will eaſily appear by placing all Fraction-wiſe, thus; 7 = 


— $$X40X 30 
s X 8 NK 4 3 , for it is plain, ſince 40 X 
30 is in the 41 and Denominator both, it makes no Al- 
teration in the Value of the Fraction, which therefore is equal 
to 7 LA 
184 Hence, on the Contrary, any Ratio 48: 15 may be 
reſolved into any Number of other leſſer Ratios of which it op 
conſiſt, as ſo many Parts of the Whole. Thus 43 = 43 x 4 
X ig; or #$$ = #3 x 45 X 35. Thus alſo the Ratio of 5 
to may be ur ne, or reſolved into any other Number 
v: Ratios, as 43 Xx 42 X35 X 23 X , and ſo in any other Caſe. 
G 2 * 1. 
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115: In any two Quantities or Numbers, whoſe Difference 
is very ſmall in reſpect of the Quantities themſelves, if ſo much 
be added to one, and ſubtracted from the other, as ſhall mak 
their Difference double or triple, or half, or a third Part of whatit 
was before, then thoſe Quantities or Numbers ſhall be in a Du. 
plicate or a Triplicate, or a Subduplicate or a Subtriplicate Rai, 
of that they were in before any ſuch Change was made, nearly. 

116. Thus let there be two Numbers 10 and 11, whoſe Dif. 
ference is 1, then if be added to 11 and taken from 10 we 
have 114 and 92, whole Difference is 2, double of the forme! R 
Difference. Now I ſay, the Ratio of 104 to 94 is duplicate of that ti 
of 11 to 10 nearly; for the Ratio of 114 to 9 is reſolvable in · : 
to the Ratios 11 4: 104, and 105: 9 (by 114.) Now the L 
Ratio of 11+ :. 105 is greater than the Ratio 11 to 10, and the 4 


Ratio of 104: 94 is nearly as much leſs (as will appear from p 


112) therefore the Sum of both thoſe Ratios will be nearly equal v 


ein og vo 00 
to twice the Ratio of 11 to 10, that is,. x — 25 6 
104 91 10 10 b 
120,75 121 


nearly; for the firſt is and the latter is — 5 which 


7 


are very nearly equal. 
117. Again, if we add 1 to 11 and take it from to, we ſhall 
have 12 and q, whoſe Difference is 3; then will the Ratio 12 : 9 


be triplicate, or three Times as great as the Ratio 11: 10. For ( 


x by anon 3 end hx ff te 
9 11 * 5 * e 99 e 
78550 which two F 10 HY are very nearly equal, 

118. Thirdly, if the Difference between 11 and to be te- 
duced to half or a third Part, the Ratio will be reduced ſubdupli- 
cately or ſubtriplicately ; thus add 4 to 10, and take it from 11, 
and we have 10 4 and 103, W. Difference is half of the for- 


mer. Now 10; : 104 is al duplicate of the Ratio 10 : 11, 
or as VIO: VII. Alſo, if + be added to 10 and taken from 11, 


* _— aw Sh 1 


you have 103 and 10 3, which are nearly in a ſubtriplicats Ra- 


tio of 10 to . © to bs 


We ice in theſe Examples how near theſe Ratios come to the 


Truth, de the Difference is no lefs than a roth or 21th Part 


of 


1 FS 
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of the Whole; but if we ſuppole the Difference to be a much 
leſs Part of the Whole, as an 100th, a 1000th,” c. they will 
be much more accurate; ſo that to multiply or divide the Ratio 
it will be ſufficient to encreaſe or diminiſh one of the Numbers 
only. Thus 100 : 102 is duplicate of the Ratio 100 : 101 ; and 
100 : 103 is triplicatethe Ratio of 100 : 101. Alſo, 100: 100 
is ſubduplicate, and 100: 1007 is Ae of the Nato of | 
100 : 101, nearly, 

119. Hence we obſerve, that the Ratio 100: 101 is to the 
Ratio 100: 102 as 1: 23 and the Ratio 100 : 101 is to the Ra- 
tio 100: 103, 28 1: 3; the Ratio 100: 101: 100: 1041: 1 
: 4; and on univerſally, which Theorem is of very great 
Uſe and ought to be well remembered by the mathematical Rea- 
der. What further relates to the Doctrine of Ratios and Pro- 
portion, will be delivered in Species (in the Mgebraic Part) which 
will-afford a more abſolute and univerſal Speculation of the Na- 
ture and Properties thereof than can be obtained from Num- 
bers. 


1 3 
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CHAP-X 
Of the Powers of Numbers, and the OO of 
Roots. 


120. WI HEN any Number is multiplied by itſelf, it is ſaid 

to be ſquared, and the Product is called the Square 
or ſecond Power of that Number; thus 2 X 2 = 4, ſo4 is the 
Square of 2; and 2 is ſaid to be the Square Root of 4; andis 


thus expreſſed, V4 =2. So 7 X 7 = 49, and the Square 
Root of 49 is 49 = 7, and fo of any other Numbers. 

121. As a Number multiplied by itſelf produces the Square, 
ſo that Square being multiplied by the ſaid Number, or Root, 
produces the Cube, or third Power. Thus 4 X2 = 2 X 
2X2 = 8, the Cube of 2; and 49 X79 =7X7X7T= 
343, the Cube of 7. So the Cube Root of 8 is VB = 2; 


and the Cube Root of 343 is 343 = 7 and ſo of others. 
| 122. 


PF > 
2 : 


0 
| 
3 
p 
[ 
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122. Thus you proceed by a conſtant Multiplication of every 


ſubſequent Product by the ſame Number to raiſe any Power of 


that Number you think fit, as you fee done for the 9 Digits in 
the following Table to the ſixth Power. 


75 i 
e J % 3 45 1 
N 1149 16 25 36 gn 
Cube, or third| 118 
q Power. 25 
Biguadrate, or| g ee, 


| fifth Power. I Ab. 256 525 1296 2401 | 4096 | 6561 


{ Fur ſolid, or 
| 22 2 I 32/343 1024 {3125 7776 16805 32768 59049 


] 


27 64 | 226 343 . 512 | 729 


—— 
\ 


* 4 


123. When the Square Root of any Number is propoſed to be 


found or extracted, it is done by the following 


R U'L E. 
Firſt, let the Figures of the Number be diſtinguiſhed into Pairs by 
fixing a Point over every other one, beginning at Unit's Place. Then 


 wwrite ſuch a Figure for the firſt Place in the Root, whoſe Square 


Hall be equal to, or next leſs than the Figure or Figures from the laſt 
Point on the left Hand; then ſubtracting that Square, the other Fi- 
gures of the Root will be found by taking down each Pair of Figures 
ſucceſſively to the Remainders, for new Dividends, and doubling the 
Root fo far as extracted for the firſt Part of the Diviſor, enquire hot 
often it is contained in the new Dividend, and place the Quotient for 
another Figure in the Root, and alſo mer * to the Dinger, which 
will be then compleated. 


124. This will be illuſtrated bs the following Examples, 
Quere the Square Root of 144 ? 


144 ( 12, the Square Root required, 
I 


32 ) 44 
44 


46 


thi 


2 
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The Reaſon of pointing the Number in this Manner is, be- 
cauſe there are always as many Places of Figures in the Root as there 
are Points over the given Number. But, till we come to Algebra, 
the Reaſon of the whole Operation will not ſo well appear as by 
working it at large (for the common Way is but a ſort of Con- 
traction) in the Manner following. 


Who + 


3 


144 be 
100 \-; 


20 ) 44 (2, then 10 ＋ 2 = 12, the Root. 
zz / 44 


Extract the Root of 219024. 


219024 ( 400 + bo ＋ 8= 468, the Root. 
160000 


- 


_ 59024 ( 60 
128) $1600 


460 K 22 * 7424 (8 
pre) 7424 


But this Example contracted in the comman Way ſtands 


thus. 
219024 ( 468, the Root. 
16 | 


86) 590 
7. 


928) 7424 
7424 


- = — 


_ OO. aA SE”, ol 


* 
. — 
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- Another Example here follows. ToextraRt the Square Root 
of the Number 29506624. ; 


29506624 ( 5432 = the Root required. 
25 


104 450 
416 


1083 ) · 3466 
3249 


10862) 21724 
21724 


| 


125. It is plain that Number muſt be a Square, whoſe'Root 
may be extracted without a Remainder ; and ſuch Numbers may 
be as well Decimal as Integral, as in the following Example. 
What is the Square Root of 156,25. 


156,25 ( 12,5 the Root required. 
I | 
22) 56 
44 


3 


245 ) 1225 
1225 


2 „2 „ 0 


What is the Square Root of 50,2681 ? 


50,2681 ( 7209 = Root required. 
49 | 


1409) 12681 
12681 


Re 
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R | 
7) Required the Square Root of 0,366025. 
d. 0, 36602 5 ( 0,605 = the Root, 
0 a 
36 
36 


1205) +6028 | 
6025 OY. 


What is the Square Root of o,000156a5k | 


* © 00 


cot 06,0001 13 ( o, org += een 
may 
ple. 22) * 56 | 
245) 1225 
1238. 


44 + & 


126. The Number that is not 2 Square, ot whoſe Root can 
not be extracted, is ſaid to be ſurd, or irrational; but the Roots 
of ſuch ſurd Numbers may be approximated in Decimals as near 
the Truth as required. For Inſtance, let it be required to ex- 7 i 
tract the Square Root of 2. Annex to the given Surd, as many 


— of Cyphers as you r decimal Places in the Root, 
us 
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2,0000000000 ( 141427 
1 


24) 1 oo 
96 


281) + 400 
©. 28x 


* 


2824 ) 11900 
11296 


28282 ) + 60400 
56564 


g | 282841 ) * 385600 
| 282841 


100759 


Thus it appears the Square Root of 2 is 1,41421 true to five 
Places of Decimals ; if a greater Degree of Accuracy be requir- 
ed, more Places may be obtained by dividing the Remainder 
100759 in the common Way by the Diviſor 28284 (omitting 


the firſt Figure 1) as you ſee below. 
wo 28284) 100759 (33062 
| 84852 
159070 
141420 
1 176500 
169704 


* +67960 
56568 


— 


11392 
T 3 the Square 8s of 2 ĩs ſtill more md 1,414213562- 


. * * 
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127. The Square Root of any Vulgar Fraction is extracted 
by extracting the Root of the Numerator and Denominator for 
the fractional Root. Thus the Square Root of 33 is 4 ; for 5 
is the Root for 25, and 6 the Root of 35, and I K 1 = 233 
and ſo the Square Root of 245 is A = ; and ſo you pro- 
ceed for any other. But in ſome Caſes, the beſt Way will be to 
convert the Vulgar into a Decimal FraFien (by 92.) and fo ex- 
tract the Rootin Decimals, as above taught (in 125,126.) 

128. The Extraction of the Cube Roat will prove too difficult 
a Taſk in common Numbers; and as Nothing can be eaſier by 
Logarithms, I ſhall there ſhew the Method of doing it. Be- 
ſides, the Reaſon of the Thing cannot be ſhewn till the Reader 
comes to the Algebraic Part, where it will be evident enough. 

129. The Biquadrate Root of any Number is eaſily had by 
extracting the Square Root of the given Number firſt, and then 
the Square Root of that Root : Thus, let it be IN 
the Biguadrate Root of 4857532416. 


4857532416 ( 69696, 


129) 1257 
1161 


1386) 96533 
1 89318 
13929) 133724 
125361 


13 86) 836316 
* 836316 


H 2 | Then 
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Then 69696, ( 264, = the Biquadrate Root. 
4 „ena 

46) 296 

0 276 


524) 2096 
2096 


For 264 X 264 X A * ** — 4857532416. And thus 
you proceed in any other Caſe where the 1 4 25 Root is re. 
quired. 


— W. — ine »” — 2 — — — — — — 
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CHAP. XI | 
07 the Nature and Ufe of LOGARITHMs. | 


130, FF a Series of Numbers in Arithmetical Iregrafien, be 

ginning from o, and whoſe common Ratio is Unity, be 
appoſitely placed over another Series of Numbers in Geometrical 
Progreſſun, in the following Manner, viz, 


Arith. o, 1, 2, 3, 4, 5, 6, 7, 8, 95 e. 
Geom. I, 2, 4, 8, 16, 325 64, 128, 256, 512, Cc. 


Then we may obſerve the following Things. EZ 

131. Firſt; The ſeveral Terms in the Arithmetical Serie: 
expound the Ratio of the correſponding Terms in the Geometrical 
Series to the firſt Term; thus, 2 in the upper Series ſhews the 
Ratio of the Geometrical Series is twice repeated between 4 and 
1; 5 ſhews the Ratio 5 Times repeated between 32 and 13 0! 
that the Ratio 32: 1 is 5 Times as great as the Ratio 2 : 1; 
and 9 denotes the Ratio 512 : 1 to be 9 Times as great as the 
firſt Ratio 2 : 1 ; and fo of the Reft. 

132. Secondly ; That to the Addition of any two or more 
Terms in the Arithmetical Series, correſponds a Multiplication of 
the Numbers under them i in the Geometrical Series 3 3 as in the 
following Examples, me OP A 


; 6-6 


121 


C( 
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A1+2=332+3+ 4 931+3+ 5= 93 
22 BIT $5.93 13g 32 = 512; &c. 

133. Thirdly ; That for every Subtraction of Terms ia the 


Arithmetical Series, there correſponds a Drvifion of the Num- 


bers under them in the Geometrical Series; as in theſe Inſtances. 


A2—1I=1; 7— 32 41 9— 4= 5; Ce. 
G. 4＋ 2 =2; 128 —8 = 16; 512 — 16 = 32; &c. 

134. Fourthly ; That when any Term in the Arithmetical 
Series is doubled, tripled, quadrupled, &c. there anſwers an In- 
volution of the correſponding Term in the Geometrical Series 
to the ſecond, third, fourth, &c. Power, Thus 


A.3+3=6 3 Kid 93 27242425 8. 
G. 8 & 8 64; XS Str 4X4X 4X 4=256. 

135. Fifthly; That if any Term in the Arithmetical Series 
be divided by 2, 3, 4, &c. there anſwers an Evolution or Ex- 
traction of the Square, Cubic, Biquadratic, &c. Root in the 
correſſ ponding Term of the Geometrical Series. Thus 


A. 44 2 82 3223. 22422 Se. 
G. 16 2 64 24s =4; &c. 


136. Sixthly; That in the Arithmetical Series, if any three 
proximate Numbers be taken, the Sum of the two Extreams is e- 
qual to double the middle Number ; thus, 3, 4, 5, give 3+ 5 = 
4X2=8; and 7, 8, 9 give 7 +9 =8 X 2 = 16. Whence 


ae ES = 4, and - 2 = 8, or half the Sum of the Er- 


tremes is equal to the Mean. And the Caſe is the ſame if any 
two Numbers of the Series be taken, their Sum will be always 
double of the Mean or middle Term between them. Thus, 1, 
3, 5 give 1+5=2X3=6; and 2, 5, 8 give 24 8 = 
2 * 5 = 10. Alſo if 4 Terms be taken any how, the Sum of the 
oo Extremes will always be equal to the Sum of t Fihe two Means ; 
thus, I, 2, 3, 4, give 1442824 p< and 3, 55 7 95 
31 17 W 


137. 
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137. Seventhly ; That as every Addition of Terms in the 4. 
rithmetical Series has a correſponding Multiplication of Terms 
in the Geometrical Series (by 132,) therefore the Product of the two 
Extremes, in any three Proportionals, is equal to the Square of the 
Adean ; thus, in 8, 16, 32 we have 32 X 8 = 16 X 16 = 256; 
and therefore alſo 32 X 8 = 16, viz. the Sguare Root of the 
Product of any two Numbers is always a Mean Proportional between 
them, 

138. Eighthly ; That of any Terms in the Geometrical Se- 
ries, the Product of the two Extremes is ever equal to the Product 
of the two Means. Thus, 2, 4, 8, 16, give 16 22 8 
4 2 32. And 2, 8, 32, 128, give nnn 
256. 

5 39. Ni 101 Hence, of four Terms in the Arithmetica] Se- 
ries, the laſt is equal to the Difference between the Sum of the two 
Means and the firſt Term. Thus, of 3, 5, 7» 9, wehaves +7 
—3=93 or 7 +5 —9= 3. And in the Geometrical $e- 
rics, the laſt of the four Propartionals is equal to the Product of the 
tiuo Means divided by the firſt Term. Thus, of 8: 32: 128 : 512, 


we have PX 512; or —_ N 


elſewhere ſhewn (in 105.) 

140. From what has been hitherto premiſed, it appears, that 
the Series of Numbers in Arithmetical Progreſſion, are the Lo- 
GARITHMS of the Numbers in the other Series of Geometrical 
Proportionals ; for all that we mean by Logarithms, is no more 
than ſuch a Sort of Numbers as are artfully contrived to expreſs or 
epo und the Ratios of common natural Numbers, conſidered as Terms 
in a Scale of Geometrical Proportion. Now theſe Numbers in 


Arithmetical Progreflion, anſwer every Part of this Defini- 


tion of Logarithms with reſpect to the Series below them (by 
what was obſerved in 131.) and therefore are their Logarithms, 
i. e. Exponents of their Ratios, as the Word imports in its Greek 
Etymology. 

141. From hence it appears, that if we conſider our natural 
Numbers as Terms in a Scale of Geometrical Progreſſion, then 
if ſuch other Numbers were inyented and adapted thereto in a 
Series of Arithmetical Progreſſion, theſe would be Logarithms 

', of 
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of the other; to their Addition and Subtraction would anfwer a 
Multiplication and Diviſion of the reſpective common Numbers 
(by 132, 133.) Alſo by doubling or tripling them, we Square 
or Cube their Numbers; (by 134) or by dividing by 2, 3, c. 
you extract the Square, Cubic, Qc. Root of their Numbers, 
(by 135.) 8 3 
142. Now ſuch a Table or Canon of Logarithmic Numbers 
has been contrived and compoſed by our late Mathematicians, 
and are in every one's Hands for Uſe. I ſuppoſe I ſcarce need 
tell the Reader that Lord Napier (a Scotch Nobleman) invented, 
and together with the Aſſiſtance of our Countryman Mr. Henry 
Brigs, calculated and compleated the Canon in preſent Uſe, 
The Labour of doing this was prodigious in the Way they took 
for it, but of late, eaſier and more conciſe Methods have been 
invented, of which more hereafter.* : 

143- That the Reader may have ſome Idea of the Method 
they took for this Purpoſe, he muſt conſider that 1, 10, 100, 
1000, T0000, I00000, Oc. are a Series of Numbers in Geo- 
metrical Progreſſion, whoſe common Ratio is 10; and a Series 
of Numbers in Arithmetical Progreſſion adapted to them as Lo- 
garithms will ſtand as below. £ 


A. O. 1. 2. 3. 4. 5. 2 
G. 1. 10. 100. I000. I0000. 100000. Cc. 


144. If now we ſuppoſe the common Ratio 10 tö be divided 
into 10000000 equal Parts, or Ratiunculæ, then ſince the Lo- 
garithm of 1 to 10 is 1, this Logarithm or Unity 1, will alſo 
de divided into 10000000 equal Parts, or Decimals; of which 
half the Number, viz. 0,5000000 will be the Logarithm of the 
Mean Proportional between 1 and 10, which let us call A. 


Numb. Logarithms. 
| 3 I =: 0,0000000 
Then will the Logarithms be for 3A | 2: 0,5000000 
IO : 1,0000000 


- 


— 


145. 


_ * Several other Methods of conſtructing a Canon of ithms 
will be delivered when we come to treat of Algebra and Fluxions ; 
this we have here given, ſtands firſt in Order, and riſes immediately 
rom the Principles of cormon Arithmetic. 
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I45. In like Manner, a Mean Proportional between A and; 
10, call B, and its Logarithm will be half —C 
garithms of A and 10; and fo x 

A : 0,5000000 4 
The Logarithms will be for 3B : o, 750000 1 
: 10: 1,0000000 . | 


x46. Alſo between 1 and A, and A and B, you find Meat 
Proportionals and their nn and thus you may conceive 
the Proceſs for every one of the 10000000 Means; among which 
you'll find eight Means which will be ſo near the ſame with our 
eight Digits 2, 3, 4, 5, ©, 7, 8, 9, that the Difference will 
be wholly inconſiderable, and alſo their . which walk 


be as below, viz. 4 


Numb. Logarithms. hoods Logarithms. 


- : O090000000 6 0,7781513 

PEP 0,3010300 7 : 0,8450980 

Thus, 3 „4771213 : 0,9030900 - 
: 0, 6020600 9 : o, 95424253 

5 : 8, 6989700 | 10 : 1,0000000 1 


147. That is, ſince there are 10000000 Mean Proportional? 
between 1 and 10, the Number 2 will be the 30 1030oth off 
theſe; ſo the Number 3 will be the 477121 3th; the Number 
will be the 6989700th, and ſo of the Reſt. Alſo the Ratio o 
Diſtance of 4 from Unity being twice as great as the Diſtance aff 
2, its Logarithm is twice as big, and for the ſame Reaſon the 
Logarithm of 9g is twice as big as the Logarithm of 3; and 
the Logarithm of 8, three Times as great as the Logarithm af 
2; and ſoon. 1 

Z© 148. In like Manner, the Logarithm for all the Numben 

| between 10 and 100, 100 and 1000, and ſo on to 100000, de, 
note the Places or Diſtances of thoſe Numbers in a Scale of Ge- 
ometrical Proportionals, conſiſting of 10000000, 20000000 
30000000, Sc. Terms. Thus 73 is the 18633229th Term; 

743 is the 2870988 8th Term; and 9745 is the 398878 1806 
Term in the Scale or Series of 40000000. f 

149. But ſince we make the Exponent or Logarithm of 1 
10, to be 1; that of 1 to 100, 2; &c. (By 143) m_— 


, 
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eſe Logarithms muſt be looked upon as Decima! Numbers, and 
only the firſt Figure Integral; which is called the Index; and 


ey are thus expreſſed, 


| 3 : 04771213. 
"4 3 73 : 1,8633229 


743: 2,8709888 
9745 © 3,9887818 


150. And here you obſerve the Index of the Logarithm is 4% 
y Unity than the Number of Figures in that Number of which 
t is the Logarithm, the Reaſon of which is very plain from (143) 
and what has been ſince delivered. N. B. In reading, this Table 
pf Logarithms ſhould lie before the Eye for Inſpection. 

151. If a Number conſiſt of the ſame Figures, whether it be 
integral, mixed, or pure Decimals, the Logarithm will ſtill be 
he ſame, except the Index, which will be always leſs by 1, than 
he Number of Places in the Integral Part (149). And when 
e Number is purely Decimal, the Indexes will alſo be expreſ- 
ed Decimally, all which will be clear wy the Examples in the 
n 2 


— | WM... 3:9795939 
N. B. As many as the Declmal | 251 29795939 
ndex is leſs has 9, ſo many Cy- - 95,41 1,9795939 
— are prefixed to the Decimal} ? 95541 099795939 


0,9541: 9,9795939 
umbers, as is here 8 , ©,0954T : "$,9795939 


3 10,0547 779793939 
152. It remains now that we ſhew how commodiouſly the 
Operations of common Arithmetic are performed by — 
and firſt, 


07 MULTIPLICATION by LocaAkRTTHUs. 


The Rule for the Operation i is this, add together the Logarithms 
4 the Factors, the Sum is the Logarithm of the Product. (By 132) 
out the Difficulty conſiſts! in finding the proper Indices to the 
ums; for which obſerve the following Particulars. (1.) If 
he Indeces are both integral, the Sum is ſo too. (2.) If one 
Integral, and the other — che Sum, if under 10, will 

be 
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de Decimal; if juſt 10, or more than 10, caſt away 10, m 
the Remainder is Integral. (3.) If the Indices ems. 
mal, and the Sum above 10, caft away 10, and the B 
will be Decimal ; and then the Cyphers to be prefixed to the De 
cimal Product, will be as many as 3 is leſs than 


15 
be þ 


See the following Examples. - xam 
. Examples of INTEGERS. 
Example J. oe 12 = 2507M181- 

tr * 99 3 an 

r We 2 77987277 
Example II. Multiply — = 2, 720986 xam 

| By 100 = 2,000000 

n The Product 52600 72090 
Example us g *I 987600 = = 5994585 _ 

| ST] =: 29713490 . 
ha arte — 0 

7 7 510589200 —'&y08078 

xam 
Funn of mixed Numbers. 

Multiply 12,4 = 1,0934212 
| By | 3-0 = SONY... 20M; 15ʃ 

| 3 The Product 44,64 = = 1,640 242 
809 | 5, "3.4 pj 4 ; —— — — betittetibentg - * ithm: 

ExampleIl, Multiply 36,5 = —— 
. By ET. — 62787536 
| | - 
0 The Produdt 0,006935 0006935 = = eee $: ay 
Example Hl, Multiply A = ,9,8819550 e 
By 33709 2 27550748 ainè 


The Produdt 434334 = — : 26318298 | 


Example IV. * o = = 2729867 717 
| 1 o, o = „6, 3222193 i 


— . — ä 7 1 


PAK pr . 
The Product 0,000002037 = 2493989910 


: MON 1 
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f ARITHMETIC; 55 
155. Divisrox of —_— and Decimals by LoGaRITHMS* 


a | From the of the Dividend. | | 
we be Rule. Je the —— of the Diuiſor; | 
e De The Remainder is the Logatithm of the Quotient, 

xample J. Divide 44,64 = 1, 6497242 
By 12,4 1, 934217 
— 
Quotient 3 = 0,5563025 | 
xample II, * 310 24913617 
| y 44275 , 6309361 


Quotient 72, 51457 = 1, 86042 56 
xample III. Divide 43434 = = 2, 6378298 

By 7,62 9,8819550 
Quotient 570 = 247558748 


xample IV. Divide ,006935 = »78410465 5 
By 36,5 = 1,56 22929 


Quotient 00019 = 6,2787 536 
— u—— 


Divide ,00000207.3 = „, 3089910 
=... »0002T = „6, 3222193 


Quotient 20097 = „7,9867717 


156. As the Operation of ſuch Decimal Numbers as contain 
ngle or compound Repetends is moſt eaſily performed by Loga- 
ithms, (ſee Inſt. 90) ſo we ſhall here proceed to that Buſineſs, 
aving firſt premiſed, that if one Number A, be to be divided by 
nother B, the Quotient will be the ſame as when Unity is divided 
the Number B, and the Quotient multiplied by the other 4; 
us 4) 12 ( 3 = N 12; now if from the Logarithm of U- 
ity or o, you ſubtract the Logarithm of any Number, the Re- 
ainder is called the Arithmetical Compliment of that Number. 
hus from the Logarithm of Unity = == ©0,0000000 

ike the Logarithm of 12,4 . = 1,0934217 

mains the Arithmetical Compliment = ,8,9065783 

an is plainly e more than the Logarichm of the Fraction 


f Ha 


xample V. 


5 : 428 © 
12 >} Te 


bo INSTITUTIONS 


To the Logarithm of 44,64 = 1,649724 
You add the Arithmetical Compliment of 12,4 = ,8,906578;8 77 


The Sum is the Logarithm of 23,6 = , 556302 
The ſame as in Example I. of Diviſion (155). ä 

157. Any Digit multiplied by 10 and divided by q, become 
a Repetend; thus 6 X 10 = 60, and 9) 60 (6, 6668, Cc. 
6,8; and the ſame in Decimals 0,6 10 . 6, and 9) 6 ( 
Alſo any Number multiplied by Unit with as many Cyphers ar 
nexed as it contains Places, and then divided by as many Nine, 
becomes a compound Repetend. Thus 23 X 100 == 2300, ant 
99 ) 2300, ( 23, 13, and 527, X1000, = 527000, and 900 
527000, ( = 527; and fo of others. 

158, Hence ſince the Logarithms of £2, 222, 2929, &. 
are 0,0457575, 0,0043648, 0,0004 345, Ge. therefore 
eaſily obtain the Logarithms of any pure, ſingle, or —_— i 


Repetend. F 

Example. Required the Logarithm of 6? 8 

To the Logarithm in the Table for 6 , 7781512 1 

Add the Logarithm of £2 = 0,0457575 þ 

The Sum is the Logarithm of js = 0,8239087 | 1 
J 0,0457575 

And becauſe it may be oF Uſe fome- 3 = 925228787 8 


times, I have here ſubjoined a Table 4 12 996475775 
of the Logarithms of all the Nine 1 2 mw x Hes 


6 = 0,823 
Digits perpetually circulatings if = 8 558 


o, 9488475 
l 5 = 1,0000000 
159. In the ſame Manner we proceed for the e: 
pure compound Repetends. 
Example 1. Required the Logarithm of the Repetend 77 , 
To the Tabular Logarithm of 24,= 1,3802112 
Add the Logarithm of 222 — 0,0043648 
'The Sum is the Logarithm of Z4,= 1, 3845760 
Example 2. Required the Logarithm of 36, ? 
To the Tabular Logarithm of 36, = 1, 5622929 
Add the Logarithm of £222 = 0,0004345 


The Sum is the Logarithmof 36, 1,5627274. 


f ARITHMETIC, 6r 


160. Now with Reſpect to mixed Repetends, as 2, f, 2,793, 
7755, &c. it is evident (by 157) that 2, 5 = 2,5, and that 
2,753 = 25755, and 715, = 7 and ſo on; but 2,5 = * 
and this multiplied by , becomes barely 24; but any Number 
multiplied by q, is the ſame as when multiplied by 10, and once 
ſubtracted; whence 2,8 x 10, — 2,# = 24. Hence this gene- 
ral Rule is deduced, | 

From the mixed Repetend multiplied by 10, ſubtract itſelf ; 
or (which is the fame Thing) from any mixed Repetend ſubtract 
the terminate Part, and to the Logarithm of the Remainder, 
add the Arithmetical Complement of as many Nines as there 
are Places of Figures in the Repetend, and the Sum will be the 
Logarithm of the ſaid mixed Repetend. | 


Example 1. Required the Logarithm of 2, f? 
From the given Repetend —— 2,6 
Subtract the terminate Part . 2 
To the Logarithm of the Remainder 2, 4 = o, 3802112 
Add the Arithmetical Complement of 9 = , 457575 
The Sum is the Logarithm of 257 = 0,42 59687. 


Example 2. Required the Logarithm of 2,7 gz? 
From the given Repetend ——— 2,773 
Subtract the terminate Part — * 
Then tothe Logarithm of the Remainder 2, 726 = , 4355258 
Add the Arithmetical Complement of the 

Logarithm of F — $ 99 0,0043648 
The Sum is the Logarithm of the Repe- 


Example 3. Required the Logarithm of 775, fl! 
From the Repetend —— ——— 75,8 
Subduct the conſtant Part —— 7 
To the Logarithm of the Remainder '724,9 = 2, 8602781 
Add the Arithmetical Compliment of = 999 = 0,0004345 
The Sum is the Logarithm of —— 775, 5 = 2,8607126. 


161. The Learner is now prepared to work any of the com- 


mon Rules of Arithmetic, where the Operations are tedious or 
dif- 


2,753 = 0,4398906, 


/ 
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difficult, in a very eaſy and conciſe Manner, by i, of 
which take the following Examples. 


Example 1. In Duodecimal Multiplication 


F. In, F. ln. 
rn 10 by 8: 8k. 


* a + E 
* The Lo 9 = = 9.82 — ag | 
Add Th the ine — = 8,5 = 2.937 gar 5 


In. 
1 9 he? 5s 55. 21 = 85, = 1,9305529. 


\ As Divifen is only the Reverſe, it needs no Exaniple, wid 
162. Example 2. In the Rule of Three Direct. 


If 2C. 3.9rs. 2116. of Sugar — 2,9375 = 0,4679778 
Coſt 61, 15. 84. — 6,083 = = 0,7841316 
What will 12 C. N coſt! 12,5 120 100 
| | 1,8810416 
Anſwer, 250. 175. 843 — 25.8064 = = 1,41 30638. 


Note, here the Logarithm of the firſt Number is ſubtracted 
from the Sum of both the others; but a more conciſe Way is to 
take the Arithmetical Complement of the firſt (which we denots by 
A. C.) and then the Whole is performed by one Addition. 


- Rxample 3. At one Operation. 
If 3 C. of Tobacco (A. C.) — 0,5 = o, 3010300 
Coſt 4. 176. (4. — 4,6% = o, 6658935 
What will 7 th. coſt?!ꝛ⁊xñ o, 625 = — 2 8,7905880 | 
Anſwer, 115. 7d, — — 0,5791f = ,9,7628035 


— — I 


163. Example 4. run N. ee at one Operation. = TI 
| f 
If Wheat be 6s, 4 per Buſtiel — 638 = o$orb33g 8 
* the Penny White Loaf weigh 72 o. 7,75 = o, 8893017 dis 
Whatis the Weigh 
2 00 e | Gig t, at 35 104, 5. Buſhel 383 = 94164234 


—— fre 


Anſwer, 12 Oz, 16 Put, 207. — 12,8043 = 151073576. 
bs ad LES N Here 


, of 


rd 


„ 
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Here we take the Arithmetical Complement (A. C.) of the 
third Term, the Reaſon of which isevident from (156). 24 
164. EXTRACTION of RooTs by Logarithms. Fae 


Example 1. Required the Square Root of nn 
The Logarithm thereof is — | 3.45182 32 


One Half is the Logarithm of the Root 2 = 19725911 16 


Example 2. What is the 3 Root of 14,6? _ 
The Logarithm of that Number is — 1,7663374 


Halfof which is the Logaiithmof the Root 38297 = = 0,58 31657 


165. Example 3. Required the Cube Root of 1,728 ? 
The Logarithm of —— — 1,728 = 0,2375437 


A third of which is the Logarithm of theRoot 7,2 of 192 = , 79181. 


Example 4+ What is the Cube Root of o, 2559? 
The Logarithm thereof ie — —— ,9,4407132 
+ Part thereof is the Logarithm of = ©,6509 = = 59-8135710- 
The Cube Raot required, 


N. B. In Decimal Numbers, where the Indice»are Decioul, 
in extracting the Square Root you add 10 to the Index; for 
the Cube Root 20; for the Biguadrate Root 303 and fo on. 

Example 5. Required the ſeveral en of che ae, 


ſor Inſtance. | 
The Logarithm of the Number ©” 0,27 EY 3 32 
ee eee were 
A third Part, of the Cube Root — o, 6509 & = 20 35710 
A Fourth, the Biguadrate— 047247 & . 8601 783 
A Fifth, the Surſalid Root — 047729 & 9. 8881426 


Thus you fee how extremely eaſy it is to extract any Root out 
of any Number by Logarithms, and eſpecially in ſuch Caſes 
where by the common Rules the Operation is very laborious and 
Cifficult, and ſometimes quite impracticable. 

The Reaſon of extracting Roots by Logarithms, is evident 
from what we have obſerved of theſe Numbers in (135). 


— to Square or Cube any Number, is only to multiply it by 
it's 
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it's ſelf once, or twice, we thought it needleſs to —_ 
amples in Logarithms of that Affair; eſpecially, ſince th 


are only the Reverſe of the foregoing, and evident from (134. 


166. To find a Mean Proportional between -anp two Nun 
| bers, as 3, and 243: A 


; 3 04771212 
Add the Logarithm. of the Numbers 24 3— 2.365663 
The Sum is 


| Half of which is the Logarithm of 
gt — 5 . 


For 3: i 243. 

167. To find two Mean Proponticgals 883 any. tm 
Numbers, as 27, and 729. 

To double the Logarithm of the 27, 2 1, 4313638 


— 
Number. —— 8 1,4373638 
Add the Logarithm of the laſt — 729,2 228627228 1 a 
The Sum is — — 232224771 


A Third of which is the Lo arithm < 
of the firſt Mean, viz. E 2 81, 2 | 
'To this add the Logarithm of the laſt 
Number — — — 972 729, 2.8627275) 
ut 
at is the of the ſe- 
cond Mean required. — 5 243. 23856062 f 


| 168. 
Mew 27: 81::243: 729. Or thus, having found the 1 = 
Mean, as here 81, you know then the Ratio of the Seris I 
n 


27) 81 (= z the Ratio, therefore from the Legarithm of the fo) 
Mean, fubtraf the Logarithm of the firſt giuen Number, the R. Lette 
mainder is the Logarithm of the Ratio; which add to the Logaritht the | 
of the firſt Mean, the Sum is the Logarithm. of the ſecond Men; | 
and again, added to the Logarithm of the Second, it gives the Logs Ger a 
rithm of the third Mean, and ſo on. All which is evident fru 

what we firſt premiſed concerning the Nature of a Geometric 508 
Series, and Logarithms adapted thereto, See (130, 131, G. 


We might now have proceeded to the Computations of Ia ferite; 
us Anu, bees. hich are beſt performed by Logan: erte 


F'ARITHMBTIC us 
mt as the Theorems or Canons for this Putpoſe muſt be raiſed by 
an Atetbrdic Proctfe, we muſt defer this Buſineſs till we treat of 
hat Science in the next enſuing Part. Alſo the Uſe of Loga- 
rithms in Navigation, and other Mathematical Arts, will be 
largely (ſewn When we come io treat of thoſe Subjects. What 
we have ddffe At preſetit being ſufficient for All tlie common 
Parts of Arithihittic; where Numerical Lulculations only Are con- 
cerned. 

Arid us to che Naturui or per okt Lepuriulos we ſhall fe- 
„ 
are made, and how theſe we Here treat of are derived from 
=p Alfo Begiſbien Logurithms will be fully treated of in the 
Practical Part of Aſtronomy, where they are ufed ; and Tubes 
of every Sort of nn will de ſupplied „ 


Places. 


ty 


INSTITUTIONS 
ALG E B R A 


CHAP. I. 


168. LGEBRA A 2a Kind of Haien Arithmetic 4h 
« fe here make Uſe of Species, i, e. Symbols or Letters to 
or fepreſerit Quanitities of every Kind, us well known as unknown. 
« fel And it is cuſtotnary to repreſerit naa Nunmitities by the fiſt 
„. Letters 6f the Alphabet a, b, c, d, Se. and umtnotum ones by 
„ie che laſt Letters, x; 5, 4. 
169. The Terms öf an Algebraic Expretken are connected un- 
Loth der all their varioiis Relations By proper'Sytnbols or Characters, 
as mentioned in (22:) but we are here to conſider the two'prin- 
erica MY cipal Symbols ＋ and — in a. more extenſive View than we did 
6.) fre, for they are defigned to repreſtnt any two contrary 
11 Modes, Qualities, or Actions, &c. In ſhor̃t, whatever is repre- 
um £44 by the affirmative Sign +4 88 + 45 — is _ 
ll ſented by the negative Sign —, as ,. 0 
R Thus ' 
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Thus . 582 TY . 4 * beloy 
ſignifies any< to the Right, 
Thing forwards, 
Increaſe, | Decreaſe, 
1f + alig- Gravity, —e ſigni- Levity, .. 5 
. nifies any ) Money due, ies any Money owing, 
(Motion upwards, | Motion downwai 


And fo on in every Kind of Contrariety. And two ſuch Quan 
tities connected together in any Caſe deſtroy each other's Effed 
or are equal to Nothing, as + a—4a = . Thug, if a Mu 
has but 100%. and at the ſame time owes 10ʃ. hs, is wort 
Nothing. „ 


170. If the firſt Quantity or Term be affirmative we negled 
the Sign +, as @ b inſtead of + a+b. If an Algebraical Quan. 
tity conſiſt of two Terms, it is called a Binomial, as a 6; i 
of three Terms, a Trinomial, as a a + Te. If there be mor 
Terms, it is called a Multinamial. All which are compound 
Quantities. Simple TIT colin of one Term on 
as +a, ab, + abc. | 

171. When ſunple Quantities are to be multiplied togethe 
we do not, generally, uſe the Symbol vc, but place them toge- 
ther without; as ab inſtead of a X h, and abcfora xb 
when compound Quantities are to be repreſented as multiplied 
then a Line is drawn over the Factors connected with the proper 
_ X; as a +b Nc e, a+xXb—z. 

172. When any Number of Figures are prefixed to the Term 
of an Algebraic Quantity, they are called Coefficients, and ſhev 
how often the Quantity is to be taken; as 3a, 5 bc, 2a+5h 
Sc. and when no Number is prefixed, Unity is always under 
ſtood, tho' not expreſſed, for the Coefficient ; thus à is the ſame 
as 14, and bc as 1 IF ſince any n n by Un 
is {till the ſame. 

173. Quintiziess are faid tobe lie, or fmilar, thatare peel 


* the ſame Letter or Letters equally repeated; thus + 3.4 and 
— 54a are like; but aandb, or aand aa are wnlike. Whit 


other. Definitions and Symbols nn in . will be ex- 
N in their proper Places. 2 


z 


LIIITEY >: 
Cray. II. 
AD D- 17 T O . 


2 | N the ADDITION of Algebraic ranks there are thres 
CASES, as follow.” 


44 Casx I. To add Quantities that are ike, and have er, 
van | | 
ed RULE. 


Add together the. Coefficients, to their. Sum ſubjoin the cammon 
duantity, or Letters, and prefix the Si ign wherg neceſſary. - 


epled EXAMPLES, 
Quan Ta 3a. 34114 25 — 3c: 
$44 Add 33 "a—#b 344. b—4c 
2m Sum B a 4a—7b 4 a + ER 
poun — — a —— 
only, To ab—g56. 3x—219 + 1524 7 
Add 425 — 53 74 — 45 g9z+ 10 
rether Sum 122 6.6 + 10x p25 op + 24z +17 
toge- ed. hs 


175. Caen E. To add panties that are like, but = 


nlite Signs. 
R U. L E. 


Subtract the leſſer Coefficrent from the greater, to the Ran: 
efix the Sign of the greater, and ſubjoin the common Letter or Quan. 


erm Bi. .- 
* ExAurI 2s. 
5 To —44 21218. 
Add E22 ＋ 35 T8 T5 
fame Sum + 3a — 21 ＋＋ 2 —4x 
Uni X39 -- Da 4 
1 To a+6bx—5y+8 * 24 —25 13 
entel E Add — 5 2 — 4x + 459 —3 A IRS 
4 Sum E „ ET 


We proceed here according, to Cuſtom, but it is with ſome 
propriety that we talk of adding Quantities with unlike Signs, 
K 2 ſince 


* 


i 
| 


4 
* 

D 
X43 
+4 © 
4 

* 
0 
: 

. 

8 
o : 

. 


= 2 
=. aces. — 
— 


— — —— — 
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ſince the Operation does wholly conſiſt in Subtraclion, as it m 
from the Nature of the Signs (169, 173.) 


170. Cas UI. To add Qyankities that we unlike, - 


ter 


RULE 
Set them all down one after another, with their fs nb, 
r 
EXAMPLES, 
To 2 2 505 34 hs 3 
Add 365 24 «„ͤ aN / 
Sum 20+ 35 39—=4* 21 . 


To 1 4 
Add — 4 f CE KOEN 
Sum =5 


— U —— — — 


— 


— —_— N — 


5 ay — ” 4 
* 


Crap II. 
SUBFRAGTION 


177. S2 the Sign — is juſt oppoſite to the Sign. as i 
Subtraction juſt contrary to. Adllition, therefore to ſubtrit 


a Quantity is the very fume Thing as d the ſane: Qu 
with, che Contrary. Sign. Or thus, + 


If I am to receive 31. ey — +30 
or to pay 34.— — — ,— 34 we 
The Odds or Difference to me, is + IN 
Or, if this Day I have 1o].— — + 106 pli 


And Yeſterday I owed 31. more | | | to] 
than I had * pay, — — 5 0 - due 
The Odds in Fortune is 13 J. 2 + 30 

better to-Day th: an Y eſterday,—— EY M. 
Whereas it would have been but 10 /. 2 * not the neg! p 


ow 3k eos LA * "0 8 


— 


0 
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i-8, Change, the Signs of the. Quantity (6.4 /ultractech aug theo, 


add them both together, by the Rules of the preceding Chapr 
ter; the Sum ariſing by ſuch Addition i is the true Remainder. 


| Exanrats. | 

From + 92 a 470 

| Take '+ 3/a X 3a—5b » 

Remains _$4=34=454 n 

From 34 — 234. T6247 

Fake —- 44 2 i 

Remains 7 7.4 {Ty . F FX + _ 
From 3 2a—3z+5y— 6 


Take 24-—24 + 13. 5244245771 4 
Remains — 24 + 2b — 10 — 442 — 7K o — I, 


—— — — 3 — 


cn Iv. Ris 
fU L TFPE Tegrro MN. 


79. N Multiplication there is one General Rule for the Sighs ; 

viz. When the Signs of the Factors are like, (that is, both 
+, or - both — ) the Sign of the Produk i: + ; but when the Signs 
/ of the Raftors are unlite, the Sign of ths Broduft is —. This Ge- 
/a neral Rule will reſolve it ſe into Nur particular Cafes, which 
Y we ſhall illuſtrate ſegazataly | in ſimple Quantities, 


6.4 180. CAS EI. When any poſitive Quantity as + e i multi- 
0 plied by a poſitive Number + u, the Meaning is, That + @ is 
bo be taken fo many times as there are Units in =; and the Five 
34 duct is evidently n times a, or na. * 


7 
ibtrad 


| EXAMPLES. \ 
Multiply + 2 2 a 5 bx 9 dc 
By +27 36 7 4 Y 
Product na 5 2 7 35 U * 36 ydec 


— — —— 
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181, Cast H. When —@ is multiplied by n. then — 4 
is to be taken as often as there r and the Produ 
muſt be n times — a, or —- 1 2. 


1 6 


ExamrLEs. 
Multiply — a —24 —5bs —gdc 
8 n 42 


Product — na — 065 — 3. — —— 


182. CA8 E III. As Multiplication by a poſitive Number im- 
plies a repeated Addition, ſo Multiplication by a Negative im- 
plies a repeated Subtraction; and therefore when + a is to be 
multiplied by — u, it means only that + a is to be ſubtracted as 
often as there are Units in n;; and therefore the Product a 
negative muſt alſo be — n a. 


|  ExAMPLES, ; 
Multiply + 4 292% 4332 9 de 
By — 1 __ A] 


Product —na — 625 — 35 — 36 4 5. 


183. CAS E. IV. When — 4 is to be multiplied by — , 
then — @ is to be ſubtracted as often as there are Units in ; 
but to ſubtract — @ is equivalent to adding + a, (177. ) there- 
fore this Caſe is the ſame in Effect with the Product, and i i evi- 
dently ＋ 20. 


Exaurizs. 17 406 #+ 
Multiply — a —2a '— 54. — 97. 
ee ne $6, 1; 2 — 45 
Product + na 4 bab —+ 35 be - + '+ 36 dcy. 


184. When the Factors are one or both compend — 
or conſiſt of ſeveral Parts; you muſt multiply 2 Part of the 
Multiphcand by each Part 9. the Multiplier ; and then add all 
the Products into one Sum; and that Sum ſhall be the Product 
required. 


* 


Ex au 


Proc 


Prot 


Pre 


— 2 


duct 
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| | EXAMPLES. * 
Mult. 2 + b a—b+c 1 —27 4 62— 6 
By „ ad m_yY 8 


— — ä— — 
Prod. e — + bb—be ——.—5 


nn „ _ 


4 


Mult. 44 1 VS. —45 
By a—2b 28 +46 
4 a ai + wo: 7 G1 en 44242 — 825 151 * 
——8ab—26b . WE: $ab— 1633 
Product 446579 6b—63b, ä a 
Mult xx—ax 1 | 06+ ab +bb 
By x +.6 7 ow... | | 
XXX - 4 K* | ny . 4243 + a2 33 7 
+ axx—aaz 244 —4—333 
Prod. x x x O . Dec | * 83 


_— 
— — — — — 


185. I ſhall here inſert one Example more to ſhew the Reaſon 
of the common Method of proving the Work of Multiplication 
in Numbers, by egſting out the Ninęs inthe Factors, and Product of 
their Remainders, and alſo out of the general Product, to obſerve 
the Equality of the Remainders. (See Inſt. 55.) We ſhall take 
the firſt Example in (u. 54) where 1750 X 76= = £33000. 
Therefore P 


| Mult, 92 4 =1750 =9X194 +4. 4 104 
By 94+ 4 = 76=9x 8 , 3 


81ab+9gbc  To500 + 3 4 
+9gad+cd 12250 * TOP 


Prod. 81ab+ g9bc+9gad+cd=133000 " 
| Now 


ww 1n$$4f0+tons 


Now here we are to obſere, thut kny Number divided by 
leaves the:ſame Remainder as when the Figures of that Nun. 
ber are added together, and the Nines caſt out as often-as they 


ITN leaves 4.3 and 7 +-6 x4 +4 Ali 


nd 


emen u, and x'+7 +5 +0=9>+4: Hash, 
— JTleaves 7, and 14 37 327. Ad his it wil 


be for every other Number. 


Again, tis evident, that the Sum of the three firſt Ferm o of 

the Agelraic Praduc? divided by.g leaves no Remainder, why 
Remaindet utftrefore is, muſt be from the fourth Term c d d. 
videl/by giz But this Term is dlvays the Product of the tw 
Remanders of the Factors, c and u; vonſequently, if the Pre. 
Une? 'of Theſe *Renitinders, dividid by Nh, le Yhe fate Re 
mainer as the Figures of the Product of the wo Faztors when adii 
together, and the Nines caft out, the Work will be right ; provided 
no Error be committed that amounts to Nine, or any Multipt 
of Nine. N. B. I have inſerted this Demonſtration of the Pro- 
ceſs here, As it-is an Algebraic One, and what has been defirel 
dy many Perſons, who have ought for it in vain in Books d 


þ = + — G4 . . a 
. 


— 


Signs is the ſame as in Multiplitarn, vin. IF the Sign 
of the Diviſe and Dividend are like, the Sign of the Quutient mu 


be ++ zt. thiy ure unlike, the Sign of the Quotient muſt be— 
This is Evidently deduced from the Rule in Multiplication ( 179.) 


if it be conſidered, Yhat the Quotient muſt be ſuth a | Went a! 
multiplied by the Diviſor, ulli give the Dividend: '. 

And this is a Gereral Rule for all Operations in Diviſn; 
which are only the Reverſe of Multiplication, and Will be ealy 
to underſtand when illuſtrated by Examples, as follow. 


1 F 


* 


7 N 
i% 
1 
P : 
£ 
* 
4 * 
1 p 
. 
j of 
* iv 
1 
44 
4 
” 
j 
24 
N 
3 
*; 
vY 
| 
i 
N 
7 
k 
ö 
Ly 
is 
4 
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CAAP. V. 2h 
DIVISION. 

$ 68. Dir eto of Alger Danitities the Rule for thi 


ny 


"._p--_ 
ro” x 


* — — — — — 


- > + wa. 
4 _ g = 25 
VE I 1 
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ns ( —a)—no(+.n; —— 


—— . 


240 646 (353 4) c ＋ 2 (2 ＋T 3 


PP 
— bh — 
o * > 89 0 ab 
ab 
__ 
— — 


45 40 % 7 - 28 


4 aa + ab 
OO = 0 25 
vide 2 
Itiple * * * k 
Pro- 


eſirel 


| 2a—4b)4aa—164b(2a+46 
ks d 8 ab 


4 04 — 


8 


_—_— 


W- 1 
+ 8256 — 1633 


2 2— * ** 


25) 44 — 103 (e + 6b + 4 
444 — aab 8 : 


E 2 bbb 
+ aab - abh 


+ abb — 333 ˖ 
+ abb — 333 


74 INSTITUTIONS 
Er 44 + 84 4 16 


6 aa — 12 aaa 
12 aaa — 96 
12 aa — 24 4a 


tt. 


— — 


— 
24 44 — 48 4 


* 48 a— 96 
48 a — 96 


1 9 © 


187. In dividing, when you come te. a . of ( 


a — —E Sz — " * i 
— - 
_ — 2 28 _ 


do or Oe rt. eu ALE: ab” i ee grad - , — 
— " I” — WY 1 — _—S PSS. — 2 bn — F on 
— - — — 
- * T4 5 — * — a 


j Term, it is commonly ſet down with the Diviſor under it, 
i the other Terms, which” together make the whole Quoti 
4 Thus | 2 
2 * 4 
a ＋ K) A , Xx (4 — * 4 — 
aa + ax 
2 "Gy 


— 0x + xx 


K Y 


— — 


2 XX 


188. It cles happens, that the ſame Letter or Quant 
is found in all the Terms of the Diviſor and Dividend, and! 
there is obviouſly ſome common Meaſure to the Coefficient 


47 
i 
| 7 
* 
. 
1 
; i 
44 
þ 
[ 
"7 
* 
. i 
LIT. 
=”. 
1 
Ba, | 
"42 
=— 
1 
1 
Y 
"4 
— 
4 
14 
[25 
. 
57 
: 
4 
4% 
by 
: 


Yr a 
is the Terms p when this is the Caſe, you expunge the com ina 
1 Quantity, divide by the common Meaſure, and place the D 4 
A ſo reduced, under the. new Dividend in the Quotient. E 7 
| 2b) ab + bb (— „here Unity, or 1 is the common I 77 
N ſure. Again, . 


r 
© 


b + 3c- 
44 


Thus 12 ab ) 30 ax — 54 ay ( _ 2 


20 ) 10 0b + 15 ac (== 


—_— ——— » 
— . 
* — * 4 — 


© waa 2. 
— by * — 


And 4 aa) 8 ab + bac ( = #3 
ES * 


| CnAr. VI. | 
Of FRACTIONS. 


Lgebraic Fraftions are of the ſame Nature, and re- 
quire the ſame 12 as thoſe of Numbers, for 


- 


- 


ppoſe a = #9. and 32 33 den 3 = = a proper TRI 


2 
ed fractional Quantity. _ 

190. A mixed Quantity is reduced to an improper Fraction by 
e Rule in (Inſt. 68.) viz. Multiply the integral Part by the De- 
minator of the frattional Part, to which Product add the Numera - 
; and the Sum will be a new Numerator, under which write the 
enominator, and it is the improper Fraction required. Thus 


, and 


42 =, an improper Frattion : and 2 7 24 + 


a ab 
= T becomes ; 


aa —- AX d - Kn + a4 — ax 44 —xX 


2 D 8 n 
2 xXx 2 . ä 
8 aT 44 ＋ 


191. Fractions of different Denominations are reduced to the 
me Denomination thus; Multiply all the Denominators together 
Ir a common Denominator, and each Numerator by every Deno- 
inator but its own, for a new Numerator. (See " oy ) So 


2 ard bbd cc | 
, — will become 5— 7 J It Thus 7 14 777 


, 8 
air cbf edb a + <bf+edb 

af * af vd == 54 

192. A Fraction is reduced to its loweſt Terms by the Rule 

in Init, 66.) for finding a common Diviſor; thus the Fraction 

5 a0 

Ibsx 

ther Part; and ſo the Whole is 35, by which dividing the Frac- 

lon, it is reduced to its loweſt Terms of the fame Value, viz. 

La | 5 4 
_ 


has its common Meaſure, 3 for the Coefficient, and b for the 


46 IN8TITUTIONS 
2... 15 ab Thus Sec +264 3 aaa + bh 


27 x © 81 bx cd + 17 * aa— bh © 
4 — 4b 4'bb., | 1 
— —, being divided by a + Þ the common Meaſyy 


42 — 6 
of the Numerator and Denominator. N. B. It often happe 
that the ſame Letter or Letters are contained in every Part 
Term of the Fraction, which in ſuch a Caſe are to be expungei 
and the Fractiom is thereby reduced to a more ſimple Form of 


ſame Value. Is Ka Ia A > hn and 2.36 


TY Or "IM Bk El 
= = by expunging z, and ding by 5. 
193. When F ractions are to be added, fubtratied, multiplied 
or divided, they ſhould be firſt reduced to one Denomination, 
and in their loweſt Terms, and then the Rules for the Operation 


ow the ſame as for numeral Frattions, Thus to add __ to _ 70 


4 
reduce them to a common Denomination © and be then thei 
ad+b of _ — + bee + 4db 
Sum i I. F*Y 7 ＋ b de 


194. To . one ane another, you reduce them 
to a common Denominator, and then take the Difference of the 
Numerators, and n the common Denominator. Thu: 


in from —— you take > the Difference is -. © 24 UE 


7 Ss: ot ns 

b 

from the Integer a take the Fraftion= 7 the Differenceis a 
N 12 2 „ 4 162 T 


that is, ac + _= bs + — | | 
I95. To multiply one F baden by another, you multiply tht 
Wumeraters one into the other for the Numerator of the Produft, au 
the Denominators 4p: hg one into 8 „give the Denominatorif 
| a+b a—b 
Lac Thus 5 * 272 50 and 8 X r 


1 
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ac ＋ 42 _ acd 4 


= 
ce 


. 


aa — bb 6 v4 
-- . Allo a + = X —= 


„* * 2 =; for am Integer, a, is reduced to the 


c c 


2 


c 


Form of a FraQtion by writing Unity under i it, as = 


196. To divide one Fraction by another, multiply the Nume - 
rator of the Dividend by the Denominator of the Diviſor, the Product 
will be the Numerator of the Quotient. Then the Denominator of the 
Dividend, multiplied by the Numerator of the W gives the 


Denominator if the Quotient. Thus ©) 5 ry =; and <) 


acd + bf atcde + bde <t. * 
HON ay __—_— 
— "ah 4 — b 
and 
42 — 5 2 
(= pla ors oy 
> a + ad © 


197. In order to demonſtrate the Truth, or * the 8 
of the foregoing Rules for the Addition, Subtraction, Multiplica- 
tion and Diviſion of Fractions, we mult here premiſe the follow- 
ing Axioms, of Principle chat are in themſelves evident Truths 
theſe will be alſo neceſſary in moſt of our future Mathematical 
Speculations. 


198. Axton I. Things Fa equal to one and the ſame Thing, 


are equal to one another. 
| Thus, ifa= n, and b = n, then a=6. 


199. Axion II. If to equal T hings,. you add equal Things, the 
dums will be equal, 

Thus, if to the equal Quantities . . . a =m 

You add the equal Quantities . . . . + b = n 

The Sums will be equal. a+ a+b=m+n 


200. Axiom III. If from equal Things _—_ 02822 
You fubduf? equal T hings . . . I 
* Remainders will be equal, viz. a — nu. 


201. 


2 INSTITUTIONS 
201. Axio IV. If equal Things ... a n 
Be multiplied by equal Things , , b = n 
The Product will be equal . . . . ab = mn. 


202. AXIOM V. If equal Things a 
Be divided by equal Things . . . 3 


The Quotients will be equal, viz. 2 


203. Now from hence we prove that Fractions of any Kind 
reduced to the ſame Denomination are added, by adding their 
Numerators, and erer the common Denominator. Thus 
r ==, 5 = #, and multiplying 
both Sides of each Equation by 5, we have a = bm, and c = bn 
(by Inſt. my and mb + bn = @ + , (Inſt. 199); and 


< (Inft. 202.) ; that is, (by ſubſtituting the Va- 


.m + u== 
lucof mand a) 5 + 72 2 And in the ſame Manner 
| 4 ; n 
EE a 33 2 —2 « 
it is ſhewn, that ; 1 — * 5 1 
204. Again, 5 * 72 = is thus demonſtrated. Let 
a 


= n; thena= mb, * nd; and bdmn = 


.C 


4 
ac (Inſt. 201.) therefore 75 = mn = x A 


205. Laſtly, it is ſhewn that — divided by - give 25 far 
mb = a, and mbd = ad (Inft. 201); alſo nd = o and nd = 
mba ad m 1 | 


6h 3 therefore ——— _ I 7 7 a” 2 


CH AP, 
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07 IN PIN ITE SERIES. 


rg 


206. HEN it happens in Diviſion, that the Diviſor is not 

exactly contained in the Dividend, the Operation 

may be continued without End; and the Quotient will in that 

Caſe be an Infinite Series of Terms. This will be the Caſe, if 
you divide Unity by 1 — a; as below. . 


I—42)1 (1+ 4@+ as + 4, Ke. 
| r 
+ 2 
+ 42 — 46 
+ aa 
+ aa — aaa 
+ aaa. | 
+ 444 — 444 


+ aaaa, &c. 


N. B. Here it is ſoon to be obſerved, in what Order or Man- 
ner the ſeveral Terms of the Series in the Quotient will ariſe, 
without farther Operation; ; thisiscalled * the Law of the 
Series, | 

207. Let it be required to divide aa ＋ xx by a + x; thus 


3 
24 x) ea +ax(a=msn+ IR * &c. 


aa + ax 


— IX - XX 


ar ; T 2xx 
S 
= + 2xx + 
KL a 
2 xxx 
— —— 
| a 
— 2 xXx —- 2 XXxXx 
a a* 
2 + 2 xxxXx 


_ &c. 


OST CC OOG——R—_ —_ . e— — 


8. INSTITUTIONS 


Here the Law of the Series is diſcovered in a few Terms ; and 
the Series may be continued at Pleafure without farther Trouble; 


alſo the Signs are here alternately + and — 
208. Another Example take as follows. 'Divide « ay by 1 + x, 


I+xX T ay (ay - a + —— &c. 
oy + ayx e | 
_— 7 
— ay — GJx x 
＋ ayxx 
— —— + ayxxx | 
— a Xxx — ayx* 
— — 1 


+ ayx*, &c. 


Therefore l 7 = =- + ayxx—@ayxX#x, &c. = ay X 


ay I , 
| * I + x 
hence - = 3 as is evident by 


229 


dividing each Side of the Equation by ay. 

209. This Method of expreſſing a Fraction in an Infinite Series 
will be often found very advantageous in approximating the Va- 
lues of Mathematical Quanties expreſſed in an Algebraic or 
Fluxionary Manner, as we ſhall find in many Inſtances as we 
proceed. And indeed this is the Foundation of the Arithmetic of 
Infinities; for theſe interminate Series may be added and ſubtrac- 
ted; multiplied and divided; ſquared and cubed; and the Square 
and Cube Roots extracted; and. ſo that the Sum and Difference 
Product and Quotient ; Power and Root, ſhall ſtill be an infinite 
Series, of which we ſhall treat more fully hereafter, when the 
Learner has ſeen more of the Nature and Uſe of this Sort of 
Arithmetic. 


CHar, 


ble; 


P. 
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be Rol xs for ordering imple EquaTiONs, 


210. A*s EQUATION is the Expreſſion of Equality between two 
Quantities ; as 4x b, or 3x = 4b, or = $6. 
Now the Uſe of an Equation i is to give the Value of an unknown 
Quantity x on one Side, in others which are known on the other 
Side ; for though 3 x = 420 it will not ſo eaſily appear what 
5, till you get ĩt by it's ſelf on one Side of the Equation, by rea- 
oning thus; if 3 * = 9, then 3+*='4 X 9=36 (by Axiom 4.) 
and ſo x = * = 12, (by Axiom 5c ) and is therefore known. 
211. And it is the whole Deſign of this Analytic Science to 
xpreſs the Parts and. Conditions of any Problem or Queſtion in 
Symbols, and to ſupply Rules for the due ordering and forming 
uch a Proceſs as ſhall at laſt produce an Equation, with the un- 
nown Quantity on one Side, and thoſe that are known on the 
ther, The Rules for this Purpoſe are as follow. 3 


RULE I. 


212. Any Quantity may e one Side of an 8 
im to the other, by changing its Sign. For this is nothing more 
an to add the ſame Quantity © on both Sides with adiferent Sign. 


See Inſt, 199.) 


Thus, ſuppoſe x + 8 = 53 

Then by Tranſpoſition, 72 1945 

Again, let g#—4b 4 +10. | 

By Tranſpoſition, 1 +46. 
If 2x +a=x +b © 

Then 2x —=x =x =b— 06. 


RULE II. 


213. Any Quantity by which the unknown Quantity i is multiplied 
y be taken away, by dividing all the Quantities in * Equation by 
This is evident from Inſt. 202. 


Thus, if ax = ö, then dividing doth Sides by a, we have 


8 % 


a 


| 2 INSTITUTIONS 
| Again, ſuppoſe 3 x þ, 12, = 27 
| Then, by Rule I. 3 27 - E 
And, by RuleIL x= XJ. 13. 


Alſo, if ax + 2ba= 3c BY 
Then, Rule L ax = 3« » 25a ; | 
4% etch tom: $3 
; 
RULE m. 


416. If the unknown Quantity be divided by any Quantity, tha 
Som nu e pacing 6: oy Ch 
n by it. (See laſt. 20.0. 5 


" Thus, 1 +5 
Then ſhall x = 50 + 54. 
| p = 
Up 42 10 . 
Then x + 20 = 50 ey 725 | , 
ing; 50 — 20 F JO, by Rule 1. ; 


22 7 2 +$24=25+6 
Then 4* + 32=6x + 18 


And (Rule 1.) 72 — 16 =6x=4#=23=54 
Therefore # = = 29: 


SACS... 

215. If the unknown Buontity be concerned in Ereftion, and 
there be more ſuch Fraftions than ane, they may be neduced to a commu 
Denominator, by which, if you 4a the * the unknown 
— I 2 


Conſequently, 8 x = 1 5 * 0 ros 
Whence, 7 x = 105, and x = = = 15. 


LI 


'NOALGEBRA' 3 


RULE V. "on 
216. If the untnewn Duonticy be contatned in 4 Surd Reot, it 


will be equated with be known Duantities & involving both Sides of 
the Equation, to the myo Power. 


Thus, ſuppoſe . . . 2 2 : f T 16 = 12 
Then, Wager each Biz" 4 T 144 '- 
A 44 tas 


128 


"xe WF 2 * x = — = 32. 
Again, if ©,0 0 . 5 


—_ 


Then. + + 5 VasFF=d+c 
And, . ax +Þ =# 244 0 
Whence coco ee „. 


a 
Laſtly, if AI 
Then, 1 „% 0 0 0: ** - g 4. 


Nm” 


And, —* * Xx = — 


RULE 've | 
217. If that Sidi of the Equatiin which contains the unknown 


Quantity be a compleat Square, Cube, or other Power; then will 
the unknown Quantity rr hee: ate 
* Root: * - , 


As 


For Example, let * = 1 | | 
Then, Ce Gm 


Again, let * + 6 += 20 


Then, . . x<+ 3=/20 
And. x= e 1 4 


I've have . e þ ——Þ N | 


| M2 . N re 
— — 1 — N . 4 ® a n 
| . * */ 2 


94 INSTITUTIONS 
- They 4 7 S540, 


And, G4 — 


= — SV. 


218, If the unknown Quantity be contained in the Terms of | two 
' Analogy, it may be had by multiplying Extremes and Means togetin whi 


nn (See Tnft. 104, 105.) Ly "TOY putt 
„% "70 H inue 
Thus, ſuppoſe ART PE I lein 


Then, „ „iu, = 3s, nts =4, 


Or, if 20—x:;x::7:3/ i 
Then, 60> 3. or 104= 60, and x = 6. 


% % OS 


219. Fam Quantity be found on both Sides the Equation, « 
multiplied into all the Terms, or dividing them all, it e 
out of the Equation, JOU: | 


%%% TW Ao Es 


If 3x + b=a+b; "7" ER d = 


Again, if gax+ $0b=Bacz — 5b= * and aa 
[ad warn | 


es = then 2.x + 8 = 6, and x = 
X RULE NX. 


220. r . 
*. 


Thus, if 3x 15841 1 
Then, 3 ＋ 9 24 — = 5: 


* The Reaſon why both the 8 and = ars here be- 
fore l will be ſhewn a ale feder on.” m_ 


* 


* 


* OATOCEBRA! '& 
The Rules hitherto delivered relate te to Equations which con- 

tain but one unknawn Quantity; but Kiſer dne or more are con- 

cerned in the Queſtion, you proceed by the following Rules. 


898 
So IC AMA 


221. If there be two unknown” Quantizj 


art/e : 
found b the fu. 


ent 


—4 


» -4 
4 » © 7" 
* — 


* 


Suppoſe the 8 3 
any two Quantities * 
And their Difference x — y 2 


3 8 __ | = —42 
Hence 0 % © * 4 * 7 — — — 9 * . 
| Ta. r W ante 2 


And by adding the two Equations x = 


„eure: 
3 


Y - 
a * " * 
* 
— 


Exams l. 
| And let #:;:y8: 0:4 


Then * bs = ay | 


—< — x Coo 
And 
| * 4: WM  — # 
6 wa - ꝙꝓ—ʒEE— ba * * 
, * * 
1 — 4 — is q * - * 
ut alſo . x = n 
oy * 
5 % —— * * 9 42 - „ 5 »* 


Tins ret 


| Hence * 45 — 37 = ay 993" 


* 
ll 
Q 
a 
* 
+ 


* 


1NSTATUTIONS 


1 SID " be 


67 


9 «1 
31 


Exauriz 22 
Let x +y= & * _a 
. * 4 2 1 KY . * dy 
| * Br „ r 10A omr 
. Then 3 6.mm 2 Ee by wn 
seen man“ „* 


W. un > Ao t wand | 
Thinker 439 = =3e9 496 


RULE A. 3 
222. Whey there are three unknown Quantities x, y, andy, 


there muſ1 be three Equations given, by which they may be determind; 
e eee Fg, two Equations may bi bbtained invol 
ini, which are then bnown by the fits 
ring Rule. | 2 o 21) h v4 ++ 
Exaurzs. 
1141 5 + 2212 
Suppoſe 2 7 * 220 bu 
* 2 * * | | 
* — | Co 
1. 2 12— y— 2. * 


Thenwehave {a * 20— 27 — 3% 
ee 42%. Auk. 
— — —— TI 


r 2 
r ar" et er IS. 25 — 3% 19 
er — 22 


* 


T 4 4 . 

= | Ah : 1 tems 

. . * > 

* ” 
9 . 
* 

* = 
a 
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Tami wo bnvs (EyBula i) 'p oi 4s a=, bald | 


| x = 
223. — the Equations are ſuch, thatthe flme Quan- . 
ities in different Equations may have contrary Signs, and de- 
oy each other; or be otherwiſe affeQed, ſo as to ſhorten the . 
— —_— LEW 5 . 


*+3+x=3 


ww” 
« a 
. 


e £232 booms 
#—z=6 
— © . 
Then by Addition only, 3x= 36 eat 
Hence x = 12 5 = #—4 =8z andz = —6 = : 6. 
RULE XI. 


224. I in a general Way, the untnown Quantities x d 


we Coefficients, and the Value of the Equations are expreſſed in Sym- 
ax + by = c — dc 
uls, as thus, $a 498 7 e 1 

and v 


—3 
ad d = SL Apron e nl 
1 e 8. . 
fine Forinthe feſt Equation, « ay = n rr 


And in the Second, dr = and . . 


Therefore 2 = WY und ed — bby ef 
Whence 8 = LT ed. 
Conſequently y == —— and x = cep=tf 


4 4 
f Ro F O% — 3; Þ 54 + — : | 
1 1 14 | 30 
; > 1 8 1 Ie 
4 20 __ 15k... 96=42 4 = „„ #30 "It + 
= I2 — N ht . 
2 19 | 19 N On 0 . TIT: 


225. After the ſame Manner, Fur raiſe TN 
hett: ens when there are three unkhown Quantities, „„ and, 
Aa 


— — — FE — * . 
3 * 2 > = 1 4 < _ 
. — cm nite — — — — — —— — 2 2 — 2 _ 


36: INSTITUTIONS 

and three Equations given; but more of this in another Plat 
To conclude, we ſec by the above Rules, That when: there ami 
many ſimple Equations given as Quantities required, the Queſtiam 
limited, and the . may be need and n * 0 
Rules. Fl 
. 226. But, if . are more Quantities * 7 then Equ 
given, the Queſtion is not limited to determinate Quantities. 

if there are more Equations given, than Quantities required, it 

be impoſſible to find Quantities thut may anſwer the Conditions of f 
Queſtion, becauſe ſome 7 ow may be Cn with ethers. 


+ =#Y 


ä r 


e Ix. 
A Collefion of ſuch Queftions as produ 


SIMPLE EQUATIONS. 


8 T HE Order of our Inſtitutions now brings us to con 
ſider thoſe Queſtions which produce Simple Equa- 


a ; 
_- 
"3 #0 


tions; and theſe will be found not only proper Exerciſes for th 


Learner, but the firſt Example of the Uſe of this excellent Art; 
and here we ſhall follow the Method invented by Mr. Ward, on 
Account of its Perſpicuity and Eaſe, viz. that of numbering and 
regiſtering n "= of the Proceſs, as in the — Solu- 


tionc. 
QuzsTIO0N * 


228. Ic the Sum of two Numbers be 20, and their Diff 
rence 12; what are thoſe Numbers ? | 


Firit let  » 3s: AL A 
RIO Ws 
4, 
And... +. ©.» k 
Then — R 
2 "FO - 
ſequently © 


x . 
'y = the Leſſer. \ 

* + y = 20 Los 
KIDS = 12 F per Queſtion. ,, u 
3 4 

* 2 12451 E ern 
20 — 1245. g 
Then by 8 20 — 12 2 27283 hence y = 45 
And per ? Queſtion | x+ 4 = 20, 

Therefore . . . |10|x 20 - 42 163 See (Inſt. 221 
where you obſerve two 8 Theorems for any Queſtion « 


this Kind. 


6 


an 


O Oe —— ** 
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of ALGEBRA 89 
QuesT1on II. 


229. Suppoſe there are two Numbers whoſeSum is 32, and 
heir Ratio as 5 to 3. Query thoſe Numbers? 


5 1K ＋5 2 22 8 La 4 

nd 2 ow 50 WAY The Data. 

hen (138) Ws 37 = 57 

ivide by 3» „ -& 5 4 FF == + y 

Iſo a 20 1 * 2 32—9 

herefore , +» +» | 32 — 2141 

ultiply dy 3. 31 1 

n WS 96 = 

herefore . « » » 91 = 45 =12. | | 
ut by tn IO|x = 32 —y = 32 — 12 = 20. 


he two Numbers therefore are 20 and 12, for 20 + 12 = 32; 
nd 20 : 12 : : 5: 3, as required. | 


Quxsriox III. . 
230. A Perſon being aſked how old he was, replied, that 3 of 


Age multiplied by r of his Age, gives a Product equal to 
s Aye. Query what was his Age? 


t.. +» » I] s = tohioAge. 
hen per Queſtion 2E . 


dat is . £ S © 3 — =X 

hence (by 214) 1413 * = 48 x 

hat is, [Gy 200 ) 5| 3x = 48: 
nſequently (by213) 6 * = 16 = the Age required. 


QuEesT10Nn IV. 


231. A Perſon has ſix Sons, each of which is 4 Years older 
n the next younger Brother; and the Eldeſt is 3 Times as old 
the Youngeſt, * are their ſeveral Ages . 


their ſeveral a 0 1 4 
Ages be. 3 16, and x + 20. 

t per Queſtion 3 = x + 20. 

en, tranſpoſing, 3x — * = 20. 

ny. or © 4 | 2 x = 20. 

ierefare © . '» x = IO. 


* * Quz- 


GKG ©» 
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| Quzsr1on v. 


5 232. A Privateer running at the Rate of 10 Miles an Hy 
diſcovers a Ship 18 Miles off making Way at the Rate of 8] 
an Hour: It is deqanded how many * Ony can run 
fore ſhe be overtaken ? 


Put . . . u = Miles the . Ship! runs. 
_, , y = Miles the Privateer runs, 
"Then by Suppoſition Zr : y::8: 10; 
Therefore 4010 * 2 8 55 and x = 23. 
But alſo . fgly 2 18; 


Therefore % „, 


Whence 6 — 57 — 90 
Conſequently . 5 = 90; ands - 18 = 72, 


To find the Time; you ſays as 8 Miles: 1 Hour: : 72 M 
: 9 Hours. 


QuesT1Oon VI. 

233. It is required to divide the Number 50 into two ſut 

Parts, that 3 of one Part being added to 3 of the othey ny 
make 40. | 8 


Put x'y for the * Parts. And 
SER. 4-4-4 42 E 2 = 40. 

Multiply by 4, [2] 3x 4 22 1 = = 160 | — 
_ Multiply by 6, 13[ 18 x + * = 960 | * 

Therefore. 4 205 = 960 — 18 * U 
Wh, NX. 960 — 18 K 1 eng 
ence 6s S © 4 3172 20 = 50 — put 
Hence , . . . 6960 — 18 x = 1000 — 20 * The! 
TP 43 1000 — 960 . 2 = 4% e! 
3 LS x = 20; and therefore y = 3 N Bu, 
QuzsTron VII. Tuer 
234. Two Perſons, A and B, were talking of their Mone And 
ſays 4 to B, lend me five Shillings ef your Money, and If * 
have juſt as much as you will have left: Says B to A, nile 


lend me five Shillings of your Money, and I ſhall then have ji 
three Times as much as * have left: Ho much Mo 
had each ? | Pit 


Put x = 4's Money, and y = B's. 
Then, if A borrows, III + 5 =y— 5 
So that , « + ++ + » = x + 10 
If B borrows, then- +$5=3Xx=—5$;=3x—15 
Therefore (4)... [4jx + 10 + Supe IS=3x—15 
And ſo + + » 
Conſequently . . + +» 


612 x = 30, and x = 1 s. 4's Money. 
1x +. 10 = j= 258. s Money. 
| QuzariON VIE. 

2 3 5. A Perſon has three Debtors, A, B and C, whoſe par- 
cular Debts he has forgot ; but thus much he could remember 
tom his Accounts, that 4's and B's Dehts together amounted 
to bo Pounds; A's and C's to 80 Pounds; and B's and Eto | 
92 Pounds: I demand the Particulars ? 

The Debts let be repreſented by x, y, and z. 
— o: 6:.aM + 5 = 60 
2 + 2 = = bole Queſtion. 


Then the r 40 — z = 92 — 80 = 12 
Bur it Step = - * 25285 | yy | 
Therefore. . . 6.2 y = 60 + 12 = 72; and y = 36. 
Hence |. . « . \7|x4y=x+36=60; ands=60—36=24. 
And laſtly . . 80K => 92 —y 92 — 36 = 56. 

9 4's Debt is 24]. B's 36d. and C's 5%. 


QpEsTION IX. | 

236. There is a certain Fiſh whoſe Head is 9 Inches ; the 

Tail is as long as the Head and half the Back; and the Back is 

25 long as both the Head and Tail together. I demand he 
Length of the Baska and of the Tail? . 
t:. . . ſiſ: = Length of the Back; 
Then fince . . . 29 = Length of the Head, 

x m9. eget of Ge Tl 


We have 
1 9 — +95 1 Wa 
ae 2 18; SOM >" 


. . ea x—x—18=1 | | 
. „-s , mann =L. of the Back 
. * 9 2 27 Length of the Tail. 

do the whole Length of the Fiſh aras.9 + 36 + 27 = 72 In- 
ae rer 


N 2 ” QuE- 


— 
* 


— 


—— — 222 — — = — 
— — A. — — — — — —ä — oo — — — — — 


” , — 
— — 2 —— 


— 
—— — 


— 


/ re wb oy wr our ones on oo roar to ooo oo — 
— , — "I = . nA = _ a a o =. — 4 p = * 
_ * . i _ — 22 pa - - 


> _ 
— ——— - 


** * 


* 
3 VWs. — — f rr — — IG 
— 1 by <q * wy 
* * 2 - _— — K — 


92 INSTITUTIONS 


QuesTION X. 


237. One has a Leaſe for 99 Years ; and being aſked h. 
much of it was already expired, anſwered, that two Thirds ( 
the Time paſt was equal to four Fifths of the Time to com f Al. 


Quere the Times paſt, and to cone? He 
. apy = one 5 _ Th 
Therefore . . rs 1 / 
Conſequently . [5j10 * = 1188 — 12 x of! 
Hence . J 610K + 12 * 2 22 * = 1188. the 
Therefore "bug = "72* = 54 Years, the Time pal. in 
W 99 = 45, the Years to come, he 
Thus 3 of 54 is 36, and + of 45 is 36, as required. pu 
u 

QuesT1on Xl. | Th 

No 


238. A Gentleman diſtributing Money among ſome poor peo 
ple, found he wanted 108. to be able to give 55. to each, then · Alf 
fore he gives each 45. only, and finds he has 55. left. Query the 
Number of Shillings and poor People? | Th 

Let x = Number of People, and y = Number of Shilling. 1 


Then by 1 5 iſ5x=y + 10 ; = 

tion 24 * 5 3 
Then 361027 | y 
And . . 414 * ＋ 5 =) | An: 
Therefore n 
Conſequently . . 65 K- 4 15 = on] 
And therefore 7 = = 4x + 5 = 65 = theShillings. non 


| QuesT1On XII. 

239. Suppoſe the Diſtance between London and Edinburgh to 
be 360 Miles, and that a Courier ſets out from Edinburgh rut- 
ning at the Rate of 10 Miles an Hour : Another ſets out at the 
fame Time from London, and runs the Rate of a Miles an _ 
It is required to know where they will meet? x 54 

Suppoſe the Courier from Edinburgh runs æ Miles, ai the 
other y Miles before they meet, 8 
Then 


— 
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Then . : "Eg by Suppoſition 


| 1 
Therefore 134 2 55; and x 2. 
oo +» [4dr 04 
Hencde E60. 
Therefore EY 6lg y = 1440. 
q 7]y = 160. 
Conſequently 22 = 360 — y=. 200, 


QuesT1on XIII. 

240. One ſets out from a certain Place and travels at the Rate 
of 7 Miles in 5 Hours, and 8 Hours after another ſets out from 
the ſame Place and travels the ſame Road at the Rate of 5 Miles 
in 3 Hours. How long and how far muſt the Firſt travel before 
he is overtaken by the Second. 3 | 


Put . . . [1]s = Hours the 1 travelled. 
Then . . [zx — 8 = Hours the 2d travelled. - - 
Now ſay, 305: 7 : : X: 4 x Whole Diſtance. 


Alb . . 43: 5: 


Therefore 5 24 


Whence 6.25 x — 200 = 21 K. 
Therefore 725 x — 21 x = 4 x = 200 
Hence . . or = $03 and x — 8 = 42. | 


And fo 912 * Miles they both travelled. 


241. Theſe — may ſuffice for a mixt or numerical 
Analyſis; but Queſtions ſolved in a general Way by Symbols 
only, are much more uſeful ſince they then become general Ca- 
nons or Theorems, and are applicable to every particular Caſe; 
whereas the other Way in Numbers is confined to one Caſe only 
therefore we ſhall proceed to givea few Examples of general So- 


wo tons. Thus, 

run- 

at the QvesTION XIV. 

Jour, 242. Two Couriers, A and B, ſet out from two — 7 di- 


ſtant from each other d Miles; of which the foremoſt A travels 
} Miles in g Hours, and B travels r Miles ins Hours; he is ſup- 
poled to walk faſteſt, and the fame Way with 4. It is required 
to 


— - 
- aa OK z © — — 


FE /// / mpg ar = Wa” rol Er =Ip tn 
C —_— m - . 8 — — — — p ä 
Tao p — — — 2 =_ - — T—_— _ n 


— —E—-4ä—3 q — 


2 
— — —— — — — — — — 


——  --—- uw cc : 2 8 — 
— 1 — — ä — — — TOAY 


— — 


2 — — — 


* LES ———— A I r * 8 — 
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— Rn ER 


Allo «+ 


Whence 5 
And ſo 8 0 0 0p gr 8 


come together. 


„ INSTITUTIONS 


to know how many Miles each mult travel before B can on 


take 4 fr 


Put . * 45 
Then alſo =y 
And we have 3: 2. = ibn Hou ty 4 f 


271125 — =: Miles A walks per Hour 


Then we have | 
Hence A » 66 
Therefore 


And . . « . . III ＋ rd = gry 

Whence «. . II 1 gry p.. 1 
Therefore fag S = Miles Berunljed , 
And laſtly 144 = y—d= Miles grawsllefiby . 


N. B. If p = 8, q=1;7= 10, $31; and d = 15. 
then y = 90, * = 72, as in Queſtion 11. Thus His the Ship 
and B the Privateer that purſued her. But more generally yet; 


QuesT10N XV. 18 
243. Let A be a moveable Body, which in Time f can de. 
ſcribe the Space c; and let B be another moving Body, which in 
the Time g can deſcribe the Space d; lot the Diſtance from which 
— iN be called @ and , W 
ime. 
In the Solution of this Problem, there eee nad the 


firſt is, when both the Bodies, A and B, tend towards the ſame 


Parts, or move the ſame Way. The ſecond Caſe is, when they 
tend towards contrary Parts, or meet each other. In both Caſes 


we ſuppoſe the Body a to be fartheft from the Place where they 


V 20h b A= C81 


Ti 


? 


F ALGEBRA, 9 
| CAS E 1. 


244. Let that Diſtance of A be called x, from which take 
the Interval e, and there will remain x — e for the Diſtance of 
B, from the ſaid Place where they come together. And ſince 
A paſſeth over the Space c in the Time of f, it will bn 


Space x in the Time of E for it is c: F: :*: 2 
Alſo ſince B paſſeth over the Space d in the Mihai it will 


paſs over the Space x — e in the Time , ſince d: g: 3 


CEE 
" nit : | 8 
Now ſince the Difference of thoſe Times is ſuppoſed be h 


that they may become equal; we mult add h to the ſhorteſt Time, 
that is, (ſince A is ſupp6ſed to move firſt) to the ſhorteſt Time 


of B, viz, to = 7 E; and then we have the Time equalled, 


vis. L L; and which reduced, gives » = 


F = F 


. — 7. e 3:2 to move firſt, þ 


tin muſt be added to the ſhorter Time of 4, viz. 2. and we have 
75 2 7 5 — — 3 which reduced gives S 


n de- C. A421 ä 
chin BY 245. If the Bodies, A and B meet; then if æ «= Diſtance of 
a 5 

yhich the remoteſt Body A from the Place where they meet, as before, 

F the BY we have e — x = Diſtance of B from the fame Spot. And the 
Times in which they paſs over thoſe Spaces will de E, and 

ſame — 

they 7 e baſes. W 

aſes 

8 —.— cxe Te 

they — += E and this Equation gives . 77 =. A. 


$5 * Baut 
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But if B move firſt, we bare Z. , when 


4 


| | EXAMPLE I. 

246. The Sun deſcribes each Day a Degree in the Ecliptic, 
and the Moon Thirteen ; and at a certain Time, when the Suni 1 
in the Beginning of Cancer, ſuppoſe the Moon, three Days after, 

to be in the Beginning of Aries. It is required to know in what 
Part of the Ecliptic the next new Moon will happen? | T 
In order to ſolve this Problem, we muſt conſider that A re- 


preſents the Moon, and B repreſents the Sun, and that they on 
both tend towards the ſame Part; and laſtly, that the Motion of 1 
His ſhorterthanthat of B; therefore the Theorem Ain 

cg — of WP: 


— x muſt be uſed, in which the * of the ſeveral Letten YI. 
are known. Thus, 
cx 2 1 — the Moon's Motion per Day. 


* f 
481 3 the Sun's Motion per Day. ary 
g = 1 Day. he ( 


e = 9o Degrees, the Diſtance of the Sun and Moon. 
' b = 3 Days, the difference in Time. 

Hence the above Theorem is expreſſed in Numbers thus, 
ege + cdh _ I3ZXIXg0 + 13XIX 3 _ 1209 _ 


cg —= df IZXI—TXI I2 
100 2, that is, 100 ? Degrees from the Beginning of Aries, ſo IM, e, 
that the Conjuction r in 10 3 Degrees of Cancer. or ſt 


After the ſame Manner, A and B may repreſent the two Hands i 24 
of a Clock, either ſetting out from the ſame Place at the ſame rope 


Time, or from different Places at different Times, Im, « 
5 ce Tei 
Again, by Theorem — = x, A and B may repre- . 4 


ſent two Perſons ſetting out from two different Places, in order Wl 25 
to meet, either at the ſame, or different Times, as in the Qua 
former Queſtion, for London and Edinburgh, and the Diſtance N to 
travelled by each will be found by the Theorem, the ſame as 9 
was there determined. But theſe Things we ſhall leave as a pro- e 
per Exerciſe for the young Learner. CHAP, 
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ene | 
9eftions analytically ſolved; 0 ne 
the Naruxk and RRASOx of the ſeveral 
Ruuss of ARITHMETIC, in Favger: Com- 
putation. N 


247. * ſhall here give the Solution of ſuch W 

an Algebraic Way, as will ſhew the Rationale of 
e Methods uſed in 2 ſeveral Operations of Vulgar Arithmetic, 
ach as the DouBLE Rur E or THREE, RULEs or FELLOw- 
lr, ALLIGATION, SIMPLE INTEREST, FALsR PosITION, 
c. as our principal View in all theſe Things, is rather to make 
n intelligent than practical Artiſt, fince many are ready enough 
it Practice, at the ſame Time they know little or ec of the 
Reaſon n do. | 


IJ. .Dovsie:RuLE of. Three. 


248. In all Queſtions of this Kind, there are three 8 | 
erms which contain the Suppoſition, and three others i in which 
he Queſtion lies; the three firſt are as follows: 

A, the efficient Cauſe that produces an Effect 

T, the Time in which that Effect is Ji) 111 

E, the Effect produced in the given Time. 
he other three Terms, which move che Queſtion; are of che 
me Kind, and therefore tobe denoted by the ſame Letters , 
e, in ſmall Characters; hence, in order to raiſe Theorems 
or ſtating Queſtions in this Rule, we muſt reaſon as follows: 
249. In equal Times, the Effects produced will always be 
roportioned to, the efficient Cauſes: This is à ſelf- evident Axi- 
m, or indiſputable Truth. Therefore, to expreſs this in Sym- 
ols, we muſt put T == z, and then we have this Wen * e. 


hence 


pre- : A: a; therefore Ae = EA. 

der 250. Another Axiom is, that when the efficient Cauſes : are 
the guad the Effects which they produce will always be proportion- 

ance N tothe Times that are employed in producing them. That is 

ne 4s Symbols," if A = a, then E: e:: T: r, and therefore E r 
pro- . 

IAP. O 251. 


os 1 — 8 


251. But when neither the Times nor the efficient Cauſes 
equal, the Effects produced will be g * Proportion to the che. 
bath conjointly, that is, E: :: AT: 47 ec 
A Te, from which general Phan, if any five of thoſe Om whi 
tities are given, the Sixth may be found without any i | 


the Proportions: being Dirac or {nvgrfe, And the three Tem 
of the Queſtion may be W by the three following The 


ms, uiz. Theo. I. a = = I. Theo, II. 1. r th a 
AT A a V'Y 0 
III. IM * 4 DA, ho 1 ol prof 


* 0 | emp 
.- 252- Suppoſe tool. in 12 Months, gain 4, Intereſt, both 
. Nie or Sum muſt be put out to gain 13al. in 66 Monty = 1 
To anſwer this Queſtion, weave in Te the Vakuec Th 
the Symbols as follows : , 
A = 10, T= 12, E Nees ae T 
| ART ng Te, AARON 456 u. 
| dym! 
Se = bool. the Anſwer. 0 n 1 
8 II. . | The 

If 2 Men.in 3 Days will earn 4 Shilling how much vil 


Men earn in 6 Days ? 
In this Caſe, A=2, E=4, T 3, bee _—__ 
To find e, for which e 


* e, that is in Numbers 75 oF : = 20 Shillings, th 
Anſwer. 

kannn UI. 25 
If for the Carriage of 300 Weight 40 Mites, I neſt pay 8 
Shillings and 6 Pence, how far may I carry - Weight for 1 4 
Shillings and ꝙ Pence? out 
In this Queſtion we have given A = 300, E = 90 Pency and G 
and T = 40, 4 = 500, e = 225 Pence, to find :? ine 


N. B. In Queſtions of this Sort, the Letter T, or t, may de- 
note, not only Time, but alſo Diſlance, or any other Mode, « 
Way by which any Cauſe can produce its Effect, the Solutio! 
there 


, 
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ſes zn 

mp therefore of this Queſtion, is by Theorem III. viz. * =.& 
Ex : 3 | 

. e in Numbers, Rands thus, 225 e 60 Mills. 


8 5 
The Rulx of / Frriowenir. 


A, B, C, D, Cc. Merchants trading in Company. 
253. re b, e, , Kc. Each Man's Money in Stock. 
10, 4, y, 2, &c. The Time it is employed by each. 
Now fince each Perſon's Share, of the Loſs or Gain, muſt be 
proportioned to the Money he advances, and alſo to the Time it is 
employed in Trade, therefore his Share will be as the Praduct of 
boch multiplied together; that is to ſay, aw = 4's Share, bx 
Pe = B's Shate, and ſo on. 
aw + bx +'©y + dz, Kc. = 8, the Sum of 
Therefore i the Products of the Times and Stocks. 
CG = the whole Gain, Loſs, &c. by Trading. 
Anda Then it is evident as $ : G : : each of the above Products 


X 18: Merchant's Share of Loſs or: Gain reſpectively: That i * i 
Symbols as follows : 


Theorem I. S: G Sg #'s Gain. 


Rue" 7 OT 25 bx = Be Gain. 


1 86 n 
* eorem III. S: G: eo: T, 


Theorem IV. S: G:: dz: F * D's Gain. 


c cy = C's Gain, 


EXAMPLE. 
254- Three Merchants A, B, and C, enter into Partnerſhip, | 
as; 
Aputsin 6ol. for $ Menths, B puts in 75): for 12 Months, and 
puts in 80l. for g Months, with this joint Stock they Traffic 
Pence nd Gain a 150. it is required to EE Pts get 
laned to his Stock and Time. 


de, a #'s Stock 600. X 8 = 480. 8 
Firſt 15 Stock 75. X 12 = 900. re ſay, 
C's Stock 80l. X 9 = 720. 


The Sum of the Products = 2100, Ay 


* 
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' 144 | J. 475 ned . 
d 24, 437 2 % 4 Fl 4 Gain, de 


422100: 130 o 64, 2857 64 f 8. 17179 
mY . =p 51, 42857 = $1 9610564 


N. B. When all the Stocks are employed an equal Time, 
the Theorems above will become more Simple, for then we neg. 
lect the Characters, 1, x, 5, z, us being each equal to Unity, 
in which Caſe thoſe Theorems give the Rules bf what is uſually 
called SinGLz. FELLOWSHIr, which, as it i is 1 "om we heed 
not here 33 | 


The Rol of Auitcarion.,. 5 ia, | 
255. Allization i is a Rule for compounding or mixing ſeveral 
Ingredients of different Sorts together, in any Apes. or Pie 


portion. | Pays q 
Let ths Quantiis tobe compounded be 6d - + at 1 
Their Pri — — — „, 12 


The Compound which they make ——ꝛ—ů 
And its Price — — — 9 = 
Then we have —— — a+b=c | 
And alſo ——— — „4 bets 1 * 
Whence this Analogy, as c: xa + yb:: I; 5. 

That is in Words, as the Sum of the Duantities is to the Sum if 1 
the Products of each by its Price, Ii is any one Part of the Compent i if 
or Mixture to the n | 


% 


"JT 1 
114. 


8 


Suppoſe 20 N of Tobacco at 9 Pence per Pound, were 
to be mixed with 12 Pound of Ditto at 14 Pence per Pound, what 
will a Pound of that Mixture be worth? Here a = 20, b = 12; 
* , y=14; and a+b=c= 323 then ax 150 
by = 168; and ax + yb = 348. Therefore 32: 348; : 1: 
rod. 3, nearly, the Anſwer. This is called Alligation Malia 

256. When the Prices or particular Rates of the ſeveral Inge 
dients, and the Mixture and its Price are given, to find the pa- 


ticular Quantities of the Ingredients, it is called Aligation 45 
tcrnate, as being the Reverſe of the foregoing. 


—  .. 


vm * 


r Pro- 
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If two Quantities only are concerned, then will the Equation 

be (as before) x @ + yb pg 
Then 5 = pc — xa, 


And 5 « 8 ©'v ; 5 = —_ 
Alſo ĩt iz: 214 
Therefore 220 3 an 4224.2 
Conſequently 1 n . _ «» Cy — 9a = pe — xa (nd 
Then | 0 . - . 6 * » cy + xa — ya pe 
And "> 0 . . 9 40 4112 «. X14 — ya S pc - he f 
And theres „ 4% „An 

; XK—y 

— EXAMPLE. | 

257. How much Wine at 16 Pence a Pint, and of another Sort 


at 10 Pence a Pint, will compoſe a Mixture that ſhall be worth 
12 Pence a Pint? Here & 16, y = 10; andp = 12, and 


c=1 ; therefore the Rule or Theorem i u lint PAL Lek 
x—y 16—10 


= 2 —= 42: therefore 3 3 of a Pint of the firſt; and g of a Pint of 


=F=75 


the ſecond Sort mult be taken.” 
N. B. If y = o, then h will repreſent Water, whoſe Price 
is Nothing, and then a = E = => = } of a Pint. 


258. When more than two Quantities are to be l 
and all unknown, the Queſtion will be unlimited, as there can 
be but two Equations, this will appear by the Steps of the fol- 
lowing Proceſs. 


. Ila, e, y, be three In ients. 
And I 2, , t, their ſeveral Prices 
Alſo let . . . 3x, and p, be the Compound a andi its Price 


Then . | 4a +e+y=m * 
And. | gar + 50 + ty =pm 
Step iſt 2 . | ble = n — 4 
352 . . = pm—7ra 
te + ty =tm—ta 
9e — te =pm —tm—ra + ta 
There- 


12 INSTITUTIONS 


Therefore = I, FEY ao, 
Hence by 6thandgth IL RESTSECS 


And reducing, "BAT 190 Sy — 1 + pm —tm—ra + te 


| | Sim — 54 — tm + ta. 
That is . 13% —ty + pm —ra = 5m — 50 
| 6 os. 414% — ty = 5m — pm —5a + ra 
1 25— 


Now here it is evident from the 10th Step, Ae 
than X mz and from the laſt Step it appears, that a mu 


be grearer than — Therefore any Value of a may be talen 
between thele two Limits. 


EXAMPLE. 


259. How much Tobacco at 25. 8d. per Pound, and of ano- 
ther Sort at 20d. and of a third Sort at 16d. per Pound, muſt be 
taken to make a Mixture that ſhall contain 56 6, and may be 
ſold for 22d. per 5, without Loſs or Gain? 


Here r = 32, 5 = 20, f = 16; m = 56, and p = 22; 
alſo @ is the Quantity worth 32d. per Pound, e that of 20d. and 
y that of 164. my Found, hence the greateſt Limit of a, will be 


Sans... 2, 
—jxn= Sz 2 x 56 = 21, that is to ſay, a muſt be 


leſs than 27. Again, the leaſt Limit of a, will be f x m= 
22 — 
32 — 20 


S * 23 therefore the leaſt Quantity of a, muſt 


de greater than 93. Hence 11 Anſwers may be obtained for 
this Queſtion, in whole Numbers, and an infinite Number i in 
Fractions. Thus if the Values of a, be as in the firſt Column 
of the following Table, then the Values of e and y, by the 10th 
and 15th Steps, will be found ſuch as are contained in the ad and 
3d Columns, 


Alto 
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180120260 
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260. Aer thous ies if 4 Quantities or more are to 
be mixed together, you may proceed in the ſame Manner to find 
the Limits of the 1ſt and ad, beeauſe all the Quantities except 
the two laſt will admit of different Values, the Proceſs will be 


be le large and troubleſome ;, but if the Learner will purſue it, the Me- 
thod is the ſame as before, and the Reaſon and Truth of the 
5 mak following Theorems will then appear, which I inveſtigated ma- 
= Years fince for perfecting this Part of Arithmetic. 
a= the firſt Rate and the laſt 
b = Athe 2d and laſt 
Let Je = Diff. between the 3d and laſt 
d = * the 4th and laſt 
ano. 482 9 the — Rate and the laſt. 
iſt be | 
a =% the Firſt 
wy 5 ns \ the 2d : 
Alſo let & Diff. bet. 4 the 34 & and the laſt Rate but one. 
22; d —= the 4th : : 3 
and x = = the Mean 
0 „„ Clit Rate l the Neeb 
ſtbe And ö dpa —5 the firſt Rate and ſecond 
1 225 * the laſt but one and the laſt 
eee rg 4 * = C 


+<D+E+F, &c. 


261. Then if there be three Quantities to be compounded 
A\+B+C=S5S, the Theorems are as follow, Theo. I. 


3 „ greateſt. Theor. I. — 2 = A, leaſt, Theor. III. 
1 FITS 
n 


= B. Theor. IV. S —A'—B=C. 


262. But if four Quantities are to he mixed, viz. A, B, PE. 
D, the firſt is found as before; the Theorems for B and C, are 
% follows. 


F 
Theor, 


14 INSTITUTIONS 
Sx— Aa 


Theor. V. . = B, greateſt. Thos. VI. = 


b b 
= B, leaſt, Theor. VII. e = and then] 
is known of Courſe. 4 

263. If there be five Ingredients, A, B, C; D, E, you h 
the greateſt and leaſt Values of A and B as before; and for ( | 


'Dazbelow,'/ we 
| Theor. VII. — — C, Great,” 
Theor. IX. 1 R 

| . 1 
© Theor. xX. Sx: Aa Bb — Cc de by 
n "" 


264. When t there are ſix Quantities, A, B, C, D. E, 7. 
the greateſt and leaſt Values of the three _ as in om” lat 
and for D and E as follows. | to 

ade ih cm, MH cons 

Theor. XI. — 7 * — = D Cech, 

Sz = — Aa - — Bb - — Cen +8 


n | 

And thus you proceed FA any g greater r. at Pleafure, | [ 

265. As to the Rule of FAaLsE PosITION, as it is called, ® 
can only be of Uſe to thoſe who are unacquainted with A 
and a Perſon may as ſoon learn the Analytic Art, as the A 
and Operations of this Rule without it; thus for Inſtance, * 
Single Rule where one Poſition (or Suppoſition) only is requ 
as in the following Queſtion, v:z. 

265. Three Men, A, B, C, buy a Ship for 31ol. 1650 
which 4 paid an unknown Sum; B paid 2 as much, and C 30 
as much: How much did each Man pay? 

Suppoſe A paid 48/. then B paid 48 x 2,5 = 1208. ae 
muſt pay 48 x 3, 3 = 160. But 48 + 120 + 160 =3il 
inſtead of 310, 750. 

Say therefore, As 328: 48: 


: 31075 : 45,4756, S. N 


, 
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Then A paid . + . . 4,758 
B paid 64854756 vc 22) .. 13,689 
C paid (45,4756 * 3, 2 + + + 15,5853 


/ r ot EC. L. 310, 75 


267. Now the Anſwer to this Queſtion is in a moſt direct and 
ay Manner pointed out by Algebra; for let x = Sum which 4 
aid, then B paid 2,5x, and C paid 3,7 x, but x + 2,5 x + 
* = 310, 75 J. Therefore 1+ 2,5 + 3, 3 Xx * = 6,83x; | 


ce x = 8 = 45,4756 J. the Money A paid; then B's 


d C's Part is found, as before. And as to the Double Rule of 
alſe Poſition, it is ſo troubleſome in Numbers, and fo eaſy by 
gebra, that we think it unworthy of an ingenious Artiſt, and 
ball leave it to the Indolent and Ignorant only, who — 
ke the moſt Pains to the leaſt Purpoſe. 


SIMPLE INTEREST. 


268. Simple Intereſt is the Money paid for the Uſe or Loan 
F any Principal or Sum lent out for a given Time, at a certain 
ate per Cent. per Annum. Our Laws regulate this Matter ; 
d our Buſineſs is now to ſhew how the Rules of Computation 
e derived from Theorems inveſtigated by Algebraic Reaſoning, 


herefore, 


R = Ratio, or Rate per Cent. per Ann. 
t = Time of Continuance at Intereſt, 
A = Amount of the Principal and its Intereſt. 


N. B. The Ratio of the Rate is the Simple Intereſt of 1 J. for 
e Year, at any given Rate. Thus, as 100: 5 ::1: 0,05 = 
atio at 5 per Cent. per Annum; and 100: 3+ :: 1:0,035 = 
tio at 34 per Cent. per Ann. 

269. Now R = the Intereſt of 1 J. for one Year, 

2 R = the Intereſt of 1 J. for two Years, 


3R = the Intereſt of 1 J. for three Years, 
And f R = the Intereſt of 1 /. for 1 Years. 


Ps. But 


* any Principal or Sum put to Intereſt, 
t 
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But as 17. is to its Intereſt t R, for any given Time #, in the 
ſame Proportion as any Sum is to its Intereft for the fame Time, 


Hence the following Analogy: 
| I.: R:: P: PR. 


270. But the Principal and Intereft added 2 is —_ to 
the Amount, that is, 


Theorem I. 'RP4P- A = W Ul Sl 


Then Theorem II. N — P the Principal, 
35» 
And Theorem III. To = R = the Ratio, 889, 
— ÞP 
Laſtly, Theorem Iv. = = t= the Time: rw " 


271. By theſe Theorems all Queſtious about Simple Intereſ 
are anſwered with the utmoſt Eaſe. 


| Qs TIOR. I. 

What will 2 561. LOs. amount to in three Years, one Quar- 
ter, two Months and eighteen Days, at 4 per Cent. per Aunun 
In order to anſwer Queſtions in this Rule, the Parts of Inte- 

gers, muſt be reduced to Decimals, eſpecially thoſe of 908 
which may be readily done by obſerving, 


Day is 157 Part of a Year = 0,00274. 
That one Fan. is 17 of a Year = o, 8333 
Quarter is x of a Year = 0,25 


3 Yen = = TJ. ke 

fa bs I Quarter = 0,25 | 

Then the Time is ; 2 Months = 0,1566 11 t 
18 Days = 0,04932 ; ” N 

That is, f = 3, 46599 - 

Ceon 


Then ? R = o, 13864; RP = 35, 561057; and laſtly, 
:RP + P= 35, 561057 + 256,5 = 292,061, Sc. = 292ʃ 
Is. 2 d. * the Amount required, as per Theor. I. 


Quz.sT1ON II. 


272. What Principal or Sum put to Intereſt at 4 per Cent 


Dc. will amount to 292 “. 15. 24 fl in 3 Tears 1 Quarter, 2 
Months, 18 _ 1 Anfuer, 


of 3 R A. 107 
292,061 — 292,061 
_ 71 8513866 + 1 © 1,13864 
256,5 = Þ = 2561. 10s. 
QvuvESTION II. 


ual u 273. At what Rate per Cent. Intereſt will 256 J. 10s. amount 
0292/. 15. 24. 4 in 3 Years, 1 Quarter, 2 Months, 18 Days? 


oh ſuſwer, per Theorem Il. A 


A—P 292,061 — 256, 5 4 
e 889,234 


[3591 A . tereſt i Cent. 
589254 = 0,04 = R. So the Intereſt is 4 per Cen 


Anſwer, per Theorem III. 


QuzsT10N IV. 


274. In what Time will 256 J. 105. raiſe a Stock or amount 
to 292 J. 15. 24. 4, at the Rate of 4 per Cent. Intereſt ? 


A—P „561 2 
Anſwer, per Theorem IV. KF = 0 25 = 346599 
A =t= 3 Years, 1 Quarter, 2 Months, 18 Days. 


mm? 275. If it be conſidered, that t ſtands for any Time indiffe- 
Inte- WW rently, as well a Part of a Year as a whole Year, or any Num- 
me, ber of Years, it muſt appear very ſtrange for any one to imagine 

chat, if 100 J. in 12 Months gain 4 I. Intereſt, it will not gain 21. 
in b Months. Yet this Mr. Ward affirmed (in his Scholium, p. 
248) contrary to the Reaſon of Things, and to his firſt or funda- 
mental Theorem, viz. tRP +P=A; for let P 100 /. R 


= 0,04; t = 0,53 chen f RP + P = = 0,5 X 0,04 X 100 + 
100=2+ 100=102 J. = A, the true Amount in fix Months; 
and therefore 2 l. muſt be the Intereſt for that Time. 
N. B. What farther relates to Simple and Compound Inte- 
reſt muſt be deferred till after we have delivered the Doctrine of 
fly 3 Progreſſion, and i E guations, * we next 
0 


* * CE —— — — 3 . ES 4 — — — — 


from thence, are called the Powers of that Quantity; and 


Unity as in the Table below. 


18 INSTITUTIONS 
C RAP. IX. 
Of INVOLUT TON. 


. “* Involution we mean a continual Multiplication of th 
ſame Quantity into itſelf; and the Products arifuy 


ative. 


re al 


Quantity itſelf is called the Root. Thus aXa= aa; and 
Xa S, Cc. SoabXab=aabb; andaabbYab 

aaabbb; and fo on. But when the ſame Quantity is oft 
repeated, it is uſual to write it but once with a Figure above tx 
ſhew how often it is repeated in any Product or Power; as th 
for aa we write a*; for aaa, as; foraaabbb, a* 53; an 
the Figures are called the Indices, or Exponlate of thoſe Powen, 
as they ſhew how many Times the Root has been involved fron 


277. 1 Unity. | 
a = Root, or 1ſt Power. 
a a u, the Square, or 2d Power. 
aaa=a®, the Cube, or 3d Power. 
aaaa=1a*, the Biquadrate, or 4th Power. 
aaaaa=3as, the Surſolid, or 5th Power. 


And fo on, as far as you involve the Root. Note, the Index d 
@* the firſt Power, being Unity, is never wrote; and we make 
4 = 1, or the firſt Term of the Series, when we would expreb 
the Series compleat in Terms of a; as 4, 4, , a*, Cc. 

278. Hence it is evident, that theſe Powers are a Series d 
Terms in Geometrical Proportion, and their Indices the La- 
rithms of the Terms; the very ſame as we obſerved before of i 
like Series of Geometrical Terms in Numbers (130, 131, 13h 
&c.) Whence alſo it follows, that theſe Powers are multiplied and 
divided by adding and ſubtracting their Indices (132, 133.) Thus 
a C a* —=a*+3 = a5; and a*b* Xxa3%b3 4s; and ſoin 


5 $ 2 
Diviſion — = 4 a, and 75 „ n 'P 


a* 22. f 
279. Hence likewiſe it appears, if a leſſer Power de Jividel 
by a greater the Index or Exponent of the Quotient muſt be ne- 

* gative 
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a3 
ire: The — = Y = 0%; Bat — = —;, tho: 
jd. re alſo — =4a—*, (ſee 198). 
nd , 1 Ll nd 1— 
Again, it is obvious, that — = @ = 4 ; but, 
ind g yy 
IP = — = 2; therefore a® = 1; as before obſerved. In the 
0 
ove ty „ and thereſore tis 
as thu 4 
1 ad ee e XA Fc. may be thus ex- 
owerz a aa 444 
d fro eeſſed, a*%. *. a". a% at . 22. a= ?, Oe. 


280. The negative Powers of a, are poſitive Powers of = 


4; and are multiplied and divided by adding and ſubtracting 
cir Indices as before in the poſitive ones. Thus, a * a=? 


5 — =a=5, And —= 
88 a8 6 a 


7 = = 6% 


xpreb 28 1. Hence if a poſitive Power be multiplied by an equal nega- 
c. ve Power of any Quantity a, the Product will be Unity ; thus 
ies of K = a —=3 =a* = 1; for poſitive and negative 
Logs Nowers deſtroy each other, and produce only Unity, which is 


e of a 1 | 

I 2, — 3 — 23 : 
= 282, Suppoſe - — 2 — —y = — But alſo 
Thus 


=; ) 5 MENS therefore —— = 


2 


+ So that, in general, any Quantity in the 3 of a 
rattion may be placed in the Numerator, with the Sign of the Index 


| x I TY 
vided ged. Thus, j = 7 * = —_ 2292 — 3 
e ne- F * x a3 | 
tive: M 


a=3z — © ths 
283. If 


_ r — 1 INF - —__— Sp ———— —— — 8 _— 


nf 

F 

4 

5 
* 
4F 


10 INSTITUTIONS. 


and thoſe of — à are alternately negative and affirmative. 


| obſerve i in the Binomial a+b below, 


283. If (m) repreſent the indeterminate Index of any Pow 
of a that is poſitive, as a”; then = = „ will expreſ 
equal negative Power of a. And a* K = a=" 
= 1. Alfo, if a“ expreſs any other Power of a, then a" y 


= @"+" js the Product of the two Powers a" and a" ;- and 


San, is their Quotient. 
184. To raiſe any ſimple Quantity to its 2d, 3d, 4th, . 
Power, is, multiply its Exponent by 2, 3, 4, &c. (as per 13 
thus the Square of ais a* X # = 4] the third Power or Cahei 
a"X3 43; the mth Power of ais a" X" a; alſo 
Square of a* is a* X > 4; the Cube of a* is 4 X3 = 
and the mth Power of a* is * X® = a* , and the nth Powe 
of ais a K —= a", The Square of ab is a* 6* 3; the Cub 
is@* 55; themth Power a” H. 
185. If there are Signs and Coefficients, the Signs mult l 
ordered as directed in Multiplication, and the Coefficients i 
volved, viz. ſquared, cubed, &c. as in the SIRNY below, 


+ 24a — 32 Firſt Power. 
+ 28 — 32 


+ 4 a* + 9 a* Second Power. 8 
＋ 22 — 33 


+ 8 a? — 27 a* Third Power. 
24 „ 3 


162 + 814+ Fourth Power. 
Where you obſerve the Powers of + a are all affirmative 


186. The Involution of a Compound Quantity is ſomewhit 
more operoſe, but performed after the ſame Manner, as you 


a+) 
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a* +26 = Square, or 2d Power, | 
a +56 a 


Me 9 IA ite. 


2 ＋ 2% b+ abt 
+. 4b 4 246% +85 


1 43704 3 = Oube, or zu Powet ) 
a + # | 


Lv Set. Bodo 
+30 b + 3 a* 2 + abi 
+ 2 54 308+ 3 % 


11 — Su. — a ide. _ 


m T + 688 $* + # abr 4th Power, Cr. 


287. The Powers of a4 are raiſed in the ſame Mannery 
Regard being had to the Signs as follows, 


* 0 — xx thy Rooks or fit Power 90 1 
— 
a* * aw 


—ab + þþ 206A $0 


Ms 


* 20 ted = a, x front Powe 
a _— | 
IS MINT N — Y 4 * 


1 2450 + 24 | ; 
tive; — £2 T2 55 3 a 


* 7. 344 + 20. — 7 = Cube, or 3d Power, &c.. 


eu Here it is eaſy to ſeez without proceeding further, that the ſe- 

veral Powets of this Binomial a conſiſt of the ſame Terms 

as thoſe of the foregoing one & + ö; the Difference being only 

n che Signs, where you obferve the Sign is Negative wherever 

be Index of b js an odd Number, as b, 5, &c. and affirmative 
When the ſaid Index is an even Number , b*, &c. | 

s 708 Q 288. In 
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288. In theſe Powers of a + 6 or a—+b we are to take N 
tice of the following Particulars, viz. (1) In the firſt Tem 
any Power, the Quantity a has the Index of that Power; thy 
in the 2d Power, it is *; in the 4th Power it is a*,- &c (1 
That in the following Terms the Exponents of a decreaſe | 
dually by Unity; as in the 4th Power, they are a* a* a*, 0 Th 
In the laſt Term, the Quantity @ is not found at all. (4) T. | 
the ſame Things are true of the Quantity b, and Expcitead 
in a contrary Order; it is not found in the firſt Term; the Ei. 
ponents increaſe by Unity from the 2d to the laſt Tem; anl 
that in the laſt Term the Exponent is the Index of the Powe, 
(5) That therefore the Sum of the Exponentsof both the Qum 
ities in any Term is the ſame, and always equal to the Expo 
nent or Index of the Power; chus in pos Power you * 


2 1 
2 


Whence their Sums are 4 + 0=3+1=2+ 2=143 
= 0 + 4 =4, the Exponent of the Power. 
289. The Coefficients of the Terms alſo ariſe and proceediy 
a-regular Order; and may be found for any Term, or all — 
Terms, of any Power ef a Binomial by a general Rule; which 
that it may be more obvious to the Reader, it may be. proper 
place all the Powers of a + h as far as the 6th in one View u 
below: 
a+b; firſt Power, or Roo. 
a* + eb +; mugs. TT 
4 + 3 + 3ab* +83; 3d Power. 
a* + 44%b + 64*b* + 421 + b*; 4th Power. 
45 + 5a*b + 104*b* + 10a*b* + ga. +65; 5th. Power, 
4 + 6ba*b+ 15a*b* + 2035 + 1544 6bab* +b5; 6th Power, 


290. Here it may be obſarved, 1. That when the Number a 
Terms is odd, the Coefficient of the middle Term is the greatel 
of all. 2. That the Coefficients on each Side the middle Tem 
are the ſame, but in an inverſe Order. 3. That in thoſe Powe 
which conſiſt of an even Number of Terms, the Coefficients d 
the two middle Terms are the ſame; and alſo the Coefficients d 
the Terms on each Side are the ſame towards the Extremes. 4 
That the Coefficients af the firſt and laſt Term being * 
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* 1 
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he Coefficient for any other Term may be found by the follow- 
1 RU L E. 


Multiply the Coefficient of the preceding Term by the E xponent of 

in that Term; and divide the Product by the Exponent of b in the 

iven Term; the Quotient is the Coefficient required for that Term. 
Thus, for Example, the Coefficients of the Terms of the 


th Power are found per Rule — © = 6 = the Coefficient 


Le Ae Ann XS = r5, the Coefficient of 


he 3d Term: Again — = 20 the Coefficient of the 4th 


r middle Terms. From all which it is plain, that the Terms, 
he Coeffictents, and the Signs of the Terms of any Power of a 
inomial may be known without the tedious OY by a 
onſtant Multiplication. 

201. But to repreſent this Matter more 8 Jot a+b 
de raiſed to the Power m; then (by 288.) the Terms without 
cir Coefficients will be a”, a" —=* þ, * — 2 by, g&"—=3 big 
%, 4 þ5, &c. continued till the Exponent of ô be- 
omes equal to n, for then the Series muſt end, as the Expo- 
dent of @ will, in that Caſe, be nothing. 

292. The Coefficients of the ſeveral Terms will be found by. 


he foregoing Rule (190.) to be 1, m, m X — — m x- 


* — 1 
8 
on till you have one Coefficient more than there are Units in m. 

n — 1 


o that we ſhall have 4 + Rat b + m x * 


IN —2 m — 1 m — 2 DEL 
X 


5 2 3 4 n K — — 


„ — 2 34 
| ,” 3 | 
22 Moan} 
© ER 

293. By this general Theorem, or Series, you will find the 
Terms of any Power very readily by ſubſtituting the Exponent 
of the given Power every where for n. For Example, let the 


4th Power of @ + b be required; then 
M2 - For 


X 4 240%, &c. 


INSTITUTIONS 


1 18 


114 
(62 
| m * — =6 
For the © DD 
Coefficients" m X —— * 9 = 
ax „„ 
— of 3 5 


Thaw TFT = a* + 4a? 1 + 40 bs + 405. +b, 
294. If any Trinomial or compound Quantity of three Tem 
as a + b + c, be imolved, the Square or 2d Power will be a 
246 + bb 2acþ2b;+te* ; where you will obſerve the Sym, 
the three firſt Terms is the Square of a + b; and the three 1; 


Terms are 26 Xa + þ + . 
conſidered as compounded ak a Bigomial a + b and a ing 


Quantity c; viz. a + 1 == +2cXxa+b+0 
So that the Terms of the Square of any Trinomial may be knom 
from thoſe of a Binomial without actual Involution. And i 
the ſame Manner it is ſhewn that the Cube of a Trinomid 


Hence any Trinomial may h 


2222 
m — 32 


Wi 


2 T IT TDI +3iXa+b T JIT JA. 
295. We fhall conclude with on Example of a Binomial in 
Numbers and —_ together for the Sake of Wuftrations | lets 


Then a+b 
a+b 
@* + ab 
7. 
a* + 286 +b*. 
a+b” 


FOR — * n %. 


— c 
71 ＋ 245-46. 


I 


1 


1 


— 


10 4 2 
10 + 2 
100 + 20 

Ws 20 + 4 


10 1 2 


21000 ＋ 400 + — 
a*b + 2ab? +83= 


200 + 80+8 


12 
12 


24 


3——— 


100 + 40 + 4 = 144= Badu. 


I 


2 


6 T 3f 773717 1000+ 6004190 +8=1748 =Cube 


CHAP 
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of EVOLUTION. 


296. | pe TION is the Reverſe of Involution, and cone 
fiſts in reſolving of Powers into their Roots, which 


Operation is called Extraction or Evolution. As Involution of 
Roots was performed by Multiplication of Exponents; (284.) ſa 
Evolution is made by dividing the Exponent of the Power by the 
Index of the Root required. (See the Reaſon of this in 135.) 
Thus the Square Root of a is at = a ; of a it is at of a+, it 
is at = a* ; and the Cube Root of a* isaT; of a? it is a4 a; 
of a* it is 21; of 46, it is *; and ſo on. Alſo the Square 
Root of a* b* is ab; of a* 6, it is a* U, and the Cube Root 
of 46 b? is a*bz of x? 6 z, it is x3 y* 21; and fo of others. 

297. From what has been ſaid: with Reſpect to the Signs in 
Lnvolution (279, 230.) it appears, that any Power that has an 
affirmative Sign, may have an affirmative or negative Roat, when the 
Index of that Root is an even Number. Thus the Square Root 
of + a* may be + ½ or - 4; becauſe + ax + ome, 
and alſo —@ X — 4 = 4. 

298. Alſo from thenee likewiſe it follows that ne Root, thoſe. 
Index is an even Number can be found for a Power with a negative 
Sign, (See 285.) Thus the Square Root cannot be extracted 
from — 4; and therefore ſuch Reots of Negative Pow- | 
n are termed impoſſible or imaginary; and yet they are ſome- 
times to be conſidered, and will came into Uſe, as we ſhall fee 
turther on. 

299. If the Roat to be extracted i is denoted by an odd Num- 
der; then the Sign of the Reat will be the ſame as that of the Power. 
Thus the Cube Root of — 4* is —a;. and of + a it is + 4. 

zoo. When the Index of the required Root will compleatly 
dride the Exponent of the Power propoſed ; then that Root is, 
only a lower” Power of the ſame Quuntity. Thus the Square 
Root of 4 is 44 = 47. and the Cube Root of * = a+. 
201. But otherwiſe, the Root required will have a Fraction for 


its Exponent ; thus the Square Root of a? is az ; and the Cube 
Root 


— 
— _e* 
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Root of 42 is a7 ; alſo the Square Root of a itſelf is ar; and 
ſo of others, as we ſhewed more generally before. 

302. Any Quantity with a fractional Exponent, may be con- 
ſidered as an imperfect Power, or Surd ; and the Symbol uſed u 
denote Extraction of Surd Roots is this T, within which the 


Power is placed, as a7, and without or over it, the Index of 
the Root, as a a® denotes the Square Root of a? ; and Vai 
is the Cube Root of a* : So that V =at; and WAL 
X 7 2 


= ; and univerſally, AJ = a-. 
303. Theſe imperfect Powers or Surds, are multiplid 
and divided, like other Powers, by their Exponents added and 


ſubtrafted: Thus as x at =art*=a* = a*;and ar X « 

r7 1 3 — 
u = Vis And ar — ar =a + 7 S al 
— 4 *, 


304. They are likewiſe invslved and evolved in the 1 


Manner as perfect Powers. Thus the Square of 47 f 


2 


2 Hs + %. 5 
ar S z; the Square of ar is * =a5 . On 


the Contrary, the Square Root of aT is 1 © * = a IXT — g 
3 


= a7; the Cube Root of 43 = a*X3 = ax. Hh 

305. As to the Roots of Compound Powers or Quantities, they 
are known from the very Form of thoſe Powers, if well con- 
ſidered, as they ſtand in the foregoing Tablet (289.) Forif 
the Powers be of a Binomial Root a + 6, and a Square, thenit 


will conſiſt of three Terms, viz. the Square of a, the Square of 


b, and twice the Product of both, as a, 2ab, 55; as to the 
Signs, if they are all affirmative, the Signs of each Part of the 


Root will be ſo; if the Product has a negative Sign, then the 


2d Term of the Root will be negative or the Root will be a—6. 
If there are any Coefficients of the Squares a*, and 52, they 
will be Square Numbers, and their Roots will be the Coefficients 
reſpectively of the Terms of the Root à and b, and the Cocfh- 
cient of the Product will be the Product of both. Therefore, 
unleſs a Quantity has all theſe Characters, it cannot be a 
Square. After the ſame Manner of Enquiry you may diſcover 

| dj + | . : =” 
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3 ir the propoſed gf: be the Cube of any Binomial a + b, 
or a—b, Tt will be to little Purpoſe t6 ſay any Thing here of 
con. ¶ ſuch Powers as have Trinomial Roots, and indeed, unleſs any - 
ſed to Quantity has apparently the above mentioned Criterions or a 
ch the ¶ perfect Power, it will be in vain to attempt any particular Ex- 
dex of traction of Roots at all. If any thing of this Kind is neceſſa- 


ry to be done, it may. be performed by the general Formula deli 
vered for involving Roots (292.) and which will equally ſerve 
for evolving or extracting them, and that out of any Quantity, 
even Surds, and infinite Series. 


306, For ſince in the Expreſſion a + , the Index *, if it 
be an Integer, ſhews the Power of 4 + U; lo, on the Contrary; 
when it is a Fra##ton, it denotes the Root of a + 6: for a Root 
is only a fractional Power of any Quantity. Therefore if m = 
then a+8" — 47 2 a+b; Conſequently to extract the 
Square Root of @ + b is only to raiſe @ + 6 to the Power whoſe 


Index is 2; thenince FN. = + man" bow Xx — 


P=2 þ2 + _ —— E n=2.,m—14, Sc. and m f we 


ſhall have 9 22 7 


„eng 3 
n N 


te 552 e + 
con- rate 4 
orif * * | * 1 Fe 7 84 


_ M—2 — TEE | 
m X The +” Ws pry ea * 


the 
the 72 1 1675 | 
= 


307. After Ar BY Mane you will — * * aa + Xalf 


they . - 
ents * = __ + _ , &c. And ſo if you would ex- 
3 tract the Cube Root of a® + x?, you will find 57 IG P 


x3 * 5 &9 eg? 


1 * + ——- TA” WL Sc. And thus you 


may proceed for the propoſed Root of any other Binomial 
Quantity whatſoever, CHAP. 
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Cray. XI. 4 
' "lt 
Th 3 of Extrafting the ana 
Cunt Roor. 0 
5 | 0 
* „Nuaber js given, whoſe Square Roe is | 
extracted, the firſt Thing to bs done is to poi 
that is, to place a Point over the firſt Figure and every other FI 
gure afterwards ; which Points reſolve the Number into Pen 
of two Figures each, unleſs the Number of Figures be odd, 
then the laſt Period can have but one Figure; the mae 
which is, that the Square of each of the nine Digits will proc 
but two Places of Figures; and 10 is the firſt Number u 
Square will produce three Places of Figures 3 and 100 is the fif 
that will produce five Places when ſquared ; and fo on. Tha 
fors the Points denote the Number of Figutesinthe Root, TY 
in 64, there. is but one Figure j in the Root; i in 144 there an 
in 99856 there are three; in 1002001, there are four F igure] 
the Root; and ſo for any other Number. (tag. 126.) 
09. In extracting the Cube Root, the given Number is it 
ſolved into Periods of three Figures by the Points placed & 
the fir/, fourth, Qt. becauſe the Cube of the greateſt Digitpn 
duces but three Places of Figures, or 10 is the firſt Nut 
whoſe Cube makes four Places; and 100 cubed makes j 
Places, and. ſo on 3 therefore, over the fit, Furth, jo 
tenth, &c. Figure we place a Point, to ſee how many Fi 
the Root will conſiſt of. N 
310. Now ſince there are always ſo miny] Places of Fig url 
in the Root as there are Points, or Periods, in the given Nun 
the Figures of, each Place may be repreſented by Letters, 4 | 
c, Cc. Thus, if there be but one Period, as 64, there will 
but one Figure, wz. 8 = e, and fo 64 , only. ow | 
Number -of two Periods as: 144, there will be two Fig 
the Root, viz. 12 104 2 g b. A Number ü 
Periods, as 99856 will have a Rost of three Places of Fig 
diz. 316 = 30⁰ + 10+6=a+b+c that is a 210 
b = 10, andc=6, And thus you may proceed for any lan 
Numbet of. Places. 
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411. Again, fince 144 =a+b*=@* þ2ab+b = 
2 +£2a+bXb= 100 + 44; therefore a* = 100, and 
a+b Xb= 443 conſequently a = 10, and 2 4 = 20; 
4 ſince 20 T x b = 44, it plainly ſhews that 20)44(2 = 


becauſe 20 + 2 X 2 = 44: Therefore the Work, in Sym- 
os and in Numbers, will ſtand as below. 


144 ( 10 a* + 2ab + bb (a 

100 +2 "nd 
N 12 = Root, 22 14 351223543 
 XbJ2ab+bb 


312. When the propoſed Number has three Periods, as 
9856, then there will be three Parts in the Root, @ + b + c; 


d, therefore, a + b + — ＋ 22 BT 35˙ T2 44 
be + =99856; here then a* = goooo, and a = Zoo, and 
a = boo; conſequently. 9856 = 2 a b + b* + 244. 
be; therefore 600) 9856 (10 = b; and now Z a +b 
b = 610 X 10 = 6100; therefore 9856 — 6100 = 100 = 3750 
240 1 23 4 12 T 23 Þ+ © X c = 620 +cXc; 
erefore 620) 3756 (6 = c; and ſo 920 X 6 = 3756. See 
e Operation below. | 


99856 / 300 2 
goooo \ 10 
boo + 10\ 9856 310 =a +6. 
X 10/: 0100  T6=<c | 


b20 + +5) 3756 316 4 + b . 4 4s 
3756 | | 


—— —— 


— 


313. In the above Operation, the Cyphers being every where | 
nitted, the Work will be contracted, and appear in the com- 
, R mon 


* 
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mon F orm, fince then we take down but one Period at each 
Diviſion; ; for we muſt always make as many Diviſions as ther 
are Places of Figures in the Root, and we can Set no mar 
than one at a Time. 


998 56 0 316 


Ll 


Si. a | 1 | And 
61 i 98 rom 
X2/ 61 ng t 
— Proce 
yay 3756 
3756 


* — 


By this analytic Proceſs, the Reaſon of aa the 
Square Root of any Number, we preſume, is very evident 
and particularly of all the Examples and n in (123) ax 
(124+) | 

314. And in the ſame Manner wo 3 the Rule for 
extradting the Cube Root. Th let the Cube Number 


1728 be propoſed; there are two 8 or Periods, the Roo 
therefore will have two Places or Patts, viz. a + b, whoſe 
Cube is a? + 3 34a*b + 344 + b = 1728 = 1000 +71 
Here tis evident à˙ = 1000, and ſo a= 10. Allo 3 a* b4 
3ab* + bY = 728, and 3 4˙ = 300; therefore 300) 728(1 
— b, whence we ſhall have 3 a* 600, 3ab* = 120, and 
33 = 8; conſequently 3a*b + 3465* + b3.= 600 + 1204 Fre 
8 = 728, the exact Remainder; therefore the Cube Root pen 
4 14 5 2 10 4 22 12. 

315. Let another Example be the Number 1362 a? 4 
3a* + 3ab* + þ? = 13000 + 824, and 'tis evident (from 
the Table of Powers, 122.) that the next Cube Num lel 
than 13000 is 8000, the Root of which is 20 = 23 
fore a = 8000, which ſubducted from the given Number leaves 
5824 3 b 3b + b*, Now 3 a = 1200) 5824 
1 = therefore ye have 


Pl he 


* 
3 


34 1 *- 
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t each 


$ then 30 b = 4800 
> More 34 b¹ = 960 i 5 


ne 


$824 = all + a + b3, 


—— — 


ng the Cube Root, is 2 more than the above Analytical 
Proceſs in Me . 


—_— 


CHAP. XII. 
The ANALYTIC Dotrine of ARITHME- 


TICAL PROPORTION. 

316. WE have already ſhewn that Arithmetical Proportion is 
that by which a Series of Numbers increaſe or 

lecreaſe, by an equal Quantity, thro? the whole Progreſſion, (ſee 

nft. 96, 97.) and of which we have given ſufficient Examples in 


g the 
dent 
3) and 


ule for 
amber 


71 umbers. We ſhall now proſecute that Doctrine farther, and 
* b +" 2 more general Way by Analyſis. Thus, ſuppoſe the firſt 
28 (1M) erm of the Series be (a), and the Ratio, or Quantity, by which 
, ech Term increaſes or decreaſes be (b), then will the ſecond 


20+ 


| erm be 4 + 6, the third a + 26, and the whole Series will 
ot i | 


appear in this Form, viz. 


manages 42 ＋b. 4 4 23.4 4 36.44 4b. a+ 55,9 


a + Decreaſing a. a—b, a—20. a—3b.a—4b.a—56,&c. 


(from 


r lels 317. Suppoſe the laſt Term of the Series be called x, then in 
by * he Series above we have the laſt Term a + 5b = then 
eaves Ide firſt Term will be a =x— 5+; conſequently, if to this 
$24 ( uuation you conſtantly add & on both Sides, you will get the 


o following Series, of the ſame Value in each Term, viz. 


a 4 ＋ 5. a+2b.a+3b.a+46b. a+56. 
F—5b. X— 4 6b, x — 3b, x— 2b, x — þ, Ns 


R 2 318, 
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318. If now you take the three laſt Terms of the ſecont 
Series, and place them in an inverted Order under the three 


firſt Terms of the firſt Series, and then add both together, yay 
will have the Sum of the whole Series, thus 


a. +443] 'o 423 
x. x—b, x —26b 


Sum a+txa+x a+x =30+3x*=7F7X3 


And ſince this will be the Cafe, let the Number of Terms be 
what it will, *tis plain the Sum total of any Series in Arithmetial 
Progreſſion is equa! to the Sum of the firſt and laſt Terms, mull. 
plied by half the Number of Terms. Hence, if n = the Mu. 
ber of Terms, and s = the Sum of the whole Series, we hay 


== X , whence @ + x =— and x === 


319. Again, ſince 6 is not in the firſt Term, 5 Coefficient 
of ö will be always 1 — 1; therefore the laſt Term will be 


a+ n—IXxXþ=x= = 0, (by 999.) whence we gu 


Thus, for In- 


ſtance, ſuppoſe the Series were 1 +2 + 3 +4 + 5 +6, K. 
continued to 100; thena=1, b = 1, and n = 100, whence 


the Sum of ſuch a Series will bes = r + —.— : X 100= 


000. 
320. Suppoſe the firſt Term of the Series be nothing, or 2 


Cypher (0), then in the Equation: above x = - — , ſince 


| : nx c 3 
a = o, we have 5s = _ that is, the Sum of ſuch a Series is . 


gual to the greats? Term multiplied by half the Number of Term. 
For Example, the Sum 5 the Series o +1 +2+3+4t 


5+6+7+8+9=- — = 4 This is otherwiſe e- 


vident by adding the fame Series t itſelf, with the Terms it 
an inverted Order, thus 


o+! 


o 


221. 


hey 
y ob 
ly tre 
allec 
hen 


hic 
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0+1+2+3+4+5+6+7+8+9 
g9+8+7+6+5+4+3+2+1+0 


ſecond 
three 


T, you 


um 9 +9 1919191919199 +9g=10x9gz90. 
The Half of which, therefore, is the Sum of the ſingle Series, 


1%. 45» 3 

N. B. The Uſe of this Theorem will be found hereafter to 
e very conſiderable in many Parts of the mathematical and 
philoſophical Sciences. | 


* 


CHAT. XIII. 


Of GE OMETRICAL PROPORTION, or 
| PROGRESSION. 


321. W HEN a Series of Quantities encreaſe by a conſtant 

Multiplicator, or decreaſe by a common Diviſor, 
hey are ſaid to be in Geometrical Proportion, as we have former- 
y obſerved in Numbers (ſee 98.) but ſhall here more general- 
y treat of this Doctrine. The ſaid Multiplier of Diviſor is 
alled the Ratio of the Series, which let be denoted by (7), 
hen will the two Series be as follow 


Increaſing; 3. ar. ar*. ars. ar*. ars. &c. 
0 


Decreaſing 3 4. I 72. 77 1 P” &c. 


which latter Series is alſo thus expreſſed ; 
6 n ag” a= r= is 


322. Now the Property of ſuch a Series is, that the Produ/? 
f the firſt and laſt Terms is equal to the Product of. any two 0-_ 
thers equally diflant from them; or to the Square of the middle 
„ the Number of Terms be odd. Thus if we take. fix 
Terms, we have a X r. =ar X ar* =ar* Xar* = 2 

. Or, if we take but five Terms, we ſhall have a K a 7* 
+! 24 
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Sr NA r Xar* H, and ſo on. Whenee Iren 
the other Properties of ſuch a Series, mentioned in Chap. IX 


of Arithmetic, are eaſily deduced; 
323. Suppoſe: the laſt Term of the Series be called j, 


a, then the firſt Term will be a 3 (in de 


inereaſing Series;) the ſecond Term wy, the third will be 


, and ſo on; ſo 8 Series will be doubly expreſſe 
as below, viz. 


" FEE” - « ar ar? ar. ars, e. 
1 | 7 18 * 3 y. 


324. Now *tis evident the Product of the firſt Term in the 
firſt Series, and laſt Term in the other, will be equal to the 
Product of an r two Terms, taken at an equal TItery 


from theſe; that is, a X y = ar K =a 1 X12 
ar* x , Cc. (by 138.) 

325. In either Way of expreſſing ſuch a Series, we obſerne, 
the Sum of all the Terms, except the firſt, is equal to the Sum if 
all, except the laſt, multiplied by the common Ratio (r); for or 
ar! + ar? Ta ar, &c. =a+ar+ar* + ar* dar 
wr; and the1 therefore let 5s the Sum of the Series, and we have 
- yr, (which is the above Theorem in Symbols) 
and conſequently - a = t —yr, Whencesr —5=yr 
yr—a_ 
| 7— | 

326. Since the Exponent of r begins from the ſecond Term, 
it will always be leſs by 1 than the Number of Terms n; and 
therefore in the laſt Term it will ben — 1; fo that y =« 
pF" =" 2 2 yr =ar, and for = © ns, =) — 

F 7 —1T 1—1 
Wherefore a, r, and u being given, the Sum of the Series 
is eaſily found. 

327. In any enereaſing Series, if the firſt Terms be 4. ar, 
ar*. ars, Cc. and (y) the laſt Term, then will the four laſ 


Terms of the Series; IT e 73 and thus both 
_— 


* 
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ads of the Series may de expreſſed, without the intermediate 


nee I¶erms. Thus 

2 a. ar. a r*. 75, Ce. 57. 1. 47 . 
„ nd in a decreaſing Series they will ſtand thus, | 

in de a SO UP , c. 51. * Jr. 7. 


vill be un oft we have += a= 7F 1 ar r= i 
e = LDN (ee 325) 


328. If the Number of Terms in ſuch a Series be ſuppoſed 
finite, we ſhall have y = 0; for ſince n rn 1 
jill be infinite alſo; ys So uy divided by an infinite 


is nothing, therefore y = _ So; and conſequenty the 


dum of ſuch a decreaſing Series will be = — which ins 

ite Vis Rs the Number of Terms be infinite, Thus 
IX2 _ 

+= 2 ; 1 — 2; and 15 

- — * + 4 65h 3 = 

1 +; 5 + gr . =3D ;— 12. 

Theſe Te alſo we ſhall hereafter find of very ie Us 

n Philoſophy, 


we ſhall aſe the Symbol 8 for Irfinity, when there js . 


—. 


"erm, - | ; * as .4 
Ps RAP. XIV. 

the Nature, Geneſis, and Roots of marie, 
ts EqQuAT1ONs. 


29. Quadrame Equation properly fignifies no more FER 
the Square of a ſfimple Equation. | Thus the Square 


both f the ſimple Equation x — þ = ©, ( —bXx—b) = x* 
Ends 2bx + b* = o, which is a Quadratic Equation; whence 


all 
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all Equations where the higheſt Power of the unknown Ou 
tity is a Square, or the ſecond Power, are call'd Qu 
however they may differ from this in other Parts. For we 
here to obſerve, that this is the moſt ſimple Form of a Qui 
| dratic, whoſe Root conſiſts of two Parts, or Quantities, 2% 
5 =o; this Root once 3 gives the Value of x, ail 
was &; - 3 


330. All * Forms of Quadratics are : Rectangles. nad 
of two different Roots, or Values of x, as x — a = e 


= © makes x —a+bxx+ab= O3 where it is obyi 
the Coefficient of the ſecond Term is the Sum of the two Room 
a + b; and the third Term is the Rectangle of bath, vix. ah 
331. But now to determine the Signs by which the Ten 
will be in all Caſes connected, we muſt conſider the Qual 
the Roots, viz. whether they are Affirmative or Negative. 
the Equations above, the Roots are both affirmative; | 
fince 'x — a = o, and x — 5 o, it will be x = a, and v 
Let the Sum of the Roots be a + b = 5s, and the Recta 
a 5 r, then when both the Roots are affirmative, the Fol 
of the Quadratic Equation will be x*-— s x ++ r O. 
332. If both the Roots are negative, viz. x =— 4, 4 
= 6, thenx + a=0o, and x + b = Oo, and the Res 
of both Equations gives K* + ax + bx + ab =0; ; aa 
the Form in all ſuch Caſes is x* +5x+r=0. gt 
333- If one Root be affirmative, as x = a, and the & che 
negative, x b, then the Equations x — 4 = o, anda 
5 = 0, multiplied together, produce * —ax + bx —ab 
o; now as the Root @ or b is the greater Quantity, the Sil 
of the ſecond Term will be — or +, and being ambiguoulf 
it is cuſtomary to expreſs both the Signs, thus x* Þ 5 x 
So; in this Form the laſt Term is always negative; 4 
= the Difference of the Roots. | 
334. Hence by obſerving the Signs of the Equation, 
will readily diſcover when the Roots are affirmative or neg 
tive; for if the Signs change alternately from + to —, and roll 
— to +, as in the firſt Form, (331.) then both the Ro 
are affirmative; but if the Signs are all affirmative, the Rool 
are both negative, as in the ſecond Form, (332: 0 a 


-, 


os 
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re is but one Change of the Signs as in the 3d Form, (where 
ere are either +, +5 —, or +, —, —,) there will be one 
irmative Root, and the other negative of Courſe, 
335. There is another Diſtinction of the Roots of Equations, 
z. into real and imaginary, or poſſible or impoſſible. Thus in the 
nuation x* — 4* = o, both the Roots are real; for ſince 
4, it will be either x = + 4, or x =— a, as appears 
(297.) But the Equation x* + a* = ©, has no poflible 
oot at all; for here x* = — , and x = / — 27, which is 
ppoſlible, as appears by (298.) The Roots, therefore, of a 
uadratic Equation are both paſſible or real, or both impoſſible or 
inary together. 
236. When a Queſtion is properly ſtated, in algebraic Terms, 
d produces.a Qyadratic Equation, it will always be of one 
the three Forms above-mentioned, viz, 


1. * -A = 0). 

J * $ix+r=0 Which are all reftangular Qua- 
3. ** Þ 8X—7=0 dratics. (330.) 

337. Now if in each of theſe we tranſpoſe the known Quan- 

r, they will appear in the Form of an imperfect Square, 


1. x? - X= r 

4 The Form of a perfect Quadra- 
_ p 62 3 0 tic being of perfect Qua o. 
338. In order then to reſolve a Quadratic Equation, the iſt 
hing to be done is to complete the Square of it, which is ea- 
y done, if we only obſerve, that the third Term wanting to 
ake it complete, 7s the Square of half the Coefficient of the ſe- 
d Term. Thus in the complete Square x* - 2 bx 4 56, the 
10 Term 53 is the Square of half the Coefficient 2 6 of the 
ond Term. Therefore fince the Coefficient of the N58 


erm in al the foregoing Forms i is , the Half of which i is = - 


d the * of that Half is 5 i which Square, therefore, makes 


third Term to be added to each Side of the foregoing Equa® 
dns, to make each a complete Square on that Side where the 
uns 
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unknown Quantity x is; and when this Addition is made, Gol 
Zquitions will ſtand as s below, vis. | 


| 52 
I. & * Tir 


I bs, the Form of perſed 
2. * Fox +46 = _ 2] Squares, whoſe Root 


3. * þ5x +7 $8 =—+7 


339. If now you extract * Root from theſe Equations, we 
ſhall have 


340. Since the Equation in any Form always contains two 
Roots, it is evident the Value of x muſt eyer be expreſſed, in 
two Parts or Terms, ſince their Sum gives pne Root or Value 
of x, and their Difference gives the other, which is the Res- 
ſon why you ſee them always connected with the double 
Sign +. 

341. But to put this Matter into a clearer Light, let us 
inveſtigate the two Roots, a and b, of a Refangular Equatim, 
ſeparately in Numbers, which we can do by having the Sum 
given, diz. a + b = xs, and their Product eb r. (228,) 


Thus ſuppoſe x =a = 5, and again x =b= 3, then, x —6 


=O0Xx—b=o, gives * —ax—b4+ab=0, or * 
—8x+15=0. 


Here 
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Here a +b=8 
And ab= 15 
Therefore b =8—8a s 


A d= == 
a 


And lo 15 =B8a—a* 
Tranſpoſing all the Terms a* —8 a= — 15 | 
And compleating the Square a* — 84 + 16=16—15=1 


Extract the Root 2— 428 U. 
And lo 3 2 14425 
And of Courſe 0 (=8—a)=—\/ 1 +4= 


That is in Words, The Sum of the Radical Quantity, and Half 


the Coefficient of the. middle Term, is the greater Root a; and 
Half the Coefficient leſs the Radical Quantity, is the leſſer Root b. 


342. Before we leave this Subject, it will be proper to ob- 


ſerve, there is yet a more ſimple Form by which the —— may 


de expreſſed, than thoſe in (339.) For ſince 7 — 


— 2 
74 e V mene 
2 — . 2 4 
Vf —4r = 3 therefore 5 += 


4 , Hence the Root of a Quadratic Equation will 


be either X. —_— in the two firſt Forms, or 


. 
n the third. Or more particularly, for every 


2 
Form of a Quadratic Equation, the Root will be as in the fol- 
lowing Table, | 


EqQuaTiIONs. | RoorTs. 
af 1 , 
ä - 


8 2 2. x 


13% INSTITUTIONS. 


. — © SE — 
* 


EQUATIONS, | q Roors. 


| | | „ "ICE 
2. * +5x4+r=0 4 


— —— 
3. X* = 5 · -r = © . 


4. * b$54—r=0 CE +47= 


CHaAP.. XV, H 
A Collefion of QUEsTIoNs producing Qa 


TIC E QUATIONS, 


343-JN this Place we mean the Solution of ſuch Queſtion 

or Problems, as involve not the pure Square of the un- 
known Quantity x, as x &; but the Sum or Difference of thi 
Square, and the Rectangle of the Quantity x, and ſome known 
Quantity 5, as x x +5 x; and theſe are called Adfefed Quadra 
tic Equations; All of which are to be reduced to one or other 
of the four Terms in the laſt Article, and then the ſought Quan» 


tity x is known, and the Queſtion ſolved, as will be illuſtrated 


by the following Examples, 


QuesT1on I. 
344. What two Numbers are thoſe whofe Sum is 20, and 


their Product 36? 


SOLUTION. 
Leet the two Numbers be x, 9. | 
Then their Sum is x + y = 20. 
Their Product xy = 36. 


Then we have 7 36 


And conſequently 3 — 2 20 - x 


Which gives , x — 20 of = 36 There 


of ALGEBRA 134 
Mherefore x* — 20 x 36 = o, which is a Quadratic of the 


110 Form, where 220, 136, and = N 


y 490 ——_ —18; and fo y=2: Thus the Sum 
$+ 2 = ©, and the Product 18 x 2= 36, 
Quesrzon IL 
345. What two Numbers are thoſe whoſe Difference is 24, 


ache Quotient of the greater divided * 
caſt is 3? 


| SOLUTION. 
Let the two Numbers be x and y 
Then (per Queſtion) x—y = 24 


Which gives this Equation =, andy = 75 
Thereſore we have — 


Whence, by ſquaring, x*—48 x + Bl - 


Therefore, 3x* — 164 * + 1728 = x 
And tranſpoſing, 3 x* — 145 K + 1728 
And dividing by 3, ** — 48.3zx + 576 =0 


ere then, 248.3; r= 576; and (per Form firſt) X = 


QuesT1on III. 


346. There are two Numbers, the Sum of their Squares is 
2308, and the greater of them is in Proportion to the leſs as 
to 1, What are the Numbers? 


| SOLUTION, 
Let a = the greater Number, S the leſſer, and z = 2368. 


Then 


2 
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Then | 1| aa Tee 2 ö | . 
And 52 476: 1 dy the Queſtion 
/2 .% | 3TrZr 6. 
3&* | 4] aa=.3bee 
I—4| 5| ee =z—3g6ee 
5 + 3bee | 6| 37e 
62377 7 45 = 64 
7 1% 8$je= /=—=8 Th 
F.7 37 
8 * 6 e=6 /—=— 48 5 
| 9 x 57 4 I 
3and 9 10 4 = 48 * 
If a= 48 | 1 
And e = 8 5 6 
aa= 2304 
Proof ee 2 64 pe 
aa + ee= 2368 It 
and 48:8::6:1 
QuesTIon IV. | 136 
247. There are three Numbers in continued Proportion, th oy 
Sum of the Extreams is 156, and the Mean is 72; What 161 
the two Extreams ? . 3+ 
| SOLUTION. | 18 = 
That is, ſuppoſe a, n, e, in continued Proportion, and m = 1183 = 


T 11a + e= 5156 = 52 by the Queſtion 
hen } 2 2 pu __I Quzrea, e, &c. 

2*.* | Z]lae =mm he fir 
18.» | 4]a@a EF 2aebee=ss eit d 
3X4|5 4ae=4mm 
4—5 | blaa—2ae+ee=s $—-4mm 
6 l | 7a —e=V55—4mm 

2a = — 4mm 
2 EE 8 
** "oh e | 
_S$—/ 55 —4mm ___ 1d The 


Puppoſe | I 


QuesTion V. 


348. There are three Numbers in continued Proportion, their 
m is 74, and the Sum of their Squares is 1924: What are 
oſe Numbers? 


SOLUTION. | 
That is, a, e, y, are in continued Proportion. 


1 a Te T= 2 74 | f 
Then) 2] aa+ee+yy= ee Gees a, e, y. 
3] a:e::e:y + 
g | 4] #9 =Ee 
I—me | SI a Fy=$S—er 
2— ee 6 aa+yy 2— ee 
4X2 | 7] 2% 1 
6+7 | 8[ aa+ 2ay+yy=zþee 
5 &* 9 [A 2 +yy=Ss5—25e+bee 
and 9 [10] z + eemsS—25e-þee 
10+ [II] 254 =s5—Z 


$F—%Z 
25 
5 [13] r =5—e= 50 

139* |14] aa+2ay + yy 2500 

4X4 | 15 4ay=4ee = 2304 

115 [Ib] aa—2ay + yy = 196 

16 [17] a—y=y/ 196= 14 

3+17 |18] 2a=50 + 14 = 64 

8+2 |19] a= 32 Or 9 9 

z—19 20 — y=32 


QuesTIon VI. 
349. There are three Numbers in Arithmetical Progreſſion, 


1225 1214e 


2 24 


de firſt being added to twice the 2d, and three Times the 3d, 


eit dum will be 62; and the Sum of all their Squares i is 27 5: 
bat are thoſe Numbers? 


SOLUTION. 


a, e, y, in Arithmetical Progreſſion 


a + 2e + 3Jy= 62. * 
aaÞSee+yy=275 557 the Cen 


a+y=2e (per Article 136.) 


And 2 


Then 


3 
4 
2—4 


55 e + 25 2 62— 2: p 
6 Ten- | | = 
= =31 —2e — 
9 


2—4 


241—37 
gfe = 16 — 248 x + * 
78 * JOly y = g61 — 124 e + 4ee 
9 + 10 f 4 + yy = 20% 372 + 1922 
3 — 11 zee g 372 — 206 1647 
12 + 20e 13 zl 372 — 1647 
13 — 372 4E e 372 = — 1647 


: 
262 Ne 
. 7 


y = 31 —18= — 


- A 
* _— 


QuesTrIon VII. 


350. Thereare three Numbers in Arithmetical Progre 
the Square of the iſt Term being added to the Product of ll 
ther two, is 576; the Square of the mean being added 
Product of the two Extreams makes 612, and the >guaml 
the laſt Term being added to the Product of the firſt wu 
_ is 792. What are thoſe Numbers? 

SOLUTION, 


' Suppoſe a, e, y, in Arithmetical Progrefions as b 
(43448 +358 576 = 
= eebya= biz {oy he Quetion | 
JJ 7 ae 792 
* a + 7222 1 
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exe] 6 4 f = 

2 + 4 / 2477771 1360 
aa+yy = 1368 — 20 

—ec| 9g9| ya=bi2—e?r 

9 * 21101254 2 1224 — 22 

+ 10] 1I | aa +2ya+ yy = 2502 —4ee 

5@&*|12]aa+2ya+yy=4ec 

and 12 | 13 | 4 ee = 2592 —4ee 

+ 4221] 14 | Bee = 2592 

4=—8] 15 | ee = 9324 

15Ww* | 16 xd, = AN the Mean 

8, 17 [a ＋ y = 1368 — 20 = 720 

IO, | 1 2y9a=1224—2ee= 576 

yt — 18 | 19 aa—2ya+yy=720 —576=144 

1 * 120] — =y/144 = 12 

6 * 20 |21|2a=2e+12=48 

p1—2| 22 | a== 24 Or.. $4=12 

5—22 1 2315 20 — 24 = 12 4 = 0 


Qyksriox VII. 

351. It is required to find two ſuch Numbers, that their Sum 

g ſubtracted from the Sum of their Squares, may leave 14, 

if their Product be added to their Sum it may make 14? 
SOLUTION, | 

t aand e be put for the Numbers; and lety=a +'e 


{ Il aa+ee—y=1 
hen 2 2 Es n he ue. 


I+y 
2—y 


31aa+te=14+y 
321412232 14—9 
4Xðx 245 [22 e 3 28 — 25 
315 6|aa+2ae+ee=42—y' 
6 ly? / a +e=vV 42—y 
But Ia + e=y, as above 
7and 8 9 z=vV 42 —7. 
9@&* [iojyy=42—y 
0+ YI) +9=42 
compl. | 12 tt; =42 +3 = 42,25 
I2W* | 13 s od 
* 5 4 hn | | 
| T Con- 


. INSTITUTIONS 


Conſequ. | 15 | a +e='6, (fora + e =) as above. , 353 
3 and 14 | 16] aa +$ee=14+b6=20 Puadr 
5 5 and 15171 24 r 28 — 128 16 4 
; 16—17|18]aa—2ac+ee=4 = 


8b 192 — 88 = 2 
15 ＋ 19 202 2 8 
23 — 2 [21 a=4 
1— 21 22 6 —4 22 2 


QuvesTIon VIII. 

352. Three Merchants j join Stocks together; the firſt Ma 

Stock was leſs than the ſecond Man's 13J. the ſecond and thi 

Man's Stock was 175/, In trading they gain 481. more thu 

their whole Stock was; the firſt Man's proportional Part « 

the Gain was 78/. What was each Mas $ Fan's and Part d 
the Gain? 


SoLuTION. 
Let a, e, y, repreſent each Man's Stock. 


Ay | Ilate+y=s the whole Stock. 
N 27 48 — the whole Gain. 
'A. 3]a+13=e 
"2 | 4[ety=nt | 
44121 5|a+e+y=175 +a 
* 614721 542 
6 and 2 74 48 2 2234 4 
But | 8175 4 4 223 1 4:2: 58. per Queſti 
8˙. 9 a a+ 2230=780 + 3650 


Fn 78 4210 [4a ＋＋ 145 4 2 13650 
1144 + 145 4 + 5256, 25 = aba 
1110 * [121444 72,52 \/ 18906 25 | 
12 — 725 | 13 | 6== 1375 — 72,5 = 5s 
3, | 14 e=a+ 1327 78 ö 
4—14 | 15 [y=9 
— 16 og: =_—_ 78: 950% es Gain 
Again I 1 5:78 :: 97: 1161. 8s. ys Gain 
p 0 18 1161. 85. + 930. 125, + 78“. = 288, Geber 
_— 19 65 + 78. + 97 = 240, the whole Stock 
288 — = 240 =4h, the Gain more than the 


4 | 353. Thel 
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353. Theſe Examples will, for the preſent, be ſufficient for 


* Madratic Equations, according to the beſt Methods of Soluti- 
What relates to adfected Cubic, and higher Equations, we 
all defer 'till after we have proſecuted the Doctrine of ſimple 
d compound Intergſt, which now the Reader is prepared for; 
ce if Equations, higher than Quadratics, occur in that Affair, 
ey are ſimple ones, and may be ſolved by n or Tables 
ade for that Fel. | 
t Mar | es 
nd thin 
re thy CHAP. XVI. 
Part d 


) ANNUITIES, Pensrons, Ge. in — at 
SIMPLE INTEREST. 


Part of 


57 A or Penſions, &c. are ſaid to be in Ar- 

rears, when they are payable or due, either yearly, 
r half-yearly, &c. and are unpaid for any Number of Pay- 
nents. Therefore the Buſineſs is to compute what all thoſe 
Payments will amount unto, allowing any Rate of ſimple In- 
creſt for their Forbearance, for the Time each particular Pay- 
nent became due: Now, in 'order to that, 


U = the Annuity, been os yearly Rent, We. 

put) T S the Time of its Continuance, or being unpaid. 
R = the Ratio, or Intereſt of 1/. for one Year, as before. 
A = the Amount of the Annuity and its Intereſt. 


355. Then ſay, as 1I.: R:: U: RU, the Intereſt due at 
he End of the ſecond Year, for the Rent forborn one Year; 
and 2 U will be the Rent or Annuity-due at the ſame Time. 
do that for any given Time, the Intereſts and Rents will ſtand 


as below for each ſucceſſive Year, v:z. .. 


As 185 8 due at the End of the 2d Year. 


2RU S the Intereſt a 
3U = the Rent { due at the End of the 3d Year. 


ele T 2 3RU 
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3RU = me Rent t 2 que at the End of the 4th Year, 


4U = the Rent 


RU = the Intereſt 
= 9 2 > Rent © dueat the End of the 5th Year, 


| And fo on, for any Number of Years. Hence it is eviden 
that RU+2RU+ 3RU+4RU+5RUmA, i 
Sum of all the Rents and their Intereſt, being forborne | 
Years, 

356. Let T = the Time or Number of Years, then it fol. 
lows that RU+ 2>RU+3RU+4RU=A—Tl 
Here T=5; divide by U; then R+2R+4+3R + 4R- 
— Y. Next to find the Sum of this Progreffion : Thu 2 
Let R +2R+3R+4R, Sc. Z; then 14243 


„ We: Þ =. Here the Sum of the firſt and laſt Terms a 


4+1=5=T, and the Number of all the Terms is 43 
T 21: Therefore = X T = de dum of al the Tems 


1 Z. TTR — TR th 
that is, - * LYN: =XF* Hence — 2 = Z, con 1 
3 - jo ol e R _A—TY 1 

2 ROE © Pay 


What has been here ſaid may be eaſily deduced from Ch 
12, and Theorem in Article 318. 

357. From the laſt Equation we raiſe the following Thes- 
rems. Theorem I. — . K RTT USA. pai 
8 2 A 8 of | 

TTR—TR+ 2 T | 
2A—2TU 2 3 


2A 
T 2x P + Ti ; 


Theorem II. = U. Theorem Il 


Qvrsrron J. 2 
258. If 2g0/. yearly Rent, (Penſion, &c.) be forborne 9 3s 
unpaid ſeven Years; what will it amount to in that Time, * 


3 per Cent. for each Payment, as it becomes due ? F 


Here 
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— 7 Fre find A, the Amount. 


Here is et 
— a 


In —TU *R + TU=X71X25%—7X 250 


By Theorem I. - 


2 


* 0,03 + 7 X 250 = X 0,03 + 7 X 250 = 1575 


+ 1750 = 1907,5 = Ns 10t. = the Amount required. 
359. If the Oy or Penſion were to be paid half-yearly; 
then U = 125, T = 14, the Number of Payments, and R = 


— = 0,015, to find A; then the Theorem will be as follows: 


TTU= 18 14 X 125 = 24500 
TU = 14 X 125 = 1750 
TTU—TU = 24500— 1750 = 22750 
AS 22 


: X 0,015 = 170,625 


170,625 + T U = 170,625 + 1750 = 1920,625 = A = 
1920l. 12s. 6d. 5 86 
Wherefore the half-yearly Payment is more advantageous 
than the yearly one by 13/. 25. 6d. and conſequently quarterly 
Payments are ftill more ſo than theſe. 


' QuesTION II, 


360. What Annuity, Penſion, &c. being forborn, or un- 
paid ſeven Years, will raiſe a Stock of 19077. 10s. at the Rate 
of 3 per Cent. Intereſt for each Payment as it becomes due? 


A = 1907,5 
Hee} 127 bo find U, the Annuity, &. 
CR = 6,03 


3 2A . 
Then per Theorem II. TTT INT = 


2 X 19096 925 
JX7 3 0,03— 7 X 0,03 + 2 X 7 = 250d. the Annuity re- 
Uuir 


Quzs- 


* ng INSETDE TLON 7 


_ Quesrtrow: III. Pur 


361. If 2 col Naa Rent, being forborne ſeven Yea, will disc 
amount to 19071. 10s. allowing ſimple Intereſt for every Pay. na, 
ment as it becomes due,- what muſt the Rate of Intereſt be hy rem 


Cent, &c. | | An 
U 250. | on 

ner A=19 Ven Io find R, the Rate of W ” 2 

the 


os SASATH.. a; 2 X 1907,5—2X 7X2 
%. IH. RZ ce 2 7 2 
Per Theor ITU U R r each 
o, oz; then 1: 0,03 : : 100l.: 31. the Intereſt per Cent. re. NV 
quired. | Thi 


QuesT1oN IV. 


362. In what Time will 250/. yearly Rent, amount to 
t9071. 10s. at 3. per E for F orbearanee of Payment as they 
become due ? | 


; U = 250/. 
= = 1907,5 fro find T, the Time, per Theor. I. 


0,03 
2 2 Nou 
fe ie ea — 1 S 65,5; and 3 x = 232, 83; 
R 0,03 gives 


** 2& 1907, 5 88555 
3 17-12 12 of py” 


— 32,83 = 35 he Time, or Number of Years required. 


Cnar, XVII. 


The PRESENT WorTH of ANNUITIES, PENSIONS, 
Sc. computed at SIMPLE INTEREST. 


363 T* Buſineſs of purchaſing Annuities, or taking of 
Leaſes, &c. for any aſſigned Time, depends upon 


the true equating of ; the Principal, or Money, laid out _ Me 
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Purchaſe, with the Annuity or yearly Rent, by allowing (or 
aiſcounting) the ſame Rate of Intereſt to both Parties; which 
may be eaſily performed, by duly applying the reſpective Theo- 
rems in Article 270 and 357, for finding the Amount of any 
Annuity and its Intereſt, forborne for any given Time; and 
then what Sum or Principal, put to Intereſt at the ſame Rate, 
will in the ſame Time amount to the ſame Sum. 
364. Now ſince the Amount A in both Caſes is the ſame, 
the Theorems which give the ſaid Amount, muſt be equal to 


each other; that is, (Article 357. Theorem J.) =? 


xR+tU=iPR+P=A. (Article 270.) Which two 
Theorems compounded together give the following, viz. 


ttR—tR+2t 
2tR+2 
*R+1 

1 t 
2P —2tU 


Thevran HY prog = —=R 


Theorem 1. XU =P. 


Theorem II. * r 2 


Now A =X3 then #2 + xt N- which 


gives 


— 


Theorem IV. 12 — + 
Pc: wh 7 2 
Qursriox I. 


365. What i is 75 J. yearly Rent, to continue nine Years, 
worth in Ready Money, at 3 per Cent. | 


U= 75ʃ. 
N = G03 fro e find the preſent v Worth P. 
t Y Years 


heor. I. ttR—tR+2 a x U= 9X9X0,03—9X0,034 29 
2 RT 2 2 * 9X 0,03 2 
. 2,43 0,27 + 18 ; 
75 —— X 75 = Gaal. 4s. 4d. 5 the pre- 
ent Worth required, | 


Quxs- 
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QuesT1on II. IJ 


365 What r to continue 21 Years, will 5 


_ 


P = 192,0731). + = 
Heres = = 21 Years bo find the Annuity U. 
R = 0,05 ; 1: 


| . 38 

Then, Theor. II. in Numbers, 21 X 005 7.2.48 
| | 21X21X0,05—21X0,05 + 2X 

X 2 Xx 192,073I = 12,5 = 12/1. 10s. the Annuity requirelf 


7 * 
Qvksrrox II. 4 


367. At what Rate of ſimple Intereſt will 1931 18 
purchaſe an Annuity of 121. 10s. to continue 21 Lear? 


(= 192,710. I 
Hee FU = = 13,6 fro find R. 
T = 21 Years 


Per Theor. III. 2 X 192,073ZI —2 X 21 X 12,5 ll 
21X21 * ANS x 19% 

= 0,05; then 2: 9,05 : ; Tool. : 51. the Intereſt per C 

lowed. * 


| 8 IV. "2 

368. In what Time will 71. per Ann. pay a Debt of 120M 
at 6/. per Cent. Intereſt? Or thus; For how long a Ti 
may an Annuity of 71. per Ann. be purchaſed, or enjoyel 

_ 85, at the aforeſaid Rate of Intereſt ? 4 


. 
U = 7A. _ ... 2 
Here R = 0,06 Fto find T, the Time. 

P = 120, 4. 


1 


R- 1 og. (See Article TH | 


JRU 1 == T7. the 1 


ä way. -_ 


* . 
$- 
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c HAP. XVIIE. 


e CG and Us of TABLES of StMPLE 
InTeresrT. 


b. TJ HE great Deſign of Tables of Intereſt (both Simple 
and Compound) is Eaſe and Expedition in practical 

Iculations. For, beſides that the Rules expreſſed in Words 
anſwering Queſtions of Intereſt are tedious' and intricate, 
I the Reaſon no Ways to be underſtood, the Operations them- 
es are, for the moſt Part, very laborious ; and conſequently 
bles which expedite and Pepe the 8 are indiſpen- 
y neceſſary. 
370. Theſe Tables ate made in Decimal Numbers, the firſt 
Days, and the ſecond for Years; which Numbers, being 
thmetical Proportion, make them capable of that Perfection 
ich no other Tables can pretend to: They are ſo contrived, 
t the Intereſt of any principal Sum is eaſily found for any 
mber of Days, or Years, at any Rate, from one Pound to 
„with the Halves and Quarters; having followed herein the 

. Mr. Brown in his Arithmetica Infinita. 
71. The Conſtruction of theſe Tables is eaſy from the The- 
ms themſelves, (and indeed the Reaſon of their Conſtruction 
be no otherways ſo eaſily conceived.) Thus, by Theorem 
of Simple Intereſt, viz. :RP.-+P = A is the firſt and ſecond 
vie conſtructed. For ſince the Amount leſs the Principal, 
qual to the Intereſt, therefore the Theorem will be f RP 
Intereſt, Now if P = 11. t = ,002739, Cc. (the Deci- 
of 2 Year for one Day) and R any Ratio of Intereſt ; ſup- 
e 5 per Cent. then the Simple Intereſt of one Pound for one 
v, at 5 per Cent. is „002739, &c. X 405 X I = 0001 3698, 
- Which being multiplied by the nine Digits, ſeverally con- 
ute that Part of the Table of Intereſt at 5 per Cent. and 
the whole firſt Table is made. The ſecond Table, for 
als, is only the various Ratics of Intereſt multiplied by the 
nine Digits; for ſince t 1 Year, and P = 1. it will be 
P, the Intereſt for che firſt Year, Cc. 

PU 372. 
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372. The third Table ſhews the Rebate or Diſcount to HMbe 1 


made for one Pound, at the ſeveral Rates per Cent. for Daz 1586 
The Manner, Truth, and Reaſon of its Conſtruction i is de. 


rived from Theorem II. of Simple Intereſt, v:z. R a =Þ 


For ſince the Principal or preſent Worth, ſubducted from tg > 
Amount, gives the Rebate or Diſcount of that Amount ; there 
fore the Diſcount of any Amount for any Time, at any Rat, 
(without Regard of the preſent Value, or principal Money) ¶ ure 


may be fouks by this Theorem —.— = D = Diſcount 


tR+1 

(For A — = Wi = = EVI 4: Hence if we put Az 
1/. t = ,002739, &c. and R = any Ratio of Intereſt, ſup the 
poſe 5 per Cent. then by this laſt Theorem we have the Dil 
count of one Pound for one Day, at the Rate of 5 per Cen, Wyiou 
per Ann. for AtR = IX ,002739, &c. Xx ,05 = ,0001 36, 
Sc. And t RA 1= 1,00013698, &c. then by Diviſion, 
1,00013698, &.) ,ooor 3598, Cc. ( = ,0001 3697, &c. the 
Diſcount. If t= 1 Year, then the annual Diſcount of on: 
Pound at 5 per Cent. will be found, by the above Theoren, 
thus; At Rr ,os, and?R + 1 = 1,05. Therefore by D. 
viſion, 1,05 ) ,05 ( = ,04761904, &c. the Diſcount. And 
thus is the Diſcount of any Sum, at any Rate for any Time 2. * 
bove one Year, found at once by the above Theorem; and a 
for any Time under a Year by the Table of Diſcount for Days, 

of which I have now taught the Conſtruction i in a new and more Ir 
rational Method than any I have yet ſeen. 


The Uje of Table I. and II. 


373. In order to underſtand how to make thoſe two Tables uni 
verſally uſeful, the Reader is to obſerve, that if a Number con- 
ſiſts of only one Digit, with Cyphers affixed, as 10, 50, 700, 
9000, Sooo, &c. it is called a pure Number; but thoſe Num- 
bers which conſiſt of more than one, or wholly of Digits, 3 
370, 568, 7569, &c. may be called mixed Numbers. Now e. 
very mixed Number may be reſolved into thoſe pure Numbers, 
of which they are ** thus the mixed Number 567 may 


* 
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t to be reſolved into the pure Numbers 500, 60, and 7; ſo alſo 
r Dax: 5890 is reſolved into 10000, 5000, 800, and 90. 
is 374. Then as to the Uſe of the Tables, obſerve theſe 


Rules: 
I. If the Number of 8 Years, Cc. propoſed, be a mix- 


d Number, let it be reſolved into pure Numbers. 

II. With the pure Numbers ſeverally enter the Tables, and 
ake thoſe Decimal Numbers which ſtand againſt the firſt Fi- 
gure of each pure Number, in the Column — Numbers. 

[1]. Remove the Decimal Point in each ſuch Decimal Num- 
der, ſo many Places to the Right Hand, as there are Cyphers in 


e reſpective pure Numbers. 
IV. Laſtly, Add together all the Decimal Nina and find 
the Value thereof by the Tables for that Purpoſe. 


Theſe Things premiſed, the Uſe of the Tables will be ob⸗ 
yious from the Examples of the following Problems, 


Pacatine 1, 


375. To find the Intereſt of any. Sum of Money for a Day, 
or a Year, at any Rate per Cent. per Ann. | 


7 Fa EXAMPLE I. 
ne 2- What is the Intereſt of 27461. at 1 I55. per Cent. for a 
Day? 
Days, | Decimals. 
— In Table I. under the) 2000 — 431506 
Rate 54, you find a- 700 — ,11027 
gainſtthe pure Num: 40 — ,00630 
bers 6 — 200094 


The Anſivr is — 443257 = 8s. 734d 


Exauriz I. 


376. What is the Intereſt of the ſame Sum, at the ſame Rate 
for a Year ? 


V2 (3 . Diecimals. 
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Decimals. 
2000 — 115,00000J 
In Table IT. my 700 — 40,2 . $34 
find againſt 40 — 2, 30000 per Cent. 
6 — 0, 34500 
The Anſwer in Decimals J. 157, 895 | 


Which is in Money = 1571. 175. 1014. 


PROBLEM II. 


1 1 


ExAurLE. 


What is the Intereſt of 26 oF. for 149 Days, at the Rate 
31. 155, per Cent. &c. ? 


Multiply the principal Sum has 1 pe 
By the given Number of Days — 149 


The Product is the mixed Number 39485, "with Who 
reſolved, enter the Table as before: 6 
Decimali. 
| - 30000 — 3,08220 
Thus in Table I. you Y 9000 — , 92466 Under 11 


find againſt the pure 400 — 0,04109 
Numbers | 80 — , 00822 C Per Cu 
: * ; 5 1 0,00051 


a — — 
#4 4 N . 


The Anſwer in Decimals J. 405068 - 
In Money 4/. 1s. 154. 
The Method is the ſame for any greater Number of Days 


PROBLEM III. 


378. To find the Intereſt of any Sum forborne any Num 
of Years, at any of the given Rates per Cent. 
| EXAMPLE. | 
What is the Intereſt of 175/. 155 forborne 13 Years, at 


Rate of 6 per * &c. ? * 


of ALGEBRA! wp 
Multiply the principal dum — 175,75 
By the Number of Years given — 13 


— — — 


The Product is the mixed Number 2284,75 
Which reſolved, as before, will ſtand thus, 


2000, — T2, o 
5 200, — 12,000 
In Table II. you 8. — 4.80 , Under 6 per 
find againſt 4, — 0, 240 Cent. 
| — o, o42 


for | 
0,003 


The Anſwer in Decimals J. 137,085 
The ſame. im Money 1371. 15. 854. 


N. B. The Reader muſt obferve, in refolving a mixed Num- 
ber, wherein are Decimals, to remove the Point one Place more 
to the le, than ate the Number of Cypher in he Decimal 
pure Number, as in the laſt 5 eiu dd 
1 Whi [ | : 


The Up of Table I. o/ Diſcount. -- 


379. In ſeeking abe Dileamt der any Sum due at the End of 
er zu any Number of Days, if the Number of Pays be a mixed ene, 
Can. relolve them into pure Numbers as before taught; and even 
with them in the Table take the Diſcount of. II. which add to- 
gether; and then multiply by the principal Sum, the Produ 


de e yr | { he, 


| AO) HOGG & 
NT Fenin IV. . "HF 
To find the Niſouttat any Sum, fur e of Days, 
at any given Rate in the Table. 
| | ExAMPLE.,, 
What is the -Hibcunt of 831. 105. for 235 Days, a at 4 per 
Cent. per Annum ? 


Rate. 


Days 


87 ati 
Deci- 
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Dccimali. | 


Sel Vain 4 þ 


"the Table: 


8 in C 200 — 
ö 30 — 50032769 


even with ( 5 ,00054764 © 
Twas” fo om „50252723 
Which multiplied by the Sum 83, 5 
g * e 1 e e e 2 ky l. 


The Product is the Anſwer 2, 11023) = 2—2—1! 
2 ProBLEM V. | bby 
380. To find the Diſcount of any Sum for a Year, 


„ Enatdie. 
What i is the Diſcount of 1000. for one Years at 5 per Cent 


In the Table under 5 per Cent. 
and againſt 365 B is '$ e, Ges. LY 
Which multiplied by the prin- 2  ___ 
cipal Sum $ __ 


Wa — N & 4 
The Product is the Na SD 1 Ge. = 4—I5—% 
- Now the Intereſt of 100ʃ. Grows Tis at 55 
per Cent. is = 5— 0—0 


The Difference therefore of Diſcount ang bo In- 2 8 
ne — — ne oY 


Whence it is evident, he who ay: Intereſt for Diſcout 


wrongs himſelf conſiderably, which yet is very common among 
Traders; for ſo much Money ought to be paid as, at Intereſ, 
would amount to the Sum due, in the Time ans 


Ex AMpLE II. 


381. What is the Diſcount of 93421, at 42 per Cent. fora 
Year ? | 


The 
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The Diſcount of 17. for 365 Days, at 
47 per Cent. in the Table, iS, : : 2043062, Oc. " 
Which multiplied by the principal Sum 9342 
The Product is the Anſwer — I. 402, 2852, &c, 
In Money 4021. 5s. 85d. 
and thus proceed for other annual Diſcounts, 


It muſt be acknowledged this Table of Diſcount gives not 
he preciſe Truth, and yet differs but little from it; being ſuffi- 
ently exact for any Uſe. None but a Table of the Diſcount 
or every Day can be perfect; becauſe every Day's Diſcount. 
liffers, being ſtill leſs as the Number of Days increaſe. 

This Table is perfectly true for all the Days expreſſed therein, 
nd, as I ſaid, may be uſed without much Error for any other. 


amnle ! ] The true Diſcount is — 2—1—11 
xample in 


prob. IV. The Diſcount by this Table 2—2— 24 


The Intereſt for the Time and Rate 2 — 3— 0 


% INS TITUDTVONS 
be 4 Ty * 16! 0 f 
* wy B 1. "x33 1 
8 0 F ; - = 
SIMPLE. trina 
"9 
7 TABLE I. C | 
The 2 of one Pound per Diet at any I 
per Cent. from one to ten Pounds, With. - 
and Quarters, - 2 
* 4 
8 x 
Numb. 2 per Cent. I per Cent, 14 per Cent. I per Cent, 14 
- L |: _ ; — — 17 
|. 1 -| ,00002740 | ,00003425 | ,00004110, | , οο, . 
2 | ,00605480 | ,ocoob8o | ,00008220 | ,cooog589 I 
3 | ,o0008220 , 00010274, 0012329 ,00014333 1 
4 | ,00010959 | ,c0013699 | ,00016438 | ,00019178.18 
5 | ,00013698 | ,00017123 | ,00020548 | ,00023972 
6 | ,00016438 | ,00020548 | ,00024657.| ,ocoz87067Þ 
7 | ,ooo19178 | ,00023973 ,00028767 | ,00033562 
. 8 | ,00021918 | ,00027398 | ,00032877 | ,0003835 
9 | ,00024657 | ,00030822 | ,00036986 | ,00043151 
Month. | 200104166 | ,oo125000 ! ,corg;8g73 
Numb. | 2 per Cent. | 21 per Cent. 2% per Cent. | 23 per C. 
— — — — 15 
1 | ,00005480 | ,00006164 | ,0o0006849 »00CO7 538} | 
: 2 | ,00010959 | ,00012329 | ,oo01 3699 , oooi 5065 | 
3 | ,00016438 | ,oco18493 | ,00020547 , oo02 2602 F 
- 4 { 00021918 | ,00024657 4| ,00027397 | ,00030137.0 
5 | ,00027397 | ,00030822 | ,00034246 | ,00937671 
| 6 | ,00032876 ,00036986 | .,00041095 | ,00045208F 
7 | 00038356 | ,00043151 | ,00047945 | ,00052739 
8 | ,00043835 | ,00049315 | ,00054794 | ,o00b0274] 
9 | ,00049315, | ,00055479 | ,00061644 00007908 4 
Month. ,00166666 | ,00187500 | ,00208333 | ,00229 166 


N 
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5 


| 


0H On Ew tt — 


9 
Month. | 


Numb. 3 per Gent. 


,00008220 
,00016438 
2 
,00032877 
,0004 1096 
, 00049315 
90057534 
,00065753 


,00073972 
00250000 


35 perCent. 


,00008904 
,00017 808 
00026712 
„0035616 
ooo445 20 
90053424 
„00062328 
,00071232 
,000801 37 
,002708z3| 


34 Per Cent. 


00009589 
000 19178 
,00028767 
,00038356 
90047945 


00057534 
0067 123 


„000767 12 
,00086301 
co 1666 


34 per Cent. 


ooo 102744 


,00020548 
,00030822 
,0004 1096 
,0005 1363 
,0006 1644 
00071917 
„00082192 
,00092465 


,003125 


>] 
© 008 = r= 8 


T 
* 


. | 4 per Cent. 
000 10959 


00043836 


,00021918 
,00032877 


100054794 
00065753 
,00076712 
,00087671 


,00098630 


44 perCent. 


,00011644 
,0002 3288 
„00034931 
100046575 
,00058219 
,00069863 
,00081507 
00093151 


00104794 
00354180 


4x perCent.|44 perCent.| 


,00013014| 


,00012329 
00024057 
,00036986 
00049315 
,0006 1643 
„00073973 
00086301 
,00098630 
,00110959 
,00375000' 


,00026027 
,0003904 1 


,0005 2055 


,00065 068 
,00078082' 
ooo 1096 
oo 104109 
00117123 


00395833 


03333233 


"S 
- 


Month, 


« |5 per Cent 


[1,00095 890 


,00013698 
100027397 
ooo 1096 
100054794 


,00068493 
,00082192 


,00109589 
,00123288 


54 perCent. 


,00014383 
,00028767 
,00043151 
400057534 
,00071918 
,00086301 
oo 10068 5 
oo 115068 
oo 129452 
00432500 


5x Per Cent. 
ooo 15068 
,00030137 
,00045 205 
,00000274 
» 00075 342 
»0009041 1 
,00105479 
,00120548 
0135616 
100458333 


,004 16666 


54 per Cent. 


00157531 


0003 1507 


00047260 
„000630144 
,00078767] 


0094520 
00 110274 


oo 16027 
00141781 


0479186 


X 


1.51 


Days. 


INSTITUTIONS 


. 


6 per Cent. [61 perCent. [67 C 6 perCent 
1 [-02016438[.000171231.00017808[,00018493 
2 .00032876 .00034246[.00035616[.00036986 
3 ,|[-00049315|.0905 13701.0005 3424[-0005 5479 
4 |.00065753|.00068493j.00071232j-00073972 
5 [.ooo82192f.000856 16|.0008904 1}.00092466 
6 00098630 .00102740[,00106849[.90110959 
7 [.0o115068|.00119863[.00124657 —— 
8 J. 013 150%. 00 136986. 00 142465. 0 147945 
9 . 0147945. 0154 109.00 160274. 00 166438 
Month. |.00500000!,005 20833. oo 541866 .o0g62500| 
Day 7. 11 77 perCent. 
1 J. 00191780. 000 19863. 00054. 
18. .00038356[.00039726|. —— 
3 . 000575 34. 0059589. a 
4 . 00767 12. 0079452 2104 
5 . 00095890[.000993151.00102739]. 
6 [.00115068|,00119178|.00123288]. 
7 4-00134246[.0013904 10. 0 143830 
8 [.00153425 0158904 00 164384. 
9 J. 001726030. 00178767. 00 184932 
Montb. I. ooꝶ 833 331-00604 16. 0625000. 
Days. [F per Tee,. perCent. 
1 |.00021918|.00022603 
2 [-000438351-00045205|. 
3 — oo067 808. 
4 J. 008767 1. ooo oA 
5 [-00109589{.001 13678 oo 116438 — 4 
6 l. 0131507. 0 1356 16.00 1397260. 00 143835 
7 J. 0183425. 01582 190. 00 16301 30. 0 167808 
8 J. oo175 342. 0 1808220. 0 18630 10. 00191781 
9 J. o 1972600. 00203424. oo 095 89. 002 15753 
. | 00466666|.00687500|.00708333[.00729140 


1 os 
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9 per Cent. 


024657 
00049315 
80073972 
ooo 98630 
00123287 
01479457 
oo 172002 
oo 197260 
0221918 


94 per Cent. 


80025342 
,00050684 
.00076027 
.00101370 
.00126712 
00152055 
0177397 
00202739 
. 00228082 


00026028 
«00052055 
+0007 8082 


.00104109].001068 


.00130137 
.00156164 
.co182192| 
,o0208219 
002342 


2 


000267 12 
0005 2424 N 
0080137 


001335 
oo 16027 
001 86986 
0213699 


02404 10 


= 
De 


| .00750000|.00770833 079 1866. 08 12500 


bd 00060 00 0 0 d0u 0b 


TABLE I. 


3. The Intereſt of one Pound per Annum, at any 
Rate per Cent. from one to ten Pounds, with 
Halves and Quarters. 


Numb.) 1 per Cent. I per Gent. | 14 per Cent. | 14 per Cent. 


— ——yv — 


3 THUS = gow 


1 lb 


0.01000000[0.01250000 0.01500000] . 


0.02000000 
0.03000000 
0.040CO0000 
0.050095C00 
0,0600Cc000 
0.07 000000 


0.0800000c{0. 10000000 
o. ogoooooo 


o. oa 500000 
woort eie 

.0500C009 
0.06250000 
0.07500000 
2.08750000 


o. 11250000 


0.03000009]0. 
0.04500000[0. 


©.0600000010 


0,07500000[0. 
o. ogoooocoſo. 
0.10500000[0. 
0.12000000[0, 
0.13500000[0. 
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Numb.) 2 per Cent. | 24 per Cent.\2% per Cent. 24 per Cent, 
— — — ——ů— 

1 [0.02000co0[0.02250000[3,025000c0[0.02750000 

2 |0.04000000[0,04500000[0.05000000[0.0; 500c00 

| 3 0,.06000000[0.067500c0{/0.07500000|0.08250000 
| 4 [9o.08000coo[0.09000000[0.100C0000[0.1 1000000 
5 [0.10000000J0.11250Cco00.12590000;0.137Foco 

6 [0.120000000.135c0900[0.15000000[0. 165c0c00 

7 [|9.14c00000[0.15750000[0.17500000[0.1925c000 

8 [0.1600ccoo[o.1800co00[0. 20000000[0, 2200c000 

9 [9.1800co00[0,2025c000'0.22500000]0. 24750000 


Numb,) 3 per Cent. 34 per Cent. 34 per Cent. | 33 per Cent. 

— 
0.03000000[0.03250000[0.03500000[0.037 50000 
10.060500c0[0.065 00000[0.07000000[0.07500000 
0.09000c00[0.09750000/0.1050C000[0. 11 25C000 
o. i 2000000[0, i 3000000[0. i 4000000[0.1 500C000 
o. 15000020[0.16250000[0.175Q0000][0. 18750000 
o. 1800000010. 19500000[0.21000000[0.22 500000 
©.210000c0[0.22750000[0,. 245000000. 262 5 
0.24000000[0. 26000000[0. 2800000010. 30000000 
0.27000000[0. 29000000[0.31500c00|0.3 37 50000| 


oO Ow Ownaeauw NN —- 


_—_— 


| 4 per Cent. 42 per Cent. 44 per Cent. 44 per Cent: 

— — —¼ — | 
0.0400C0Cc0[0.04250c00[0.0450002010.047 50000 
0.08co000c[0.08500000[0.090c0200{[2.0950- 000 
o. i 2000CO0|[0, 127 5CC00[0.135000C0]I", 1425 0000 
o. 16C0000C|0, 17000002[C. i 8o00000|[c., 1900000 
o. 20000C00[0.21 250000[0,225000CO|C. 2375C0Cc0 
o. 2400000C[0.25 5O0OOC[0. 27 000000[0. 2 85 COOOO 
o. 2 86020000[0. 297 50000{0. 31 50000010. 33250000 
0.3 2000000[0. 34000000[0. 3L.000000[0. 3 80c 0000 


Ls 0058 Own þÞ es = | 


0.36000000[0.38250cco[0.40; o. 427 5 0000] 
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4 


Years. 


\O Sw 'Oown þÞ UW a » 


10.20000C00 
19.25000000 


5 per Cent. 


0.05COCOOC 
O. IC000000} 
O.15COOOCO 


0. 30000000 
o. 35 œο o 
0.40000000 
0.45000900 


54 Per Cent, 


0.05 25000010.05 500000 
o. 10500C00; 


0.15750009 
2.2 1005000 
0.26250000 
9.31500000 
0.36750000 
o. 42000000 


51 per Cent. 
o. 1 1000000 


0.16500000 
o. z 2000000 


54 per Cent. 


0.05 750000 
©. 1 1500000 
o. 1725000 


o. z7 oo 
o. 3 3000000 
o. 38 0 
0.44000000 


0.47 250000 o. 49500005 


o. 287 5 
o. 34500000 
O. 4025 0000 
0-46000000 


0.51 750000 


©. 23000000] 


155 
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Gere N i» 


Years. 


E per Cent. 


0.06000000 
o. i 2000000 
o. i dooocoo 
o. 24000000 
o. 30000900 
o. 360000 
o. 42000 0 
0.48000000 
o. 40009000 


6+ per Cent. 64 per Cent. 


0.06250000[0.06500005 
0.12500009[0. 1 30000009 
þ-1875099 ©.19500000 
0.25000300[0. 26000000 
0.31250020[0, 32500000 
0.37500000[0. 39000000 
0.43750000[0.45 500000 
/0.50000000[0.5 2000000 
o. 5629000 0.58500000 


64 per Cent. 


0.06750000 
o. 3500000 
0.20250000 
o. 27000000 
o. 33750 


o. 405 5000 


0.472500 
—— 


0.60750000] . 


# 


Years, 


7 per Cent. 


o. ooo οοο 
©.14000000 
o. 21000000 
2.28002000 
o. 35000000 
o. 42000000 
0.49000000 
0.56000000 


bh &&y9< Ow w H - | 


0.63000000 


1 


74 per Cent. 74 per Cent. 


0.07250000[0.07500000] 
o. 14500000[0..1 5000000 
0.21750000[0.22: 00000 
o. 29000000[0. 30000000 
0.360250000{0.37500000 
0.43500000[0.45000000 
0.30750000[0.5 2500000 
0.5 £000000{0.60000000 
o. 65 250000[0.07500000 


73 per Cent. 


0.077 50000 
o. 1 5 500000 
o. 23250000 


0.46500000 
0.54250000; 
0.02000000 


0.3 1000000] 
0.38750000| 


0.69750000 


Years. 
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Years. | 8 per Gent. |8% per Cent. 8 per Cent. |83 per Cent. 
Pj .0:000000[0.08250000[0.08500000[0.087 50000 
2 [0.16000000{0. 16500000{0. 17000000, 0. 1750000] 
3 10.24000000 0.24750000/0.25 500000 o. 26250000 
| 4 |o — 35000000 o. 34000000[0. 35 
5 j0.40000000|[0.41250000|0 425 cooo0[0.43750000| 
| 6 [0.48000000[0.49500000{[0.5 1 000200{0.5 2500200 
7 [0.56000000{[0.577c0000[0.59500000/0.61250200 
8 [0.064000000|0.66p00000|0.65000000[0.70000000 
1 9 0.72000000[0. 74250000 ©.”76c00000[9. 78750000 
Years. | 9 per Cent. q per Cent. qt per Cent. | 94 per Cent. 
1 [2.09000500[9.0925000c[0,0950c0-0[9.09750900 
2 |0.1:0000006[0.18500000[0. 1y0000009]0. 19500000] 
| 3 ſo. ꝛ 7000000 o. 2775 o. 28500000190. 29250000] 
4 ſo. 36000990[0.37000000[0.380-0090[0. 39000900] 
5 o. 45 oho. 462 50000 fo. 47 fo. 457 0000], 
6 [9.54000000[9.55500000[0.5 700000010. 58500900| 
7 [2.63000000[0.64750c00[0.66;5p00co0[0.68250c00[ 
8 [0,72000000[0.7409c000[0.76000000[0.7000000|| 
9 0.810000-0[0.83250000 0.85 500200910. $7 75000] 
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TABLE III. 
Of SIMPLE INTEREST. 


384. The Rebate, or Diſcount of one Pound for Days, at 
the Rates of 2, 25, 3, 34, 4, 475 5» 6, per Cent. 


per Annum. 
| Days.| 2 per Cent. 21 per Cent.] 3 per Cent. 34 Per Cent. 
he | .co00548 | .oooob85 | .cooo8z2 | .coooggy * 
2. 0001096 | .0001370 3 001917 
Fe. ,.0001644 | .0002054 | 0002465 . 0002876 '| 
4 | .co02191 | .0002739 | .0003287 | 0003834 | 
5 | -0202739 | .0003424 | 0004108 | — 
— , . 
| 6 | .0003287 ] .co04108 | .0004929 | .ooog75o | 
| 7 | -0003834 | .0004792 | .0005750 708. 
8 | .0004382 | ,0005477 | 0006571 7 4 
9 | "0004929 | .ooo6161 | o007 392. 008623 [| 
10 | .6005477 | .co05845 | .coo8212 | .0o0g580 * 
— — 1 —— 1 ̃ — —] 
20 . 0010947 . 001 3680 [. 0016411 [001914 
30 . 016411 | ,0020506 | 0024597 f. 0028688 
| 40 0021870 f. 027322. 0032769 . 0038210 
0 | .0034139 | -0040928 | . 047716 
.0932769 | .0040928 0049073 | -2057205 | 
. — Wl 
70 . 0038210 [. 0047716 | .0057205 | 066676 
0043644 0054496. 0065 324. 0076128 | 
.0049073 | .0051266 | .0073429 . 085563 
054495. 06980 . 081522. 094980 
— 0074779 — — 
.0065 324 | .oo81522 | .0097667 | .0113760 
0070729 | .oo88255, | .0105720 | .0123123 þ 
.0076128 | .0094980 | .0113760 | ,0132468 | 
.oo81522 | .oto16gg | .0121786 | .0141796 | 
.oo86909 | .o108401 | .0129780 ]. 015 1106 
— — t 
.0092291 | -0115098 | .o0137801 | .0160399 | 
.0097667 | 0121786 | .0145788 | .0169674 | 
.0103037 | .o128465 [0183763078932 
0408401 |..0135135 [0161725018872 
0113759 | .0141796 0169674 | | | 0197395 | 


TAN 


—̃ —¶—̃— EI — — — — 
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TABLE III. 


The Diſcount of one Pound for Days: 5 


Days. 4 per Cent. 4+ per Cent. y per Cent.] 6 per Cent. | 
1 1 13 
| I FC? 0001233. 0001 370 0001644 ; 

2 | .oooz191 | 0902465 . 002739 | .0003287 | 
3 | -0903237 | .0003697 | .0004108 . 0924929 
4 |-.0004332 | .0:04929 | .0025477 | .0005571 | 
5 | .0005477 | .0005161 | .coo5845 | .coo3212 | 
6 | .ooobg71 | ,0907392 . 08212 .ocog8;3 | 
7 | 007665 | .oo08623 | .ooogg80 -0011494 | 
8 | .oo08759 | .ooog853 | 0010947 .co13133 | 

| © | .co09853 0011084 0012314 00147734 

100010947 | .o012314 | .0013680 . 0016411 | 
20 | .0021870 f. 024597. 0027322032769 * 
30 . 032769 . oo36850 | .0040928 | ,0049073 E 
40 | -0043644 | .0049073 | .0054496 | .oob5 324 | 
50 | .0054496 | .0261266 . 058027 [. 0081522 | 
60 | .0065234 | .0073429-! .oo81522 | .0097667 

| 70 | .co76128 | .oo85563 | .co94980 [. 0113760 | _ 

| 80 | .oo86509 | .0097667 | .0108401 | .o129780 |. 
go . 097667. 109741 | .0121786 2137727 

100 . 108401 . 0121786. 0135135 [0161728 
110.0119112. 0133802. 0148448 [0177610 | 

120 | .o1298co | .0145788 | .o161725 | .0193444 | 

130 | .0140465 | .0157746 | -0174966 .0209228 
| 140 015 1006 . 0169674018872. 0224960 

150 | 0161725 0181574 0201342 0240642 
| 160 | .o172321 | 0193444 .0214477 | .0256273 

170 | .0182894 | .0205286 | .0227577 | .0271855 | 

180 | 0193444 | .0217100 . 2406420287387 

190 | .0203972 | .0228885 | .0253672 | .0302869 | 

200 | .0214477 | .0240542 | .0266667 | .0318302 

210.0224060 | 0252370 | .0279627 


hs, tit. Mt et es 


0333686 | 


Ta 
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The Diſcount of one Pound for Days. 


| 2 per Cent. 


0119112 


0124459 
0129800 


0135135 


0140465 


0145788 


0151106 


2 56418 
16172 
276785 


017232ʃ 


0177610 
i 82894 
0188172 


0193444 


— ——— — 


193971 


0194498 


0195025 


0195552 
50198078 


2+ per Cent. 
0148448 
015509 
0161725 


perry > | 


0174966 


879% 
0188172 


0194762 
10201342 


0207914 


0214477 
0221031 
0227577 
0234114 
0240642 


0241294 
0241946 
0242598 
0243251 
.0243902 


I 


3 per Cent, 135 per Cent. 


0177610 


185534 


0193444 
0201342 


0209227 


oa17100 
0224960 
0232807 
0240642 


0248464 


0256273 
0264070 
0271855 
0279627 
0287387 


0288162 


0288937 
0289712 


290487 


0291262 


| 


0206601 


0215789 
«0224959 
0234114 
0243251 


252370 
0267473 


0270558. 
0279627 
0288679 


297714 
0305732 
0315734 
0324718 
* 


0334582 
0335478 
335374 
0337269 
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TABLE III. 
The Diſcount of one Pound for Days. 


220 
230 
240 
250 
260 


270 
280 
290 
300 
310 


320 
330 
340 
350 
360 
361 
362 
363 
304 
[_395 


"Kio 


| 4 fer Cents. 


.0235420 
0245858 
0256273 
0266667 
0277038 


0287387 
0297714 
308019 
0318302 
0328564 


0338804 
0349022 
0359218 
369393 
0379547 


0380561 
0381575 
0382588 
0383602 
0384615 


4+ per Cent, 


02640; & 


0275/43 
.0287387 
0299003 
03 10592 


.03 33686 
-0345192 
0356671 
0368122 


0379547 
0390444 
0402314 
0413657 


0424974 


0426104 
0427234 
0428364 
0429493 
0430522 


5 per Cent. 


292553 
305445 

0318302 
0331126 
343915 
0322153. 0356671 
369393 
0382082 
0394737 
0407352 


0419948 
432503 
04450 
0457516 
469974 
0471218 
0472462 
0473705 
0474948 
0476191 


6 per Cent. 


0349022 


0379547 
0394737 
49879 


0424974 
0440021 


45 5. 


469974 
0484880 


-0499740 
0514553 


05 29320 


05 44041 
0358717 


0560182 
0561647 


0563111 


0564575 
0568638 


0364309 


— 
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CHAP. XIX. 


Of CoMPounD INTEREST, ANNUITIES, Gc. 


5. Spares Intereſt is that which ariſes from any Princi- 
pal and its Intereſt put together, as the Intereſt ſo be- 

mes due, ſo that at every Payment, or at the Time when the 
ments became due, there is created a new Principal; and 
r that Reaſon it is called Intereſt upon Intereſt, or Compound 
tereſt, As for Example: Suppoſe 1007. were lent out for 
o Years at 6/. per Cent. per Ann. Compound Intereſt ; then 
the End of the firſt Year it will only amount to 106/. as in 
mple Intereſt; but for the ſecond Year this 106. becomes 
incipal, which will amount to 112/. 7s. 254. at the ſecond 
ears End, whereas by Simple Intereſt would have amounted 
but 1121. And though it be not lawful to let out Money at 
ompound Intereſt, yet in purchaſing of Annuities or Penſions, 
. and taking Leaſes in Reverſion, it is very uſual to allow 
ompound Intereſt to the Purchaſer for his ready n and 
crefore it is requiſite to underſtand it. 

386. Now in order to raiſe the Theorems for Com In- 
reſt, we muſt conſider that the Amount of 1. and its Inte- 
{t, for one Year, is here called the Ratio, and is found by the 
lowing Proportion for any Rate of Intereſt. Thus, 


4g $100: 105 :: 1: 1, 5 R, at 5 per Cent. 
100: 106: : 1: 1,6 = R, at 6 per Cent, &c. 


337. But as one Pound is to the Amount of one Pound at 
e Vear's End, ſo is that Amount to the Amount of one 
dund at two Years End; and fo on continually. 

That is, 1:R::R:R::RR:RRR::R* :R* ::R* 5; 
e. 


3 —= Years. 
gk Ra. R. R#4, 1 the Amount of 14. at any 
Rate. | | 


* 388. Hence 
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388. Hence 'tis evident the Amount proceeds in a geomet 
cal Proportion, wherein the Time (t) or Number of . 
is always to or the ſame with the Index of the Power of 
laſt and higheſt Term of the Series, viz. R* or R-; fo 
Compound Intereſt the Letters denote as below. 


P = the Principal put to Intereſt. 
t = the Time of its Continuance. 
A = the Amount of the Principal and Intereſt. 


R = the Amount of 1/. and its Intereſt for one Year, * 
any given Rate, which may be thus found. 

389. Now as one Pound is to the Amount of one Pound! v 
any given Time,, (t) ſo is any * Principal or Sum toi. 
Amount for the ſame Time. ? 

"That is, As 1; :: P:. 

But P R = A, the general Theorem. 

From this Theorem any three of the four Quantities P, R, , 
being given, the other may be found. But becauſe # in all th: The 
Caſes is the Index, or denotes the Power to which the Qπ Mu 
tity R muſt be raiſed, and is in itſelf uſually large, it plaih 
appears that in the Solution of this Sort of Queſtions, there wii Th 
be great Labour required, if we proceed in the common a To 
braic Way of extracting of Roots, or raiſing of Powers, wid, 
therefore we ſhall here decline, and ſhew how this may be d The 
very eaſily by Logarithms, and alſo by Tables ready compute. . 
for ſhewing the Value of R* for any Number of Days de, 
Years, and at any of the uſual Rates of Intereſt ; And. fit. The 
Logarithms, 

390. From the Theorem P Re = A, we have Rr = : 
which muſt now be expreſſed logarithmically ; thus, R- con 
L. R, (here L denotes the Logarithm of the Quantity to wha and 


it is prefixed. See 134, 141.) and 8 L. A- IL. P; and 


XL. Rg L. A - L. P; whence we have the follow. 
Theorems. 


.I 
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XL. RT L. P L. A, Theorem I. 
L. At Xx L. RSL. P, Theorem II. 


— = L. R, Theorem III. 


L. AL. P 
L. R 


391 We ſhall illuſtrate theſe Theorems by the following 


Examples. 


220 Theorem IV. 


QUESTION I. 


What will 275“. 155. amount to in three Years and an half, 
at 45 per Cent. per Ann. Compound Intereſt? 


P = 275,75, the Principal. 
—1 R = 1,045, the Rate of Intereſt. 


t = 3,5, the Time. 
To find A, the Amount, per Theor. I. 


The Logarithm of the Rate. R = 1 = , 019116 
Multiply by the. Time = = = * . * = — 3·5 


The Product is the Lenin of R = — 066906 
To which add the * of P= 275,75 = = 2440515 


_ 4.4 —_ —_ „ — 


The Sum is the L of PR'=LA= 321,68 = = 2,507421 | 


do the Amount ſought is 321/. 136. 7d. which is more than 
the Amount by Simple Intereſt by 24, 19s. as may. be found in 
Theorem I. Article 270. 


QuesTiown I. 


392. What Principal or Sum being put to Uſe at 4 per Cent. 
Compound Intereſt, will amount to 3214. 1 3s. 74. in three Years 
and an half? | 


P = 321,68, the Principal. 

185 = 19045 the Rates of Intereſt. 
= 3,5, the Time. 

To find A, the Amount, per Theor, II. 


From 
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From the Logarithm of ... . A = 321,68 = 2, 50421 
Subduct the Logarithm of . . R* = 1,1665'= 0,066906 


1 A 5 
The Differ. is the Log. of R = L. P 275,75 = 2, 440513 
Therefore the Principal fought is 275“. 155. : 


 QuesT1oN III. 


393. At what Rate per Cent. &c. Compound Intereſt, wil 


275. 155. raiſe a Stock, or amount to 321. 13s. 7d. in three 
Years and an Half ? 


P = 321,68. 
Here AR = 275575 


Aa 
To find A, the Amount, per Theor. III. 


From the Logarithm of . . Ag 321,68 2, 50742 
Subtract the Logarithm of.. ÞP = 275,75 = 2,440515 


The Difference is the Logarithm of R. 0,066906 
Which divide by the-4 ime Þ.' - << . + \8'== "6 


The Quotient is the Logarithm of R 1,045 = 0,019116 
Then as 1 : 0,045 : : 100: 4,5 = 41. per Cent. the Rate re- 
QuzsT10N IV. 


394. In what Time will 275“. 155. raiſe a Stock of 3211, 
13s. 74. at the Rate of 4.21. per Cent. Compound Intereſt? 


| P 275,75. 
Here R — 321,68. 
22 1,045. 
To find A, the Amount, per Theor. IV. 
From the Logarithm of A= 321,68 = 2, 50/1 
Subduct the Logarithm of , . P = 275,75 = 24440573 


The Difference is the Logarith. of R* = 1,045* = 0,066g0b 


The 
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Then the Logar. of 1,045 = 0,019116 ) 0,066906 ( 3,5 2 
57348 


95580 
95580 


Thus the Anſwer is three Years and fix Months. 


Note, As the Amount of any Sum and its Intereſt is great; 
er at Compound Intereſt than at Simple Intereſt, for any Time 
above a Year, ſo it is leſs at Compound than at Simple Intereſt 
for any Time leſs than a Year, as the Learner may eaſily prove 
by the Theorems before going. 

395. From the above Examples it appears how expeditiouſly 
Queſtions of Compound Intereſt are ſolved by Logarithms; but 
as few People concerned in this Aﬀair underſtand this uſeful 
Method of Computation, we ſhall next exhibit a Set of Ta- 
bles, wherein the Value of Re is expreſſed for any Time, or 
Rate of Intereſt it can be required, and then the whole Buſi- 
neſs of Compound Intereſt is done by Multiplication and Divi- 
lion only. | Ro 

396. The firſt Table expreſſes Re for Days, and is made 
from the general Theorem P R*= A; thus, Put Þ = 11. then 
will the Theorem be R* = A: Suppoſe R= 1,05/. for one 
Year, or 365 Days, then we have R**5 = A = Amount for 
one Day. This 365th Root of R may be extracted algebrai- 
cally, or be found by a large Table of Logarithms, near enough 
for Uſe: And if R = 1,05/. then 1, 55 — 1,0003368/. 
= the Amount of 1/. for one Day, at the Rate of 5 per Cent. 
Compound Intereſt, Fi 

307. Then ſay: As 1 : 1,00013368 : : 1, 0013368: 


1,00026738 = the Amount of 1/. for two Days, and fo on; 
or thus, | 


If R. = 1,00013368 = Amount of 11. for 1 Day. 
Multiply by R = 1,00013368 | « 


The Product . R = 1, 00267 38 = Amount for two Days. 
Multiply again by R = 1,0001 3368 | 


— —_—_ 


The Product is R. = 150040110 — Amount for three Days. 
And 
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And thus the Amounts for the Days, at the ſeveral Rates d 
Intereſt in the firſt Table, are found. 

398. In the ſame 4 ee is the ſecond Table conſtructed for 
Years; for if R. = A = 1,05/. then ſay as before 1: 105 
: 1,05 22 — = Amount of 11. at the End of the 
ſecond Year; then 1,1025 X 1,05 = 1,157625 = R® = {A 
mount of 17. at the End of the third Year; and thus you pro 
ceed for the Amounts at the End of every other Year in th 
Table. 

399. Now the Uſe of theſe Tables is extremely eaſy ; for 
let N be put for any Number in the Table; that is, let Rt = 
N, then the Theorem P R* = A, will be PN — A; whenc 
we have P Ni and fo the Amewnt of any Principal is bs 

by multiplying the ſaid Principal by the tabular Number far th 
given Rate and Time ; and the Amount divided by the ſaid Nuns 
ber gives the Principal. 


EXAMPLE, 


400. What will 2460. amount to in 30 Days, or Year 
at 5 Per Centum? 


Tabs againſt 30 Days,. under 5 per _ 1,00401h 
Which multiplied by the Principal. , , . 26 


The Product is the Amount required, vir. . 247,0684] 


In Table II. WY 30 Yee, and 5 per Cont is 45321942 
Which multiplied by the Principal ... . . . 240 


II 
— 


Gives the Amount for that Time, viz. . 1063,1978, % & 


401. By the Reverſe the Principal is found bor any given 
Amount, which needs no Example. If it happens that the 
Amount be required for any Number of Days or Years that ar 
not in the Tables, then obſerve this 


: ROE 
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2 U LE: 
Divide the given Nuinber of Days, or Years, into two ſuch 
Numbers as are in the Table, then multiply the Amounts per- 


tiining to each, into each other, the —_— will be the A- 
mount for the Time required, 


EXAMPLE 1. 


What will 52 3l. amount to, in 194 Days, at 5 per Cent. per 
Annum ? 
The two Parts of this Number in the Table are 190 and 43 


therefore, 


In Table I. againſt 190 Days, under 5 per 7h is e 
And againſt 4 Days, at the ſame Rate, is 1. 0005348 


"167 


The Product is the — of 1 I +2 en 
Days, viz. = 9 I,.0262714 


Which multiply by the "mild "XY ix. 523 


** 8 _ 7 


This Product is the Anfwver - -<- . 536. 7399840 
In Money, 536“. 14s. 944. 


EXAMPLE I. 
What is the Amount of 1 fol. in 91 Years, at 5 per Cent? 
In Table II. againſt 50 Years, under 5 fer Cent. is 11.4674000 
And againſt 41 Years, at 5 fer Cad. is is = = 7.3919981 


The Product is the Amount of ul r Years? 84.7668833 


viz. - 

Which multiply * the principal Sum, l. - 150 

The Product is the Anfwver - <- = DL 12715.032495 
In Money, 12715“. os. 734. 


_ EXAMPLE III. 


What will 524/. amount to in 5 Years and 194 Days, at 
Jer Cent? 


Z : In 
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In Table II. againſt 5 Years, at 5 fer Cent. is 1.276281 
And the Amount of 1/. in 194 Days, as above, is 1.026211, 


The product i is the Amount of 8 in 5 Years 
and 194 Days + = 5 1 309815 


Which maple by the ated "= mg 


The Product is the Anſwer, uin. 0. 685. 031300 
In Money, 685“. os. 72d. Z 


N. B. The Reaſon of this Rule is, that the Numbers 
Days and Years are in arithmetical Progreſſion, and the corre. 
pondent Numbers in the Tables are in geometrical Progrefficn, 
( (396, 97.) and therefore to the Addition or Sum of any tw 
of the 1 ormer, there anſwers a n or a Produs d 
the latter. (See 132.) 


TABLES 


Annum. 


f AL OEB RA. 


TABLE. 1. 


| 


[1.0c03798 
[1.000434 11 


11.0076244 


2 fer Ce nt, 
1.00005 42 


1.c65108; 
1.0001627 
1,0002 170] 
I -00027 13] 


. 00325 5 


1. 004884 
ur ert 
oor0856 
1 0016289 
1.002 1725 
1.027163 
I 09320051 
nn 


1. 0038049 
1. 0043497 


1.0048947 
1.0054401 


1.0059857] 


1,0065 316 
1.0070779| 


1.081712 


1.0087 183 


21 


ren 


'1,.0000676| 


[10027097 | 
F.o0g 3882/1.004 


1.895161 


wha 


1. 0001353 
1.000 202 

1:0002706 
1.003383 


1.004059 
1.0004736 
1.0005412 
1.0006090 
1.0006767] 


— — — — 


I 001353901 


1.20315 


1 
. ob 
004 73] 


t.0047468] of 
I 6064267 - 


I .006 1571] 


1.006780] 


1.0074693 


1,0081511 
1.00883 34 


1.0101993 
1. 0108829 


4 


2g 


TABLES of Comround IxTEREST. 


© 
1 * 


e Amount F one Pound for Days, at the Rates 
of 2, 27, 35 3% 4, 465 5, en Cent. per 


——ꝛ 
Ie 


1 o006809| 
1.001619 
1. 0002429 
1.0003 240 
1.0004050 


1. 004860 
1,0005670 
1.00064 801 
1,0007291 
1.0008101 


— — | 


oo 16209 
10024324 
[30032445 


gseh 


1.0089479 


— ———ů—ů —ñxꝛů 


1. 0097653 
1.0 105834 
121122. 
10122215 


— 
1 of . 
= f * 
2 1 
* * nr 


I, 2 
1,090 1885 
I .0002827] 
1:0003770 
1. 00047 13 


—— — — 


1 0005656] 


1.006600 


74 


1. 56710 


10132825 


t. ooo 
1. coo8486 


1. ooo 9429 


1. 0 18867 
1.00283 15 


1.037771 
10047236 


2— 


— 


ö 0066 193 
1.075685 
1.0085 186 
1. 0094696 
10104214 


— — — 


1.0 1137420 
10123279 


» x _— 


1.0142379 


1.015 1943 


20 


1.130415 


TABLE 
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The Amount of one Pound, Compound-Intereſ. 


INSTITUTIONS 


TAB 1 E. 1. e 


Days. 4 fer Cent. 

1 [1.0001074[1 0001206 
1 1. 0002 149 1. 0002412 
3 f. 000322401. 0 18] 

4 . |1-0004299}1., 82411. 
„ 5 - j1-000537411-20000Z111.0 
— ramen rn ata 
5 06449 I, -X07238, 
2 looo 5241 0008445] 1 

1 8 A [1.000860011,000905z/ 
9 111.0009675. 0010859 
40 P- 
20 1.0021513/1. 0024148 

30 [1.003228811,0036243 


4x perCent. 


5 per Cent. 


1.001330 
1.000267 3T. 


I — r. o0045 90. 
2 4811. 0006380 
685. 007985 


{ 
4 


2 1. 095 83 
2 13-001 1181 
1,00 00991 1.001277 


1.001 2037þ1 m_ 


1-0013376|L. 
LS 
I Dee 003197 
L,00401 82 


40 I- . gs35 1. 053611 1,00 

| 90 11-005 387101. 060479 911 .oob70gg|1 —_—_— 

|, . 60 {:.0064620 72813 25 1.96244 
8 70 1.997 501 1.c084773[1 1,0094009[1. 0112375 
80 1. 00863331. 00969421. 01075 1101.0128531 
90 LOOg71721L0109L25{LO12103LML014471 
100 [1,0108033|4,01213241.0134569|t.016cg21 
110 J1.01189001.0133537-0148 1251.017755 

— — 3 0 Ver 

| 120 JI. 012977901. 0145765(1.016169 911.0193415 
130 1. 01406701. 01 58007 2 1. 209701 
140 fl. 01815 ½¹. 1 065ʃ¹ 022601314 
180 1.0162487/1.0182 ls. »02025311n-0242351 
160 [1,017341211,0194824|1 0258715 


1.021617 


— — — 


A Li 
—— r — 


— 
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TABLE I. 
The Amount of one' Pound, Compaund«Interef.” 


ö 
| 


| 


„„ — ——— —— 


2 fer Cent. 2.007” 


1 .oog2658[1. 
- [t.0298135 
bee 
1.0109098} rc 
— . — 
l- 9 | t. 
1.01200 
1.01 157 01 45 
1.0131 1.010 
r a fog 1. 02045 | 
t.0142059 110177445] I 5 a 
. a +. «4 4 
1.475631. 9184336 — Shona ; 
t.015307c}r.o191228[r.5229342(1.0267412] 
1.1585 80f. 619812501. 0237 3507 68778500 
1.0164093|t. d45562d 1. 0245924/T. 8286786 
1 2 0211932 1.254225 1 8296486 
—— — ——ů— : 
t.Cx175T27f1; 1. 306195. 
9 . 
[7.03 4256410 
1.019170 r. 9 1.933537 78]. 
— ECD 4959911029509 I 034512 01457290 
1.0197786 1.0247226 05206664 76376598 iy 
(-0198340]1.624791g1 t,029749711-0347073| 
. 5188723 . 024 3 I 0298331 f. o 480494 
i 978888 102493061. 9728555 7. 6349024 
1. oa Doooo[r.02500 r. o 50000 


17 


4 


INSTITUTION 8 


The Amount of one Pound, Compound-Interef, 


LY 


hs 


Days. 
1170 
180 
190 
200 


„ r. 239215 
1.0 250233 
- 110261243 
DT - 13-Q272275 

1. 283319 


o [1.030 
1. 0311 
[1.0327 . 


In 
* 1,0349832| 
1 1,03 


| 1,0372099| 
11 0383256 


| — — 
61 539553084779 
12 


*— 


1.01843 30 
1.0195 299 
1.0 206261 
10217233 
10228218] 


ee 


15795273 


a 


1.03 3871 


4 per Cent. 


1.0207 1261.0229843 


1.02 19442 1.0243527/1. 


1.0231774]l. 025722801. 


1. 024412001. 02709491. 


I 22564 


1 Ne 


1.0281 24901 
10293655 
1.306076 
I l 
1.330963 
311.0343429 
4 0355918 
1.036840 
I, 0373927 
1, 9393444] 
911 94580770 
1.0418 54211 
1.0431114 
1,0443799 


11.039 
[1.039 882 


bo! 


5 


1.447479 
1.0448739 


I, 2 


102846871. 


1029844401. 


0312219 
10326013 
1.0339825 
1.0353656 


1,0367505 
1,0381373 
1,0395259 
1.0409164| 
l 0423087 


— 
1.04 040 


ange 


1.047896 3411 
1,0492984|1, 


1,0494387] 1, 


10495790} 
1.04971 93 


5 


10457135 


1.039057 
1.040717 
l e 


1.0440454 


1.047 3842 
1.049057 
1. 0907 336 


1.052412 


1.089492 
1.059651 


1.04985 96 


1.059 
It. og o e I TR, 100 


% AL G E BR A. 


Of Courouxp INT ERESTJ . 
| e . eee 


Amount of one Pound for Years, at the Rates 
of 2, 22, 3, 34» 4» 45 5, and 6, per Cent. 
per Annum. | 


— 


O oe & 


23 
24 
25 


2 per Cent.|24 per. 
1.02000095[1,025OcoO0 
1.0404000|1.0506250 
1.061 2080[1.0768906 


1 


725 


10824321 
1. 1040808 
1. 1261624 
1. 1486856 
1.1716593 
11950925 
12189944 


12433743 
1.268247 


1. 2936066 
13194787 


11.345 8683 


1.3727857 
14002414 
14282462 
14568111 


14859474 
1.5 156663 


1. 5768992 
16084372 


1.559658 


1. 1038128 
1. 1314082 


— k ͤ—•— 


1. 1596934 
1.188687 
1. 2184029 
1.248862 
1. 2800845 


8 


1.31 20866 
1.3448888 
1.3785110 
1.4129738 
1.4482981 


1.4845056 
t.5216182 


1.598650 
1.638664 


1.721571 
1. 7848708 


1.67958 87. 8602945 


3 per Cent. 31 per Cent. 


1.0302000[1.03500c0 
1.o0609000[1.0712250 
1.0327270j11.1087178 
I.1255088[1.1475230 
1. 159274001. 1876863 


— : — — — 


1.19485 23|1.2292553 
1,2298733[1.2722792 
1. 2667701. 3168098 
1. 30 77311.3628973 
13439163 1.405987 


244288606765 
1.42576081.5 11068 

1.4685 337 1.839855 
1.5125897]1.6186945 
1.6753488 


1.557974 
1. 6047064 
16528476 
1. 7024330 


1. 7535060 
1. 8061112 


— — 


1. 7339860 
2575855 
1.85 74892 
19225013 


20594314 
2.131115 
2.2061144 


1.9161034 
1.973565 


1.8087259]2.0327941[2.2833284 


1.5459790 
| 


1.6406059 


1.8539441\2.093777912-3632449 


— 1 


1. 9897888 


K 


—— 


TABLE 
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TABLE If 
1 0 


The kr Jour of one Pound, 2 


144. perCent.|5 per Cent (6 per C 


1.0400009[[ .045000C| i .0500c0:|1,0600907% 
1.0/16-00[1.0920250[I.102505<[1.123600c' 
1.12486 0.141166 661111576250) 119 0150 
1.16985 86 l, —8 2155063 . 
1.21665 291.2561819. 47080267 . 
— — ö 
1.2653 190 1. 30226011. 34 0% 
1.319318 1.360861 14071064 
1.368691 1.477457 
11.423318 22 5513282. 
1. 48024431. 5 5 29694 5268965 1. 700847 
11.5 394541U1.62285 30 17103393 1.89829 80 
1 12 [.Co1032211.695881411.7958503 2.01 2296; 
13 [r,665073;[1.772196t[1.8156491]241329283 
41.7316764[3.85 1944997993 16 1 2009099 
1. 8009435 1.9352824 z. 078928202. 
| — — 
1.872981 22.022 37010 ·. 18287400. 54025 1) 
1. 9479005 fz. 1133768 z. 2920183 z. 6927728 
2.02 5 81065 K. 20847872. 40661922. 8543392 
2. 10684922. 3078603 z. 5209520 
2.191 1231024117142. 65 32977 
— — [[Q— 
21 42.278768 12. 5202111 2.78596 3-3995636 
22 42. 369918802. 63365 2002. 925 26073. 603537 
23 (2. 4647 1502. 75216630z. o 3.819797 


» 


=! 


OO O & 


* 


( 


* 
* 
— 


24 (2.543304. 876083803. 225 10006. 48934 
25 [2.005330313,0054344]3- 380354 4.291870 


—— 


iS. 


"RO © 0 © 


. A. A ME PIs , 1 een r 


ALG E BRA. 


TAB L E II. 
The Amount of one, Pound, Compound. Intergſt. 


— . WE 


—_— 3 —_— 


* 


2.080680 
2.1 222987 2-55 56824 
2, 


[2.4866112 


2 per Cent. 


16734181 
1. 7068864 
17410242 


17758446 
1.8113615 


1.8475888[2.1500067 


1.8845405 
1.9222314 
1.9606760 


2.0398873 


2.1647447 


2.25 22004 


2.343 1893 
2.390053 
2. 4378542 


2.5303435 
2.5870703 


24 ber Cant. 


1. 900292) 
1.947 N00 
1.99649 50 
2. 0464073 
2.975675 


2. 2037569 
2.2588508 


2.3153221 


1. 9998895 3732051 


2.4325 353 
2.493 3487 


195744 


2. 2080396[2-6850638 


2.7521904 


2.2979444|2-8209952 


2.8915500 
2.9638080 
3-0 379032 


3.1 138508 


3.191691 
32714895 


2.638817 


2.6915 880 


33532768 
3.437 1087 


* 


3 per Cent, 


2.1565912 
2. 2212890 
2.2879276 
23565655 
24272624 


2. 5000803 
18755827 
2.65 23352 
2.319553 
2.8138624 


2. 8982783 
2.985 2266 
3.747834 
3. 1670269 


33598989 
3 4856958 


3.545167 


3.898437 


401189505. 
413228185. 


+3335 904 


3. 2620377 


3571422 
3.7815958 


24459585 
2.5315871 
2.0201719] 


2.711 8779 
2. 8067937 


2. 9050314 
3. 0067075 
31119423 
3. 2208603 


3-4502661 
3-5710254 
ee 13 
39253717 
39592597 


| 
4-0978338 
4-2412579 
4-3897020 


39050 


7288005 3 
4-31 
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The Amount of one Pound,  Compound-Iiterdf, 


T ABLE it 


—— 


INS TITUTION S 


2. 99870333 


4 per Cent. 


2.7724697 
2.833 3686 


3.11865 14 
Zo 2433975 


4 373133413 
1.878287) 
3.648381 
3794316304 
3. 94608894 


72688880 


7 
1630 659 


5 


3. 755795 
3. 2820095 

4290999 
4 5840364 
3: 7453181] 


9138574 
714.0899810 


104. 27 0301 


3615 

ene 
4. 8773788 

5. ren. 


5. 5658990 
3163545 


4 3010205 
4. 9527 


5˙19278396.35161 
540495 206.6374381 
5.6165 1506.931229 
584117567. 2482484 


6.74822)% 574963. 

31781567.915 2684 
6.570528218.2714555 
6.833349318-6430710 
7 te 993265 


Þ — — —ä—cũ— — — — Aw 


6 0781009 


by 


| 5 per Cont. 


1 85 
2 15 
291 
4781988 
4:3219424] 
4-5 197 
4.7 1 
5.003188 
5. 2533480 
5.5160154 


41 7918161] 
| 6. 6814069 
6.385773 
6.764711 
7. 39988 

7. ge. 
27615875 
8. 1496669 
8.557 1503 

8. way a md 


9:4342582 
99559775 
10. 40126961 
of 10. 4513337 


brit! 1.4674060 


6＋?ÿ29mV.. A. 


— — 


9 


6 fer C 


— 


4.54938 


2 
12 10 
5.11168 
5.418387 


5.743491 


7.25 02 
7. 6850800 


806788 
9.15425 


9.70350 
[19.28571 


10,9028 
11:55703 
I 2.25045 
0312.985481 


i 


13.7646107 
— — þ 


14.590487 

= 46591 
3938716 

7.37750 


18.420175 | 


— ww — —_— a 
— 


_ 


492, 


Unity Or 1 
divided bv 


403. 
be fol! 
Wh 


ears, 


! 


l 


Tal 
Rate 
Vhich 


he P 


404. 
ears | 


The 


0 0 ml 198 1 
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Of ALGEBRA, a7 


402. The Conſtruction of Table III. 4 by Theorem II. viz. 


= P, the preſent Worth or Value of one Pound, which is 


re to be confidered as the Amount; cee if A= 1. R 
1,05, and . 15 2, 3, 1. 5 and Nears, as before; tis e- 


dent that Unity, or I, bein divided by the Numbers i in the 


and Table (deſigned by Rt} will Give the Numbers in this 
d Table, or the preſent Values of 1d. for the Tabular Years, 
d 5 per Cent. and fo for any other Rate of Intereſt, 


— — 


og 

I,I5702 O 
1,2155 25 | 

| 127625 281 | 


> 4 - @& 
divided by 


Unit 


403. The Uſe of {the Tate i is very mT as will appear from 


he following Example. 


What is the preſent Worth of 2461. due at the End of 30 
ears, allowing 5 per Cent. Compound Intereſt ? 


Table III. again the given Time and2 


Rate, is the Number | 0,2313775 
Vhich multiply by the given Sum — 246 


— 


he Product is the preſent Marth required . 56,9189, &c. 


404. Note, in this Table you have the Numbers for whole 
ars only; but if the Time conſiſts of Years, and Parts of a 
ar, you take the Difference between the two contiguous 
dole Years, and then a proportional Part of that Difference 
dutted from the tabular Number of the given Years, will 
the tabular Number required for the given Time. 


4 


178 


' 


INSTITUTIONS 


Of Comrounp INTEREST, 


405. Th pies Wah if pr Pen ff 
the Rates of 2, 25 3 35 4 47> 7 77 | 


T A 


BLE III 


per Cent. per Annu... 


* 


Years. 25 21 per G. C. 2 
3 9803927 .9756097|- 9661836 
2 9611687951814 9335107 
3 J. 9423223928599 
4 9238454059506 
| 5 |-9057308|.8838542 
6 [|.8879713[.8622968 
7 |.8705601].8412653 
N. 878728807. 5 
| 9 |8367552|.8007283 
10 82034 3.2811984 
11 8042630627447. 7224213. 
| 12 (.78849310.7435858. 701 ＋ 
13 7730325. 7254203. 80951 3]. 
14 . 75787500. 707727 2ʃ. 66111 bl. 
15 þ7439147|-69046551.6418619]. 
16 7284458 6736249.6231 
17 2416250571255 6050 54] 
18 7001593 22 58739 
19 J. 686430). 6255277. 570286 
20 6729713 6102700. 55 36758. 
21 |.6599758 -59538621.5375493 
22 [.64683c0|.5808646|.5218925|/46915 
23 [.6341559[.5666972].5066917 
24 j-6217214|.5528753]. 4919337] 
25 |.6095 308[-5393505|-4770056!. 


7 
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TABLE III. 
The preſent Worth of one Pound, Compound-Interef. 


| Years. [4 per C. |44 per C.\5 per C. | 6 per C. 


[.9615385|.9569378[-9523810[.9433962 
. 8899964 


85 480420.83856130.822702 5.792093 
8219271. 80245 110.7835 2620.747258 


9g. 7618955. 74621540. 7049605 
8 1788254627412 
7305902. 703185 10.6768 394.6274124 
7025867. 6729044]. 6446089. 5918985 
+675 5642]-6439277|-0139133]-5583948 


11 6495809 616198 

. 9. 71-5846793}-5267875 
| '2 624597 1|-5896639].5568374]-4969694 
0-40 4-600574 1.5 642716[.5303214[.4688390 
14 1-5774751]-5399729|-5050679[.4423010 
15 5852645. 167204, 4810171472651 

d { A, e Wen 
16 |.5339682|-4944693[-4581115|.3936463 
17 j-5133733[-4731704[-4362967[.3713044 
18 -|.4936281|.4528co4[.4155207[.3503438 
19 [|-4746424|-4333018[.3957340[-3305130 
20 4563870[.4146429[.3768895|.3118047 
21 | [.4388336|.3967874|-3589424[-2941554 
| 22 [-4219554[-3797009[-3418499]. 2775051] 
23 |-40572031.3633501].32557131.2617973 
24 | 29912 151-34770351-31000791.2469786 
-3751168[.3327306\.295 302d]. 


O oO lugdw yp - 
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INSTITYTIQNS 


TABLE I 


5975793 


1.574374 
4. 5631123 


2 per C. 


21 per C. 


5858620 


5529703 


| [-5412460 


4.5 100282 


5306333 
5202287 


:50co276 


526230 


TY. 33997 » 


5008778 
4886613 


4767427 
— 


4651148. 


4377 


4427030. 
431905303660 


4243464] 30 
«41198651. 


— — 2 — 


4528904 


[4449192 
14353941 


.4902232 
4806109 
4711872 
4619452 


401 


3724306 


* 
— * 


14021537 

[2242054 
48 1-3805376 
3789584 


329744 


3211468 
3133129 


3096712 


2982158. 


06711. 
3912849. 
3817414ʃ.3 


3633470 
35445480 
3458389 
3374038. 


2567395. 2054679 


2492588 1985197 
-2419988|.1918005 


3715279 


2909422. 


* „ 


of ALGEBRA! 


ref, 


TABLE III. 


. 3606892 


4.3468166 
43334775 


3206514 


40 


3083187. 26 


41 per C. 


3184025 
3046914 
291870 
2790150 
70000 


2740942 
2635521 


2436687 
242802 
on ep 
6206]. 
"2082896 


. 2002779 
1925749 
185 1682 


1180464 
1711984. 


1646130 
1582826 


1521948 
i arti 
.1407126 


6 296460 3 
2850579244999 


255 5024 
2339712. 
2142544]: 


.2050282|-1 
19 1992|-1 
18775041 
1796555 
1719287. 


25 
I 

1506605 
1441728. 
1379644 


— 


1320233. 


— 


N 
2238959. 
23445. 


2812407). 
2678483. 
2550930. 
2429463. 
2313775] 


2203595. 
2098662. 
1998702. 
1903548]. 

1812903}; 


20574) 


2. 


1491470 
1420457 


1352816 
1288396 
1227044 
1168613 
1112965 


= & — 


10599671.0685378| 


1253381 


8897808 
115091 


— 9 — 


— 


0961 


279 


15039 
1027 


0770091 
0726501 


06465 83 
10984 
0575477 


0917191 
a» 
0816296 


0542884 
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182 INSTITUTIONS 


406. Theorems reſolving all Dueſtions relating to Annuities, &. 
in Arrear, calculated at Compound Intereſt. 


2 CR — one Pound, and its Intereſt for one Year, as befor, 
- 3 U= the firſt Year's Rent without Intereſt. 


Then RU = the Amount of the firſt Year's Rent, and iv 
Intereſt. | 

And hence is form'd the following Progreſſion of Amouny 
in continued geometrical Proportion. 


| N 7 Ke. the Years. 
Thus] U + UR+ UR* + Un + URs, &c. the Amount, 
Hence U + UR + UR* + UR* + UR A, the Amout 
of any yearly Rent, or Annuity, forborn five Years. 
Now the laſt Term in the above Series is UR! = UR*t- |. 
Therefore A UR S the Sum of all the Antecedenu 


And A — U — the Sum of all the Conſequents i in tht 
Series. 


80 that it will be, U: RU :: AUR A- U. 
Therefore AU — UU = RUA — UR. Divide all byb. 
Then A- U = R A —.URt. The General Theorem. 


407. From hence we deduce the following particular. Theo 


rems, VIZ. 


Divide 


Gli U, R. t, to find A? , 


— ll | 

Theorem I. == = A. | The C 
| Given A, R, 7, to find U? 1 

Thavems  B=A_7y 


— . 


Rt — 1 | 
| Gixe will ra 


For in any geometrical Series, it will be as any one Anteceda! 
is to its Conſequent, ſo is the Sum of all the Antecedents to the du 
of all the Conſequents ; thus, let the Series be a : ar ::ar: a" 
3 a ri: : ars: aN, Sc. Then asa: ar: : a +ar TAN 
| : ar bart ant barn, &c. for the ProduRt of the tw 
— is evidently equal to the Product of the two Means. (138 


Sf ALGEBRA: ! 83 
Given U, A, R, to fd? 1 


es, Ce 5 
Theorem Ill. 2. = * 
before, Hop we 
Given A, U, t, to find R? 
and; 1 a 
y TheoremIV, 51 05 3 


Quesrron I. 


408. I zol. yearly Rent be forborn, or unpaid nine Years, 
phat will it amount to at the * of 61. per Ser. wh Com- 
pound Intereſt ? A 


* 
— - -- 
'S 


mount | . . - 5 
2230 
"= Here is giren 3: t=9 06 To find A, per Theorem I. 
| | 21 er . 
_ In the firſt Place, let R = Parte To L 185 =o 02 
in th 2 5305 
Be involved to the gth Power (viz. Rf) 9 


at will be INS — = , 227745 
W ern,; 477727 


he Product is UR. = 50683530 = - 1,704866 
From that ſubtract - +» U= 30 

he Remainder is the Dividend = = 20,6835 3 = UR 1 
Diide therefore UR. U 20, 68353 = 1, 315625 
3 R- 12 o, = 8, 77815 
— 


The Quotient is EW. A= =. 344.7267 = = 23537475 
That is the Amount = 3440. 146. Gd. the Anſwer. 1 . 
QuxsTION II. 


409. What Annuity 3/. 10s. per Cent. DES 
Wil raiſe a Stock of 344/- 55. being forborn eight Years? 


Theo- 


A = 34425 | | 

| Here is d = = 1,035 r. find U, per Theorem II. 
+ ar = 8 . 
70 Er 


_ :-- . Mul- 


194 INSTITUTIONS 
Multiply the Amount = - 344325 = 2, 5360 
By the Rate RRS 1,035 S , 016 


From that Product . RA = 356, 29875 = 2,5518 
Subtract the Amount - A= 344,25 


The Remainder is - RA—A= 12,0487s5, the Divide 


Then involve = - - R= 1,035 = ©,014 
To the 8th Power, viz. Re - - - - 


That Power will be RR = 1,316803 = 0,119; 
The ſame leſs Unity is Rt — 1 =. 0, 316803,. the Divi 


Therefore divide RA—A = 12,04875 = 1,080 
By: - 051. fb. - . Mf-wi= = 0,316803 = * 95007 


The Quotient is ES U 38,029) = 1,58011 
The Annuity therefore which was ſought, is found to l 
' 38,0297]. = 380. os. 7d. per Ann. Anſwer. 
QuvesT1on III. 


410. In what Time will 38. os. 7d. raiſe a Stock of 344 
55. at J/. 10s. per Cent. per Ann. Compound-Intereſt ? 


| U = 38,0297 | Cw 
Here is given} 4 = 34425 {To find t, per Theorem IN. . 


Firſt multiply the Amount A 344,25 = 2,536 
By the given Rate - R= 1,035 = 0,0149 


— 


To that Product - R A = 356, 29875 = 2,551814 
Add the Annuity - -<- U= 38,0297 


l, V 

From the Sum RAT U 394,32845 Thi 
Take the Amount A 344,25 bs 
= 8 . I 
The Remainder is: RA+U—A= 50,07845 = 1,699651 ln 


the Dividend | 
Which divide bb - —- U = 38,0297 1, 580123 
The Quotient will be - ſe = 1.316803 = 0, 119570 
—— 


Then 


of ALGEBRA: 185 


Then divide 1, 316803 continually by the Rate 1, o35 until 
thing remains, and the Number of thoſe Diviſions will be 8 
t Time required. | 
But much better by the Numbers in Table II. where under 

he given Rate 1,035, you will fd the Number 1, 316809, 
inſt which, by the Side, is _ Years, the Time required. 


5 397» 398.) 


$5366) 


0140 


QUESTION I. : 


411. At what Rate per Cent, Compound-Intereſt, vill gol. 
arly Rent, being forborn, or unpaid, nine Years, amount to 


. 145. 644. 
U=30 

Here is given A = 34447267 rex. per Theor. IV. 
. | 


it divide the Amount A = 34447267 = 2,537475 
the Annuity = -. He = , 477121 


te Quotient is ö = 11,4909 = 1,000354 


h 
— — A- UE; 7267 = 2,497933 


uch divide by = -' U= 0 = 1,477121 


— —— — 


33 A—U 
te Quotient is — = 10,49014 =.1,020812 


Now Rt Ro. Therefore the Theorem affords this Equa- 
n, viz, 11,4909 R R = 10, 49014. 


This being a very high Equation, requires the Aſſiſtance of 
zebra, to be found farther on; but as this Value of R may 


965 nearly determined by the Tables, with the utmoſt Eaſe, L 
next proceed to — 

0123 ö 

951 Bb2 The 


136 INSTITUTIONS 


| The | Conſtruction of 'TanLir IV. b r 


412. The Conſtruction of Table IV. is from Theorem J 


— 
of Annuities, Se. in Am, vx. W = A. N. 


1 uiret 


as it is U = Il. andR = 1,05; as before, then the Theo 
will be brought co = A, the Amount of 11. Anni 


3 
| for the Number of Years deſigned by t. That is, from (Ri 
1 the Numbers in the ſecond Table, fubtract Unity, or 1. The 
Remainder, divided by ,o5 (or R— 1) gives the Number i 
the fourth Table. 


by 
1 
2 
> 
x 


283 2405 52 5 loo Jax x oh, 
582 1025 325, 2,05 | bu 2/1 
42 8 4157625 >5 >O 243,125 80 
— 23 > /,21550625 ES v2 45310125 = 8 /4 
Sh 8 276281560 8 445 8 5.525631 <<; 


And thus you proceed for any other Rate of Intereſt 
413. The Uſe of this Table uke in the following l 


ſtances. 


oy 


Againſt 9 Years Ihe under 6 per Cent. ou 
End the Number - - - 2 : 71,4911 | 


Which multiply by the Annuity <- = 3 


The Product is the preſent Worm F. 344,7 390 


Which is nearly the ſame as per Theorem I, (408. 


414. Again; ; in the Equation 11,4909 R — R= 10, 4001 
(411.) it will be eaſy to ſee, that R muſt be ſuch a Rate! 
Table II. againſt 9 Years, that the Number anſwering | 
it, added to 10,49014, muſt be but little leſs than 11,499 


Sh becauſe 11,4909;R = 10,49014 + Ro: If we but flight 


Aim 
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xamine the Numbers under 4, 44, and 5 per Cent. we find 
ey are too ſmall; if we take chat under 6 per Cent. viz, Re 
1,689479, and add to it 10,49014, the Sum is 12,17962, 
nd 11,4909 X 1,06 = 12,1803, c. nearly the ſame; and 
ereſore ſhews the Rate allowed was fix per Cent. as re- 
ſuired. 

This Inſtance is fufficient to ſhew the extreme Uſe of Ta- 
les, not only to thoſe 'who do not underſtand Algebra, but 
ven to thoſe who do. 


orem[ 


INSTITUTIONS 


TABLE Iv. 
Of Courouxp INTEREST, 


415. The Amount of one Pound per Ann. or Annuiy, 
for Years, at the Rates of 2, 24, 3, 3%, 4, 4; 
5, and 6, per Cent. per Annum, 


(12.1687154 


1.0000COD 
2.0200000 
3.0604000 
4-1216080 
5. 2040402 


— 


1.0200c00 
2.02 500 
3.056230 
4.1525 156 
52563285 


6. 308 1210 
74342834 
8.5 829691 
9.754284 
10.9497210 


6.3877367 
7-5474302 
$.7361159 


9.9545 188 
11.2033818 


1 3-4120897 


15-9739381 
17.2934169 


14. 803315 


12.483463 
137955530 
15.1404418 
16.5 1895 28 
17.931926 


2 fer Cent.| 24 per Cent. 3 Ct. 3 per Cent. 


I.0000000 
2.0 300000 
3.090900 
4. 1836270 
53091358 


6.468 
KY 


8.8923360; 


10.15G1061 
11.4638793 


12.8077957 
14-1920296 


15.6177904| 


17.0863242 
18.5989 139 


[1 8.6392853 
20.0120719| 
21.4123124 
22.8405586 
24-297 3598 


25.7833172 
272989835 
28.844063 2 
30. 4218625 


32.302997 


19.3802248 
ä 
22. 3863487 
23.946007 
25544657 


27.1832740128.6764857 
28.8628559{30.5 3678031[32.328902 
30.5844273132-452883713 
32-349037913 
34-1577039136.4592643138.9498567 


20.1568813 
21.7615877 


25-1166 
20.8703745 


4264702130. 


„ 


357180 
28.279681 


30. 2694707 


137 
528 


— 


* 


TABLE 
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T ABLE IV. | 
The Amount of one Pound, Annuity, Cumpound- 


Bl 


2.9409000 
3-1216000 


42464640 
5.4163 226 


1. 0009000 


2.04500 
31320250 


42781911 
54707097 


2.03 
3.15250 3. 1836000 
43101250 43745016 
55256312 5. 6370930 


OO cow ren - 


6.6329755 
7-8982945 
9.2142203 
t10.5827953 


12. 006 1071 


6.71689 17 


8.01915 18 
9. 38001 36 
10. 8021142 
12. 2882094 


6.80191 28 6.9753187 
8. 1420084] 8.393837 
9.5491089 9.897481 
11.0265643 111.4913162 
12.57789251 3. 1807958 


13.486354 
15.025805 5 
166.6268377 
18.29191 12 
20.0235876 


13.8411788 
15.4640 318 
171599133 
18.9321094 
20. 7840543 


142067871 14-9716435 
15.9171265|16.8699420 
17.7129829;18.8821 385 
19. 5986320021. 01 5066 

21. 578563623. 2759707 


21.824531 
23.6975 120 
255454129 
27.6712294 
29.778086 


31.969201) 


29.063 5625 


33.783 1368 
34-247 9096 36.3033779 
36.6178886138.9370299141.4304751 
39.0326041[41.689 1963 
41.6459083/44.5652101 


22.7193367 
24.747069 
26.85 50837 


31.3714228 


25.6725289 
28.2128806 
30. 9056534 
33-7 599925 


23.6574918 
ee 
28.1323847 
309.5350939 
33. 0659541036785 592 


35.7925 18039.9927275 


38.5052144[43-3922911 
46.9958285 
44-501 998g\50:B155,782 
47-7270988'54.864512 


ll 


9 


— 


TABLE 
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. The . Amount of one Pound, 
. Intereſt. 


TABLE IV. 


/ 


Annuity, Campount. 


— — 


Years. 


2 per C. 


33.670957 
35-3443238 


4570512103 


438.7922345 


40.5680792 


1 24 per C. | 
4 
= 
37.91 20007 


39-8598008 
41.856295 8 
43-9027032| 


3 or C. 


is. i 


— 
— 


34 UC. 


38.55 30422 
40. 7096335 
142.9309225 


452188502 4 


4745754157 


6— — 


142.3794408 
444.2270296 
466.1115702 
48.03 38016 


449.9944770 


46. 000270 
148.1502775 
980.3540345 
52.6128653 
549282074 


50. 0026782 
52.5027585 
55-0778413 


57-7391765 
60.462081 Y 66 


| 


531.9943672 


58.237384 


54.342545 


65.245590 


60. 4019832 


57.301426 
597339479 
662.2272966 
64.782979 1 | 
67.4925535 


63-2759443 
66.1742226 
69.1594493 
72.2342327 
75-4012597 


41.31 31917 
43-7590boz 
46. 89062731 
89107993 
$51.022677; 
54.4294719 
7.334525 
3412101 
63.453152 
6740¹² 
70. 0076032 
73.478693 
7 7-0388947 
80.7249060 
5 —— 


662.6100228 
664.6822233 


67. 1594678 


70.0876 174] 
52.8308078 


75.6608030| 85.4838923 
.5026511178.5523231]. 89.04841 


71.8927103|81.5161312 


78.6632975 
82.0231964 


88.599537; 
 92.6073713 
96.8486293 
101.2383313 


91 
92.7 198614 


105.7816729 


74-3395645[84-5540344 96.5014172[110.4840315 
176.817 175808. 667885 3]100.3965009|115.3549729 
79-3535193(90.85958241[104.4033960|120.38825 

81.9405697194.1310729]103.5400479]125. 
84.579 40597. 4843488112. 796867301 30.9979100 


6018450 


8 3 


of ALGEBRA 


Bs A BLE IV. 
The Amount of one Pound, Annuity, chan. 5 
| Intereſt. 

= ö el 

rr 

| 26 443177446 47.570644 51.1134538| 5919638250 
27 47.0842 144] 50.7 1132360 54.669 1265 63.707657 
28 49.9675 830 535.9933332 58. 4025828] 68.5 281116 
| 29 | 52-9662863 $7-4230337 62.3227119] 73.0397983 
| 30 | 56.0849377 61.007 980 66. 4388475 79.05 81862 
| — 
| 31 [59.328335 2 64.75 238780 70. 67899 84.816773 
| 32 62.7014687| 68.6662452| 75.2988294| 90.8897780 
33 | 66.2095274] 72-7562263] 80.0637703} 97.3431647 
34 | 69.85 29045] 77.0 302565 85. 0669594104. 1837546 
5 | 73: 65222480 81.4966180| 90.32030731111.4347799 
36 77.5983 138 $6.1639658] 95-8363227|119.1208667 
37 | 81.7022464] 91.04134431101.6281388[127.2081187 
38 | 85.9703362| 96. 1382048107. 70954580135. 90 f 
39 90. 4091497101. 4644249114. 09502310145. 5 
40 95.025 515707. 0303231 120.7997742 154.7619656 
41 99.8265 36301 12.8466876/127.8397829 165.0476836 
42 104. 8195978[118.9247885|135.23175111175.9505 446} 
43 |110.6123517|[125.2704040|142.9933386[187.5075772 
44 [115.4128169/131. — 1 2 151.1430056199.75 80319 
45 W 138. 8499 $11159-7001559 212.7435138 
46 126.8705677 146. 0982135 168.685 1637 226.5081246 
47 132.945 3904015 3.672633 1 In .1194218|241,09861 21 
48 [139.2632060[161.5879016]188.0253929|256.5645 288 
49 |145-8337342] :69.8593572[198.4260626|272.9584000 
50 1152.66708361178.50302821209-34799571250- 3355040 

i 


— 


— 


— 
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416. Theorems reſolving all Queſtions relating to the pre 
Wirth of Annuities, Penſi ons, or Leaſes," to continue any Tin 
or in Reverſion after a given Time. 

The Buſineſs will be to get a Theorem which may. e « Co 
P, the preſent Worth ; for this Purpoſe, we muſt have Ree: 
to thoſe Theorems which give the Value of A, the Ame 
as formerly in Simple Intergſt. Now, in Article 389, we 


| 
PRt=A; andin Article 407, we had —_—_— 2 
therefore by equating theſe two IG: pe we get this genic, 
ral Theorem, VIZ. 0 the 
| URt—U 
P R. f hat v 
R— hen 


417. From whence we derive che 8 particular The 
orems. 


Oben U, R, t, to find P? hen f 
| U dtrad 
Theorem 139 „ 
R—1 | EY 
Given P, R, f, to find U? 0 | 
| nit 
| PR*XR—PR | | 
Theorem II. — U. eQ 
| GivenU, R, P, to find e? 34 at 
U | 

— Rt. (19, 
Theorem ILY rp A 2 
ee 

Given U, P, :, to find R? 
y M 
Theorem v.35 = 2 Rf + Rt Rt T 1. ſam 
P 7 * lo f 
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QUESTION I. 


418. What is 30ʃ. yearly Rent, worth in ready Money, for 
ts Continuance 7 Years, allowing 61. per Cent. W In- 
reſt, to the Purchaſer ? 


U= 30 


ö Here „nf Sf * find P, 3 
A 12 7 
ſt, involve - - AR = 1,06 = 0,025305 
o the 7th Power, (vix. * 3 7 


hat will be = >; R — 1, 50061 = — „, 77135 
hadvide 5 - c-  - | Uas mar hy 


—— 


* 
N = 1999520 = 1,299986 
hen from the Annuity --= U 30 
| U 
„ 2 19,952 


y Rt, there will remain = 


mains the Dividend U — 1 = 10,048 = 1, 02079 


hich divide by the Rate leſs ? 


Unity = — R aww i = 0,06 — 8.778151 


«Quotient is the preſent Worth —P=167,4716 = 2,22 3928 
The preſent Worth, in ready Money, is 1671. gs. 5d. the 


wer, 


(19. Suppoſe this were an Annuity in Reverſicn, or not to 
entered on till after ſeven Years are paſt, and thence to con- 
e ſeven Years; and you would know the preſent Worth; 
l by the ſecond Theorem of Compound Intereſt (392.) what 
Money will amount to 1671. gs. 5d. in ſeven Years, at 
lame Rate of Intereſt; and that will be its preſent Worth; 
lo for any other Annuity in Reverſion. 


QUE 


es. The 
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The Conftruttion of TABLE V. 


| 420. It is but too eaſy to be obſerved, how very difficult 

Solution of theſe very uſeful Queſtions muſt be in this comme 
Way of Computation, and therefore we ſhall next ſhew, hy 
a fifth Table may be conſtructed to facilitate this Affair. Th 


} 
is done from the general Theorem (4 16.) W 
ED. 
Is 1 ä Th 
P Re | | Jonny” 


US RR 3 | 
RX R—1 © 0;05 Rt (by put | 
| , | bl 


— make the Numbe 


3 


of Table IV. (412.) and Rt gives the Numbers of Tablel 
(396.) therefore the Numbers of Table V. ariſe from thok 
Table IV. divided by the Numbers in Table II. as in thek 
lowing Examples at the Rate of 1,05 per Cent. | 


Whence we have P 


U=1. and R 1,05.) But 


Table II. Table V. Table v. 


1,05) 1,00000 ( = 0,952.38, &c. for the 1ſt Year, 
1,1025) 2,05000 ( = 1,85941, &c. for the 2d Year. 
1,157625) 3,15250 ( = 2, 72324, &c. for the 3d Year. 
1,21550625) 4,310125 ( = 3,54595, Ec. for the Ath Year 
1,27628156) 5,525631 ( = 4432947» Cc. for the 5th Vent 


And thus for any other Rate of Intereſt. 


Table! 
thoſe 
| the k 
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The Uſe of TaBLs V. 


421. What is the preſent Worth of gol. per Ankur, to con- 
tinue ſeven Vears, at 6/, per Cent ? 


In the Table againſt 7 Years and 6/. per Cent. 1 5 58 Ag 


you find — 


Which multiply by he Anhuity —_ - © uw 2 


The Product is the preſent Worth - = 167,471445 
i Or 167“. gs. 5d. as before. (418.) 


1 one Example is ſufficient to ſhew the Uſe of * Ta- 
ble in any other Caſe. 


196 


Of ComeounD Ixr ERES. 


422. The preſent Worth of 1. perAnn. or Annuiy 


for Years, at the Rates of 2, 2+, 3, 34 4, 4; 


INSTITUTIONS 


TAB LEV; 


5, and 6, per Cent. per Annum. 


Years. : per Cent. [2x . 2 per Cant. 3 perCent, 
4 1 | 0.9803922| 0-9756098| 0.9708738| 0.9061 8z 
2 1.941609 1.9274242] 1.9134697] 1.8996943 
3 | 2.8838833| 2.8560 60236 2.8285114| 2.8016379 
4 | 38077287] 3.619742 3.7 170984 36730792 
| 5 | 4-7134595| 4-0458285| 4-5797072] 4-515052 
| 65 | 56014309] f. 5081254 5-4171914| 5.328553 
'| 7 | 6.4719911] 6.3493906 —— 6.1145439 
8 } 7-3254814| 7. 17013720 7-0196922| 6.8739555 
9 | 8.1622367| 7.9708655| 7.7861029] 7.607686; 
10 | 8.9825850| 8.75 206391 8.5 302028] 8.316605 3 
11 | 9.7868480|19.5142087| 9.5 256241 9.00155 10 
u jt. 5753412010. 2577646 9.954040 9.6633343 
13 [11-3483737110.9831839110.6349553110-3027385 
14 12.1052487|11.69091 22[11.2960731[10.9205 203 
is 12.8492635012.38 13777011 11:937935 111-5 174109 
16 113.5777093 13. ov 5002712. 12.562 1020[1 2.0941 168 
17 14. 2918719113. 7121977[13.1661185 112.65132 
18 [14.9920333[14. 33351241173. 75351317 13. 18968 12 
19 15.6784620 014.9788913 14. 323799113. 7098374 
20 [16.3514333[15.5891023[14.8774748[14.2124033 
Wn {17.08 12092016. 1845 486015. 4150241 4.579743 
| 22 17.65 80482116. «7054132 15.93609166|15.1671 248 
23 [18.2922041117.3321105116.4436084[15.6204105 
24 [18.9139256[17.8849858}þ16.9355421[16.0583676 
25 19. $23450s 18.4243764[17.4131477116.4815146 


TABLE 


ep 
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TABLE V. 
le preſent Worth of one Pound, Annuity, Compound- < 
Intereſt. 

Years. | 4 per C. | 41 ger C. | 5, per C. | 6 per C. 

1 | 0.9615385| 0.9569378| 0.9523809| 0.9433962 
2 | 1.8860947] 1.8726678] 1.8594103| 1.8333926 
3 | 2-7750910] 2.7489644| 2.7232480| 2.6730119 
4 | 3-0298952} 3-5875257; 3.549505 3-465 1056 
5 | 44518223] 4-3399767| 4-3294767| 42123638 
6 $-2421369 $-1578725| 5.0756921| 4-9173244| 
7 8.602054) 5.8927009 37552753 5-5823815 
8 | 6.7327448] 6.5958861] 6.4632128| 0.2097939] 
9 | 7-4353314 7-2687g05| 2.1078217] 6. 8016923 
10 [8.110895 5] 7.9127182 7.7217349] 7.360087 
11 8.604763] 8.5 289 169 8. 3064142 7,8868747 
129.3850733] 9.1185 808] 8.86325 16 8. 3833440! 
13 | 9-9856473] 9.68285 24 9.3925730]| 8.8526831 
14 [10.5631223[10.2223253] 9.8986409]| 9.2949840 
15 11.1183868010. 739545710. 379650 9.7122491 
1 11.652294 911.2340151 10. 837769510. 1058953 
17 12. 16566801 1.707914]. 274666210. 4772597 
18 12.659296 1012. 15999801 1.6895 86910. 8276035 
19 13. 13393851 2.59 329361 2.085 3208011. 1581165 
20 13-5$03253 13.0079305|[12.4622103[11.4699213 
21 [14.0091589{13.4047239{12.8211527|11.7640767 
22 [14-4511142[13.7844248|13.1630026[12.0415818 
23 [14-8568405|14-1477749]13-4885739112.30337g0 
24 [15-2469619114.4954784|13-79860418[12.5503576 
25 [15.6220787[14.8282039|14.0939445]12.7833562 


TABLE 
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The preſent Worth of one Paund, Antwity; Cunpeun 


INSTHTUTLONS. 


TABLE WW: 


Intereſs. 


2 per C. 


J— 


20. 1210358 
20. 7068978 
212812724 
218443847 
22. 39645 56 
22.937701 5 
23.468 3348 
23.9885636 
244985917 
| 24.9986193 
25.4388425 
25.994534 

26. 4405406 
26.9025 888 
27-3554792 
27.7994895 
28.2347936 
28.6615623 
29-0799631 
29.4901599 


29.8923136 
30.2865820 
30.6731196 
31. 05 20780 


| 21 per C. 


— —— 


— 


3 per C. 


— — 


18.9 506111017. 8768420 


19.4640 tog 


119.9648887 


20.453499 
20. 9 30958 


213954074 
21.8491780 


22.2918809 
22:7237863 
23-1451573 


23-5562511 
23.9573181 
24-3486030 
24-7 303444 
25.,1C27751 


25.4661220 
25.8206068 
26.1664457 


26.5038495 
26.8330239 
27.1541696 
27.4674826 
27. 72857 
28.07 13695 


31. 4236059 


28, 3023117 


18:3270315 
18; 7641082 
19:1884546' 
19. 6004413 


20,0004 285 
20.388765 5 
20. 7657918 
21.1318367 
21 IG 
21.8322525 
22.1672354 
22. 4924616 
22. 8082151 


23.114719 


23. 4123999 


23.7013 592 


23.98 19921 


242542739 
24.5187125 


24 222 
25.024709 
25. 2667066 

25. rap 6g 
25.7297040 


har 64 bt. 0 
17 6655 
17. 6650188 


18.035767 
18. 3920454 


1 


18. 73627580 


19. 3902052 


20. 29049380 
20. 5705254 


20.84 108744 
21. 1024999 


213550723 
21.599037 


22.282791 


22.495450 


22. 7009181 | 
22. 8994378 


6.23.09 12443 


23. 2769645 
23.4550179 


—_ 


ef 


[1 32 per C. 


r9.05886;6| 


19.7006842]| 
20,000661 2| 


21.8348828] 
22.026887 


3 
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TABLE VI 


lien Worth of ang yup, Sn _—_ 


Kn 


5 118.9082803 


| 44 G 
15.9827678 


16 838670 


16.9837132 
1. 2920318 


— 


17. 1258777 

18. 1470441 
_ (18,41 11962 
118. 6646 1167. 


191425771 
19. 2577677 
19.584483 7016 
19.7927721 
— — 


17. 5384921 i 16. 


41 ber C. 


15.1466115]14-3751853 
15. 813028114. 6430336 


18 288835 14. 898 1272 
. $115-1410735/13-5907211 


16.2888885|[15.3724510 


0 = 5928104 
15.8026766 
15 .02286a1116.0025491 
17.2 57705 16. 1929039 
16.374942 


ces — — 


16.546851 


17660406 
17.8622398[16.7112872 


45.94 16.8678926 
2881757 17.619006 | 
18.4a1 5844/17. 1590862|15.046 


19.9939500 
20.1856250 
20. 3797981 
20.5 48839519 
20. 22003 


— 


30.8846517]1 


121.0429342119.2147 
43 [21.1951289119.5356 
" $.34147co[r9.65 1298 t 
21.4821826 19.7620078]18. 2559253 


18.566 109g 
4 Roe rn 
I 775 17.5669 


6627732 
1956347434 +77 49697 


28837 7 17. dere 
91 855 9610155]! 
o66]1 


1570115 
18.70 7215 


5 ger C. 


17.2943678|15. 


1 5.2245434] 


1 * 


6c. 
13.003 1663 
13.2105 342 
174662 44 


13-76048312 


I 140290861 
14.0340435 


14-3681412 


2 


8 we 


14-4992465] 


15.383182 1 
15.458321 


"5 3888882 


——— — 


ys. 1075723 
15.7618610 


* * * * y 


Dd 


, i « 4 
* * 1 


423. By 


—— — —— —— 
. 
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423. By Theorem II. (407. ) a very uſeful Queſtion is re. 
_ VIZ. 
QUESTION: Il. 


What Annuity, to continue ſeven Years, may be purchaſed 
for 120/. 56. at 6 per Cent. Compound Intereſt, 


A P 120, 25 
Here is gven}R = 1,06 fro find U, the Annuity. 
t=7 | 
Involve the Rate -: M's 1 = 0,02530 
To the Index of its Power (via. = f) — . 


The Power of R will be R7 = 1, 50361 = ©,177135 
* * by che Senate = = 198 5 = Nane 
The Product is PR = 180, 8087 = 2,257219 
Multiply that by the Rate - — R = 1,06 = 0,025305 
That Product is P Rt Y R 191,65722 = 2,225 
From which ſubtract - P R. = 180, 8877 

There remains the Dividend A 218 * 

— PR.. | 


Divide therefore p Rix RPR 1084852 = Se" 
By the Power of R leſs 1 R. — 4 = 0,50361 , 70211 


| The Quotient is een U=z 21,54057 = 1,333256 
| The Annuity ſought therefore is 214057 = al, 
10s. 93d. Ce a 


424. But we "I ſee, with how much greater Eaſe 
theſe Queſtions are ſolved by a proper Table; the Conſtruction 
of which is as follows. 


The 


The Conftrudtion of TABLE VI. 


This Table is made from Theorem II. (407.) by putting 
pg Il. which then is reduced to this Form, RR. Rt — 
UR —U; whence (at five per Cent.) it will be ,o5Rt=U 


* U; conſequently Nr 72 = = U, the Annuity required 


But this being juſt the Reverſe of 2 which make the 


Sa 


Numbers of Table V. it is plain, theſe two Theorems, which 
| conſtitute the Numbers of Table V. and VI. multiplied toge- 
7 ther can make but r, that js — — 
7135 125. Hence then, if the Numbers of Table V. be made 
| Driſors, and Unity, or 1, the conſtant Dividend, the Quoti- 
0b; BY ens ſhall be the Numbers which conſtitute the 6th Table, at 
— = ; tr Cent. and after the ſame Manner for any other Rate of 
1219 tereſt | 
305 Examples at 5 nor Cent. 


1524 238 523809 53 2 1,05 52 118 
| 28 1 ne #44 35 8 1 dert * 2 9 
„1287 57235 5, 3037734055 Y30 £ 
82 (35459505) 858 92 121874370 2)4( 5 
&> 5 04:3294707/ £5 5 & y22779160/K3 5/77 


426. The Uſe of the Table in 8 the dove Queſtion, 
is ſhewn in three Lines only. 


256 The tabular Number for the Time and Rate 8 0, 179135 
Which multiplied by the propoſed * — 120, 25 


e viz. = C. 21, 34098 


8 r = 2 — — 


x" IE — 1 , — * _— ww — 


16 


202 1 bY 87 + ad Ns 


"TABLE NI. 
or Courouny InTzazsr, 


429. The Annuity which one Pound will Pura 
for any Number of Years, at the Rates of 2, 
3, 3% 4, 4% 5» and 6, per Cent. per Annu 


. - 
_— — 


Years, | 2 per C. * per c 3 per C. 
— —ͤ—ͤͤ— — et 1 0 — 
| ' "[t.o200000[1.0250200{[1.0300009[1. 


. 


I 
2 | -$150495| 51882720. 5226108 
ö 3852547 28585700 «353530 
| +4. 4-42 — 2658 179 · 26902710 
5 4] -2152469] -2183546] 
6 —— ee | 
7 | -I545120| 1574954; -I605064] . 
8 1365098 .1394674| .1424564} . 
9 
0 


1225154] 1254869 12843390 
11132651. 11425880. 1172305 


1— Ne 
1 11 . 202177 109 1660 93 75111 
12 04559 | -0974871] 040211 


| .o82E020|: .0855 365 5263} 
1 6778255 .0807665 37666086825 1 


16 [isse 0765990 0796109 20828848 
17 0699698 0729278]. 0759525 
18 0667021 . 0695701. 6727087 
19 [637918 . 0667606 252155 258950 

72157] -0703010f . 


| 20 0611567] 0641471] .0 

"21 1058784) 0617873 0648718 0680366 
22 0566314] .0596466|:.062p474]4:655gg21] * 
23 0546681. 0576964. 0608 139. 0640188 
24 0528511. 05 591280 590474] . 0622728 
25 | 0512204] .0542759| 9574279] 0606740] 


4 13 ) .0881183] .99104 3] EOS 


— 


TABL 
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ne un 


— — 
. — 


- 


SS „ 


| 1-5301961 


| Ez 


- 


— — — 


1.0400000 


3603485 


8965 
6096 
1435275 


434930 


1141400 
5 F9 


| 59 5 5 


6931138 


899411 


. 858200 
0821985 


07613 
735818 


.071280t 


0673091 


4 er 


767238 | 


06919880 
o 58680 


4 fer Cant. [4.5 per Cui. 5 pe 
.0450000[1: 
387977 


7734 


2787437 : 
22779160 


Nets 
1097015 
15160971 1 
23277 
1263788 
— — 


1172482 
1096662 


1032754 
78203| 


5397753 
285417 
0822369 


879473 
-0708761] 


.0746006 


0725457 
0706825 


0689870 


067 


608869910 


| 1203890 
1128254 
10645580 

. iot oz 


| 0963423 
| 9 2099 


855452 
08274500 
8802426 


— 2 


0579961 


759705 
70741368 


—— 


e. 
2033656 
179135 

1610359 
1470222 


1358680 
18 


1567959 
11927 

158K. 
4275849 


21029628 


125 Ah 


pe 4541 
099 

-09235 
.0896209 
+087 1846 


— 


5520 
8127 


07967 
. 


.0850046 | 


" 3. * þ £- 4 — 
% * — — * £45” * wo — 7 


' 
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| 
| 
| 
| 
| 
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The Annuity which one Pound will purchaſe Compo 


TABLE VI. 


Inter. le Ar 


7 


Jo. o43 5964 
; 1 
[0.0416865 
o. o4o8 187 
Jo. o4oo022 


| 0.033017 
[0.032601 


0.0392 329 


- [0.0385068 


10.0378206 
40.037711 
0365558 


40.0359719 
0354173 
348899 


o. oʒ 39096 


= SS ai. 


26 [0. 0496992 0:0527688[0,0559383 
048293100. 05 1376900. 0545642 
28  [0.0469897]0.0500879[0.0532932 


Q.048891 
0.0477770 


o. 467390 
o. 0457683 
o. 0448594 
o. 0440068 
0.043205 


0.04245 15 


0404362 
0-0398362 


o. 07976 
0.038728 


0.0382169 


o. 03438790. 0377 304 


o. 93726750 


31 Per Cent. 


——— 


0.05920; 


0.05785 
0. 0566027 


0.0499989 20.887777 
0.049046010.0524415 
0.048156 i 0.055724 
0.047322 o. 507597 

600.0455393 


— ——— ———— 


0.04; 8038; 


0.041740910.04511 16 
0.0410701[9.0444593 
[2 0438439 


0.0432024 


0.0427124 
0.0421917 
0.0416981 
0.0412299 
0.040785 2 


o. 0360060 0.0 395778 043306 
0.0322040[0.0356235[0.0392131 
o. 0318032 0. 9352581 o. Ass ©. 0426337 


19-055 4454 
0.0543713 


0.049991 


0.04 2842] 
0.0486133 
0.0479821 
0.047 878 
o. 0468273 


o. 2 
0.0457983 
0.045 3254 
0.0448777 
0.0444534 


042 


— 


* ** 


— 


— 1 9 
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TABLE VL 


Annuity which on? Pound will purchaſe Compound- 


Intereſt. 


— 


4 C. 4427 C5 arc. | arC | 


0.0625674 0.06662 1400. 0695643 0.07690, 
0.061238510.06471950.0682919[0.07569) 2 


0.073 $796 
726489 


' [0.055103t 
ſo. o 43148 


. 0535775 


| [0.0495402[0.05340 


0.0528869[0.056655 8/0.0604345[0.0683948 
0.052239612.05 5984010.05983g98[0.06 
0.051631910.055401710.059284210. 
0.05 10080. 5485 570. o5 876460. 0668938 
o. o5 8278200. 06649 1 5 


—ͤ — 


0.0500174 — o. o578223lo. 
7 


.0490899(0.05 298240. 05699330. 0653331 


0.046857 0.050887210.05 50397 0.0636636 
10.0465502 


—_— Ke 11 ——— 
7 


„ — 


_ 9 * 
A IR ox, 2 


— — 2 * 2 


. 


—_ - » 
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428. By Theorem III. (417. ) you find the Time for which Fir 
a propoſed Annuity may be purchaſed, for a given Sum, at 2 
given Rate of Intereſt, as in the following | Examples 


QUESTION it. vor "Greed. Oi Th 
For what Time will 1671. 98. 5d. purchaſe an Annuity of Th 
_ gol. per Ann. at 6 per Cent. Compound Intereſt ? id th 


- ib Ps = 167,4716 * 8 2 

ere is given } = 30 to find t, per Theor. 
85 . bar _— 

To the preſent Worth - <= P = 167,4716 

Add the Annuity — U 30 


The Sum in 2 U 19/46 4 

Then multiply the preſent Worth Þ = 167, 716 = 2, 223920 

By the Rat 2 1,06 = = o, o25 305 
| cx uz 

The Paas - = PR =197,5199 = 2,249233 

Which ſubtract from Sum of P + U= 197,4716 =: 


The Remainder is P + U—PR=z 19,9517, the Divi 


Then divide the Annuity 8 - 30 8 1,011 

By the Diviſor Fo PR 19,9517 = 1,299986 

We _—— = cont 

The Quotient is = * = 1,50361 = = 0177135 WW un 

Then in Table II. under 6 per Cent, you: find the Number 

1,5036303, n which, in the Side is E the * 
ſwer. 


QUESTION IV. 


429. Suppoſe I purchaſe an Annuity of 210 106, gud. to 
continue 7 Years, for 120/. 5s. ready Money; at what Rate 
per Cent. Compound Intereſt, was the Purchaſe made? 1 


P = 120,25 
Here is grenfU = 21, $4057 fo find R, per Theor. IV. 


* Firk, 
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Firſt, divide the Annuity - U = 21,54057 = 1,3332 56 
By the preſent Worth - PS 120,25 = 2,080084 


The Quotient is = = 5 0,17915 = 9,253172 


Then multiply ir int the given Power of the Rate, to which 


d the Power, &c. as per Theorem; and you have this Equa- 
Ir" , 17915 R + R. —R* = wage L or 1,17915 
( 


— R* = 6,17915 ; whence R will be by Table 11.) 
the ſame Manner as in n 1,06, or that the Rate 
6 per Cent, 


CHAP. XX. 
HEOREMS reſolving all Queſtions relating to the pur- 


chafing of F rechold, or Real 43am at Com- 
. 


Te purchaſe a Freehold Eſtate is evidently nothing 


more than to find the preſent Worth of an Annuity, 


continue for ever; and conſequently the Theet. (416.) PR. 


— will alſo ſerve our Purpoſe here, if we make 
Index (t) infinite (as in this Caſe the Time really is ;) for 


n (ſnce a finite Quantity, U, ſubtracted from an. infinite 
«, makes no Alteration) we have 


N or, PR—P x N UN. 


That ie P R—P = U, Theorem I. 


U 


And N 


= P, Theorem II. 
E e 2 And 
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And . =R, Thom II. 
By theſe Theorems, the * uſeful Queſtions : 
folved, | 


QUESTION I. 


H 
431. Suppoſe a Freehold Eftate of 25ʃ per Ann. were to 
fold, what is the Worth, allowing 5/. 10s. per Cent. &c. C 7 
pound-Intereſt to the Buyer ? A 
= 25 D 
Hereis given 3 R = 25 2 TofndP, per Theorem I, ; 
Divide the annual Rent - U 25 1, 3970 
By the Rate leſs Unity - R—1= ©,055 = $,7404 T 
| | 1 =P Tl 
The Quotient is the Worth - P=4545= 2,6575 1 
4 
The Value of that Eſtate therefore is 454. 10. 1046. ons putat 
join t 
QUESTION. II. al-bngo out a 
432. Suppoſe a Perſon would lay out 4161. I 31. 44. on — 
Freehold Eſtate, and ſo as to be allowed 6/. per Cent. for! — 


Money, Compound -Intereſt; what muſt be the annual Rent( 
ſuch an Eſtate? 


Here is given * You — 18 8 7. To find U, per Theorem l. 


Multiply the preſent Worth Pg 415,6 = 2,619) 
By the Rate - - R = 1,06 = 0,025) 


The Product is - p R 441, 6 = 2, 60 
From which ſubtract the Worth P = . 


There remains the — Rent. = 
The Anſwer. dv = 25¹ * 2 


i QUE: 
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QUESTION. III. 


433. Suppoſe one give 416). 335. 44. for a Freehold Eftate 
of 251. per Ann. what Rate per Cent. Compound-Intereſt, has 
ie Purchaſer for his Money ? 


Hereis given = Ts find R, per Theor, II. 


To the preſent Worth ,- PS 415,6 
Add the annual Rent el — U =--25,0 


Divide their um P + U = 441, = 2,645094 
By the preſent Worth  _ + P 418, 6 = 2, 619789 
The Quotient is the Rate ſought R = 1,06 = o, oz5 305 
Then ſay, As 1. : ,06/. :: 100). : 6l. per Cent. the Anſwer. 


434. That nothing may be wanting to facilitate the Com- 
putations of Simple and Compound-Intereſt, I ſhall here ſub- 
join two Tables, to expreſs the Time in Parts of a Year, with- 
out any Trouble. One of which will ſhew the Number of 
Days from the Beginning of the Year to any Day of a Month 
propoſed ; and the other will ſhew what Decimal Part of a Year 
they make. The firſt here follows, with its Uſe. 


435. A TazLz 


—— — — — — 


— . ̃ᷓ uV, 9 ms 


INSTITUTIONS 


210 
435. A Tavin of Dars Jt any given Time ij 


than = Year, © | 


| 94112411 551286|210faq7127 
$1*5 1217124 
961128 ; 


141j172|202|23 3/264 


142[173]j203[234|265}29 
4. 2662 


881191491 8002102470272] 3020333 62 
304 
65 
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T The Usx of the Tazrx. 


16. Firſt; To know the Number of Days from the Begin- 
ing of the Year, to any given Day of any Month, 
This is obtained by Inſpection only; thus from January the 


baby ae I Hes tr te to November the oo 
| 331; Ee. 


Secondly, To know what is e eee 
ven Day of any Month, to the End of the Year. 
Suppoſe September 7, then from - 4A; ine 
dabtract the Number anſwering to September 7 250 


There remains the Number of Days ſought, viz. 115 Days. 


Thirdly, To find the Number of Days between the given Day 
any one Month, and any given Day 6 W 
the ſame Year. 


For Inftance,, To know how > Dc ds 
vil the 17th and October 23. 


Thus, from the Number anſwering to October 23 - 296 
dubtract that anſwering to April „„ 107 


The Remainder is the Number of Days nk 189 


fourthly, To find the Number of Days from any given Day 


ay Month in one Year, to any given Day of any Month 
the next Year. 


How many Days is it from September the 7th in one Year, 
4ril the 19th in the next? 


Th | From 
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From the Days of a whole Tear = 36g 
Subtract the Number to September ; * 250 


Remains the Number to the End of the Vear J 1175 
To which add the — 19 10 

_ The Sum is the Number of Days me” 256 
And thus is the Number of Days readily found for um 


terval of Time given, in the ſame Year company i or wi 
Cares, or Part of undther Year: 


* 2 1 


437. Having then we SPY of 1 it is ealy to 
what Decimal Part of the Year they make, in the follot 
Table; and having found that, you have the Symbols, 
in the foregoing Theorems, repreſenting any Part of a Ye 


84 bi 


438. 4 DeciMar TAE of Days and Months in a Near. 


_ 


— 


| © ww own | +#wwmo [ 


.002740 


005479 
.o08219 


-010959 


013699 
016438 


02 


021 
02465 


Months. 


o 


2 
3 


| 


10 Days 


+027 397 
030137 
032877 


035616 
038356 
45950 
998830 
04 575 
035 
o52055 


Decim. | Months. 


168867 


20 Days 
| 5095 
060274 
065753 


prone 
071233 
073973; 
0767 12 
079452 


4 


2 


3 


30 Days 


082192 
084932 
087671 
.090411 
093151 | 


.095890 
.0986 30 
101370 
104110 
106849 


— 


Decim. 


333333 
416567 


58 


| 50 Days 


.1 36986 


| .1 39726 


1.142466 
145205 
1147945 


1150685 
1534 425 |: 
.156164 


158904 
161644 


_— 


£22 | 


— 
— 
Go 
A 
S 


— 


70 Days 


191781 


194521 
197260 


200040 


203479 
208219 


— 


80 Days 


2191786 

221918 
224658 
227397 
230137 


| 
232877 
235616 
238356 
241096 
24.3830 | 


— 


— — 


100 
200 
3004 


36s | 


F f 


— * 
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The Uſe of the (foregoing Table. | 
439. The detimal Part of a Vear for Days under 10, i 
. contained in thè firſt Column; ; _ for ſeven” LS it i 
o. 019178. Wie 1 
For any Number of Days A 10 to 100, look for 6 
even Tens on the Top, and the Units on the Side of the I, 
ble; and where they meet in the Table is the Number expre 
ſing the decimal Part of the Year; thus the Decimal of 
Days i is found under 40 on the Top and againſt ſeven on th 
Side, to be 0.128767. The Decimal of 73 Days is 0.2. 
In the lower Part of the Table are the Decimals of a Ve 
for Months; and 100, 200 or 300 Days. So that for thr! 
Calendar Months and 27 Days, the Decimal of a Yea 


0,25 + 0.073973 = 0.323973- Or for 275 Days, it | 


0.547945 + 0.205479 = 0-7503424. 
440. As it is impoſſible to avoid the Uſe of Decimal i 


Money as well as in Time, in the Computations of Intere 
as appears in all the preceeding Caſes and Examples ; ther 
fore it is expedient to ſubjoin the.' following Table of th 
dicimal Parts of a Pound Sterling, anſwering to any Num 
of Shillings, 2 and F athidge, propoſed. 


heref 


Thus, ſuppoſe it is required to expreſs 57 J. 175. 943 I 
Decimals. You take from the Table the correſponding Dec 
mals for the reſpeQive Parts, and then add them together, 
below. 


The integral Part 58 


17s. is of; 
—— 1 9d. + o. - ©.040625 


as Ga on as; es tn as tn mo io 


The Sum f in 1 Decimals 37.890625 


441. Again, by the ſame Table any given decimal Sum mi 
be relolved into the common Species of Money; as _ 


67185415. 


442. 4 Table of the Decimal P arts of a. Pound Sterling. ; \ 


= 
— 


IAD GEB RA. 215 
Gy / ts "4 - rt „14e 1. 
= The integral Part is 6. 
. 1 From the Decimal o, 185418 
̃ Take the next leſs for 35. = 0,15 
J 4 19 gi 2 2 { 7 "_ Lads vs 
5 The Remainden anſwers to 8 3 O, 35416 
herefore the Sum C. 67, 18541 = 671. 35s. 8 d. 2. 


A Decjmar TABLE (ors) 
Of Money; one Pound the Integer. 1 
S. | Decimali. P. g. Decimats. || P. 9. Decimal. 
11505 O 3 ,0005208| 650,0 25 ang 
2],1 * - || © x|,00104rf]-'6 „26041 
3618 1 „oo 2083 (6 2,27% _ 
1 11-0 31,003125 6 3 [,028125 | 
51525 ,o OOAA , 7, o, oa9 180 8 
5 — I 0052 7 2150302083 
| 71535 1 | ,oo625 '-}| 93 þ,03125 | 
81,4 I 3|,00729 7 4,0322916 
91345 250, 0833 5015033333 
8 | 2 21509375 |. 8 I 5034375... 
55 2 Koe || 8 35416 | 
6 2450114583 8 470354583 . 
565 330, 0125 9,0377858 
7 3.713546 95 [0355416] | 
75 3 2014583 || 9 4,0395833 
3 3 4015525 1.797 4040025! 
85 ,430|,016666 100 „041666 | 
0 | 4 310177087 fl 10 f, 427083 
»95 4 2 ,01875 _ 1} 10 2,4375 
420199610 4,0447016 
5 50, 2083 ö 1150, 045833 
5 115021875 11 4, 04587 5 
5 22916 rr 3[,047916 
e282 U 1.482583 
Ff 2 443. An 
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443. An Example in Simple and Compound Intereſt, yil 
make the whole Matter eaſy and conſpicuous. 


ExAamepLE I. | | is 


What will 65/. amount to, being lent from March the 11 
to Nevember the 3d, at 50. per Cent. W Simple. 

tereſt ? 
From March the 7th to November the 3d are 241 Days, Wil T. 
(435); thoſe make 8 Months, 2 Weeks, and three Days, Ce 
o, 660273 Decimals of a Year, by (438.) Then by Theorem 
(270) | 


Multiply the Tim - = 0,660 
By the Ratio of the Rate - - R = En 


And that Produt - FR 0,03301 1d 
Multiply by the Principal! P = = | 


The Product is 2 re P= = 214588! 
To which add the Principal - P S 


6 ee ICS — 


The Sum is the Amount ſought - S 57, 50. 60 
ExAmMPLE II. 


What is the Amount thereof at Compound- Anterel, 
Rate and Time being the ſame? 

The Logarithm of the Rate + R 1,05 = ode 

Multiply by the Time t = 660 


The Product is A of Rt = R*:5503 = o, or 30% 
To which add the Log. of the Prin. P = 63 = 1, 812010 


The Sum is the Log. of Amount A = 67,1281 1, 82090 


And thus the Theorems ſerve to anſwer Queſtions, when ! 
Time js only Part of a Year, as well as when complete Yea! 


444. I ſhall now add a few Queſtions of a mird N 
ture, and which frequently happen, in a the m 
extenſive Uſe of the Tables. | 

Qu? 
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QUESTION I. 
Suppoſe I have 7900. to be paid me within ſeven Years, in 
Manner; at the End of the firſt Year gol. of two Years 
o0l, of four Years 200/. and of ſeven Years 40010. Query, 
chat the preſent Worth of thoſe ſeveral Payments is in ready 
Money, allowing 453 per Cent. Compound Intereſt ? | 


Table III. the preſent Worth of 11. at 42 er 
Cart. due at the End of one Year, is $ 0.9569378 


hich multiply by the Principal! - 90 


+ Produft js the peefent Worth of gol. = $6.124402 
Thus the preſent Worth of 100. due 2 [Dh 
ind of do b ns = 91-57299 


Iſo, of 200l. at the End of four . = 167.71226 
ud of gool. at the End of ſeven Years = 293.93140 


ie Sum of all theſe is = -—- . 639-341052 
Which anſwers the Queſtion, viz. 63g/. 6s. 934. 

UUEETION SE. 
445. 4 owes to B 4551, to be paid in 14 Years, viz. at, 
he End of every two Years 65 J. But he would agree to pay 
im in ſeven Years, by equal Payments each Year; which B 
iges to, and at the Rate of 6 per Cent. Compound Intereſt. 
luery, what the annual Payment muſt be? | 


1. Find the preſent Worth (by Table III.) of the ſeven Pay- 
ments which were at firſt to be made, as per Pueft, I. 
which you will find to be 293 J. 5. 2d. 

2, Then find (by Table VI.) what Anmuity, to continue 
ſeven Years at the given Rate, 293/. 55s. 2d. will pur- 
chaſe ; which you will find to be n 195. 8 d. and is 
the Anſwer to the Queſtion. 


QUESTION III. 
446. A has a Term of ſeven Years in an Eſtate of 35 J. 
er Annum. B has a Term of 14 Years in the ſame Eſtate in 
Aevrfion after the ſeven Years; and C has a farther Term of 
20 
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20 Years in Rever/ion after the 21 Years, Query the preſey 
Values of the . Terms, at the Rate of 5 per Cent. per 4. 


num? 


By Tabl v. the prof Flue of ET per Annum, may he 
an 

a for 41 Years, tobe === — 6056 6 0 
for 21 Years, to be — \— [4 24 14 9 

for 7 Years, to be — 202 10 5 


Which ſubtract from each other, and it will pn 7 | 
J. 1. 4 

r the e Value of A's Term is 202 10 « 
f Bs Term 246 44 

| of C's Term oy os ; 


For theſe 2 anſwer the Queſtion 1 60 * 6 ic 


QUESFION Iv, 
447: Which is moſt advantagious a Term of 15 Yearsin a 
Eftate of 100 J. per Ann. or the Rever/jon of ſuch an Eſtate for 


ever after the Expiration of the ſaid 15 Years; computing a 
the Rate of 5 per Cent. per Al. Compound Intereſt? + 


An Eſtate of 100] per Aun. Toe, Simple at) Tx 
5 per Cent. is worth = he 

In Table V. the preſent Value of 6 es Ela 1 of ; 
at the ſame * for 15 Years, is 1037.05 


The Difference i is | 962,04 


Now this Differeace being the Value of the Reverſion, i 
appears that the firſt Term of 15 Yeats is better than the Re 
verſion for ever afterwards by 753164 * 75 18 5. 746 
Anſwer. 


av EST LGN V. 
448. A Perſon having 12 Years to come in a Leaſe of an Eſtat 


of 6ol. per Ann. for 40 Vears, would know what preſent Mo- 


* he muſt pay. in order to renew or complete the _ by 
| adding 
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ing 28 Years thereto, computing at 6 per Cent. e 
tereſt ? | 


L. f 


ay de, Table V. the preſent Value of 11. per . 

% 1b per Cent. for 40 Vears, is 2 15.046297 
i the ſame Table the Value of 1. per Ann. at 

1 that Rate, for 12 Years to come, is : 8. 383844 

9 51 RAINY 

S The Differences 6.662453 

141 a Which multiplied by 60 

9 The Product is the Anſwer, viz. 399-747 180 

6 In Money, 399“. 14s. 114. 


QUESTION VI. 
449. A. gives 1550/7. for an Annuity of 100 J. per Annum for 
0 Years. B. puts 1550/. out at Intereſt. It is required to 
nw which will amount to the greateſt Sum at the End of 


he 50 Years, at the Rate of 6/. por" Cent. &c. Compound 
ntereſt ? 


By Table IV. the Amount of- 100 J. An- Cale” 
ty, in 50 Years at 6 per Cent. may be 29033,59046 
ound to be | 


By Table IT. it may be found, that the A-) 
hount of 1550 J. for that Time and Rate wink 28551,23885 


ace 4's Annuity is more than B's 15501. by 482,35161 
t the End of 50 Years, The preſent Value of which Diffe- 


ence is found, by Table III. to be 267. 3s. 8.4. and ſo much 
as 4's Caſe better than B's, 


QUESTION vn. 


450. What Annuity, to continue 14 Years, may be pur- 
laſed with 1000 J. due at the End of five Years; the Annuity 
o commence preſently, at 51. per Cent.? | 


By 
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By Table III. the preſent Worth of 10001. A 8 
due five Years hence at 5 per Cent. may be found — 7035 he | 


By Table VI. it may be found, that the An- 5 ever 


nuity which 78335 262 J. will purchaſe for 14 7905 follo\ 
Years, at the Rate of 5 per Cent, is 


In Money, 79/1. 3s. og d. per Annum, the Anſwer, 
QUESTION VIII 


451. For a Leaſe of certain Profits for ſeven Year, / 
makes two Offers, either to pay 1 50 J. as a Fine, and 300 
per Annum ; or 1700 /. Fine, without any Rent. B, bids 65: 
Fine, and 2001. per Annum. And C, offers 200 J. Fine, a 
405 J. per Annum. Query which is the be/? Offer, and 
the Difference, computing at 51, per Cent. &c. cares 
tereſt ? 

1. By Table II. 6 in ſeven? "£4 
Years, at 5 per Cent. may be found to be 5 


By Table IV. the Amount of 300 /. per Ann. | 
in ſeven Years at the given Rate bd 2 242,601 ' 


Therefore A's Offer, at the End of ſeven 
Years would be ens 245366 


her 


2. By Table II. the Amount of * in ſeven | 
. (As ſecond _—_y at * 1 — = 2 392,0001 
- found to be = F1 


3. By Table II. the Amount of 650l. in 8 Bos 
Years, at the given Rate, will be found to be 3 9101 
By Table IV. the Amount of 2000. per Ann. in | 
J Years, at that Rate, will be found to be nn 


Therefore B's Offer will, in 7 Years, amount to 25437075 


4. By Table II. the Amount of 200. in : ſeven] 281,421 

| Years, at the given Rate, will be found to be | 

By Table IV. the Amount of 405/. per Ann. for 207,51 
the given Time and Rate, will be found to be 320% 


—— 


So that C's Offer, i in 7 Years, will amount to 3578, 030 
| The 
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The Amounts therefore of the ſaid Offers, at the End of 
the ſaid Term, being thus known, the preſent Worth of the 
weral Amounts, may be found by Table III. which are as 


follow. 


* 
The preſent Worth of A's firſt Offer will be 1885 18 3 


As ſecond Offer 1700 O0 o 
B's Offer - 1807 5 6 
*- C's Offer - - - 2543 98 
herefore the preſent Worth of what C. offers is more than 
&  +% & 
A's firſt Offer, by 657 11 5 
A's ſecond Offer, by 843 9 8 
B's Offer, by - 736 4 2 
Which fully anſwers the Queſtion. 
M B. This Queſtion might be more readily anſwered by 
nding the preſent Worths of the ſeveral offered Annuities (as 


er Table V.) and adding to them the ſeveral Fi ines, as the 
Reader may try at his Leiſure. 


QUESTION IX. 


452. What Annuity is ſufficient to pay off a Debt of 50 
lions in 30 Years, at 4/. per Cent. Compound Intereſt ? 


In Table IV. againſt 30 Years, under 4 per C. is 0,0578 301 
Which multiply by the Debt ET 


The Produ is the Annuity ſought, viz. L 2891 50s 


per Annum. 


do that ſuppoſing the National Debt to be 50 Millions, and 
be Intereſt paid to be two Millions per Ann. or 41. per Cent. 
den will a Sinking Fund of 891505/. per Ann. clear the whole 
bebt in 30 Years. 

N. B. By this Example appears the Neceſſity of continuing 
etabular Numbers to ſo many Places of Decimals. 


Ge QUE $- 
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RUYESTION .. 

453. Suppoſe one F arthing had been lent at n In- 
tereſt at 5 per Cent. in the firſt Year of the Chriſtian Ara, a 
Birth of Chriſt, and ſo continued to the Year 1750; Que 
the Amount thereof? | mme 


1 
VN. B. Having faid enough about the Uſe of the Table, | 
here intend only to give the Reader a Hint of the ſurpriſing 
Nature of Numbers in — Proportion. (See Then, 


* Art. «200 
N pf fro 
Therefore, the Lo 18 of the r I,05 = 0,02118 ſul 
Multiplied by the * p SEE”. 7 
— all | 
The Product is — 357,087 « - 


To which add the Logirithin Gt ode Far. 
thing, or hy 20010418 * of a Pound, = 57-0171 


vir. 
The Sum is the 140 of the Amount fought = | 34509900] 


Now the Index of this Logarithm being 34, ſhews the Nu 
ber of Figures, of which the Amount of one Farthing in th 
given Time doth conſiſt, to be 35, of which let it be ſuffice 
to expreſs the five firſt in Figures; the reſt in Cyphers; the 
will the faid Amount be 


have 
an A, 


ry : 
a * b T 


I2 56 I0000000000000000000000000000001, . 


| Now the Value of a ſolid Body, perfectly ſpherical, who cont 
Diameter is 8000 Engliſh Miles, (which is ſomewhat bigg 
thar: the Diameter of the Globe of our Earth.) I ſay ſud if 
ſolid Body of fine Gold would be in Value about ty, th 


2386600000000000000000000000!. 


Now if from each of theſe great Numbers be cut off ! 
.Cyphers, the remaining Figures will be 125610000000 in 
Amount of the Farthing; and 23866 in the Value of t 
Globe of Gold. But de Te ORE ( = $2600 
nearly. 


7 


Hene 


of AL GE ER A. 223 


Hence it appears, that one ſingle Farthing put out to Uſe 
1 the Manner aforeſaid, would amount to more in Value than 
ie Millions and two hundred and ſixty thouſand Globes of 
ine ſolid Gold, each bigger than the Globe of the Earth ! t A 
range and ſurpriſing, but no leſs certain Truth! | And this 
nmenſe Amount would be greatly increaſed * inlarging the 
Late of Intereſt. 


4 4 
d In 
a, Of 
ery, 


454. As it may be ſome Curioſity to the Reader to know 
hen theſe wonderful Queſtions firſt came in Uſe, and on what 
Occaſion, I ſhall conclude this Subject with an Account there- 
if from the learned Dr. Mallis, and in his own Words, which 
e ſubjoins to his Solution of the Queſtion of buying a Horſe by 
ming a Farthing fer the firſt Nail, and doubling the Sum for every 
ail in his Four Shoes. His Words are: 


The firſt Occaſion of which Queſtion, I believe to be what 
have cited, Cap. 13. of my Opus Arithmeticum, from Al lephad 
an Arabic Writer) in his Commentaries upon Tograius's Verſes : 
mely, That one Sea, an Indian, having firſt found out the 
ame at Cheſſe, and ſhewed it to his Prince Shebram: The 
ing, who was highly pleaſed with it, bid him aſk what he 
yould for -the Reward of his Invention ; whereupon he aſked, 
at for the firſt little Square of the Cheſle-board, he might 
ae one Grain of Wheat given him; for the ſecond, two; and 
don doubling continually, according to the Number of Squares 
1 the Cheſſe-board, which was 64. And when the King, 
ho intended to give a very noble Reward, was much diſpleaſed, 
lat he had afked ſo trifling a one; Sz/ſa declared, that he would 
contented with this ſmall one. So the Reward he had fixed 
pon, was ordered to be given him: But the King was quickly 
toniſhed, when he found that this would riſe to ſo vaſt a Quan- 
ty, that the whole Earth itſelf could not furniſh out ſo much 
heat, But how great the Number of theſe Grains is, may 
e found by doubling one continually 63 Times, fo that we 
y get the Number that comes in the laſt Place; and then 
ie Time more yet to have the Sum of all. For the Double 
' the laſt Term (leſs by one) is the Sum of all. Now this 
ll be more expeditiouſly done by Logarithms, and accurate- 
enough too for this Purpoſe. For the Log. of 2 (which is 
Gg 2 o. 30 10300) 
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o. 3010300) multiplied by 64, is 19.26 59200; theabſoluteNumbe 
agreeing to this, will be greater than 18446. 00000. ©0888, 0009 
and leſs than 18447.00000.00000.00000.” 

Then by allowing 7680 Wheat Corns to a Sata Ping al 
Wheat at 4 5. per Buſhel, the Reader may find, at his Leiſur, 
to what an immenſe Sum the Value of the above-mentionl 
Grains will ariſe, 


CHAP. XXI. 
The Valuation of Annuities upon Lives, 


455. A this is a very neceſſary Subject, we ought not t 
aſs over it in this Place; and tho” it has be 

handled by ns Pens, yet, as ſome have given Rules a 
Solutions to Queſtions and Caſes of this Sort, without a 
Theory or Demonſtration at all; and others have given I. 
orems too tedious and perplexed ; we ſhall here endeavour 
ſteer a Courſe between both; and propoſe ſome of the moſt ul 
ful Caſes, with as plain a, Rationale thereof as we can. 
456. And it is firſt to be obſerved, that before the Valuec 
any Annuity on a Life of any propoſed Age can be at all i 
certained, it will be previouſly neceſſary to conſider, how 
are to eſtimate the Probability of the Continuance of a U 
for any given Time; and it is evident this can be done! 
other Way but from Obſervations made from the Bulls of Mk 
tality, for a Series of Years together, and ſuch as are pro 
to the Country where thoſe Computations are to be mi 
For the Bills of Mortality at Breflaw will by no Means 
the Meridian of London; and therefore we ſhall firſt exhidi 
Table of the Number of Perſons who have died in 
Year from 1728 to 1747 incluſive, or 20 Years, as taken ft 
the yearly Bills of Mortality of this Metropolis, for the A 
mentioned at the Top of the reſpective Colums. 


457. 
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Tumbe 457. The Bills of Mortality alſo mention the Number of 
.coo Werſons born in each Year; and from a Mean of the Whole, 
r 1000 Perſons born, there die the Numbers mentioned in 
je firſt Table at the Bottom, for the ſeveral Intervals of Age, as 
ere ſpecihed 3 where tis obſervable, that the leaſt Number 
ie (viz 31 in 1000) between 10 and 20; and the greateſt 
umber (viz. 96 in 1000) between 40 and 50 Years of Age. 


458. From the firſt Table the Second is conſtructed, where 
he Numbers of the ſeveral Intervals of Age are diſtributed 
no Numbers proper to the Years of thoſe Intervals ; for In- 
ance, between 10 and 20 Years there die 31 Perſons; but 
heſe in the following Table are divided and alldtted to each 
ngle Year as follows; 4, 4, 3, 2, 2, 2, 2, 3, 4, 5, the 
zun of which makes 31. From hence the Probability of 
wing any propoſed Number of Years, at any Stage of Life, 
nay be very eaſily deduced, as we ſhall ſhew. - 
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TABLE x 


1 
— 
- 


4 


eo 


1729 


'=T l 1731 
1732 


24734 


20 Part for 
the mean 
Year. 


looo in 
the ſame 
Proportion 


MMSE. 


1728 


1730 


1733 


1735 
1736 
1737 
1738 
1739 


1740] 


1741 
1742 
1743 
1744 
1745 
1746 


1747 


Totals of 
each Age. 


2 Years 
of Age. 


Under 


9851 
10735 
10308 


9937 
9502 


11738 


10752] 2 
967 


10580 


10054 
9600 


| 9687 
10765 
10456 
9030 
8621 
7394 
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7689 


5. 


WF | 


ve 


ort 


* 
— 


tle 
ls o 


oF ALGEBRA. | 


e ted at the 
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23 


| 


17410 


2196 


1684 
2121 
2106 


12039 
2585 


28510 
2333 


2004 


1637 
1741 


2243 
72079 


41311 


2066 


78 


ba 
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460. Exbibiting the Probabilities of Life; fron 
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TABLE UI. 


Bill of Mortality of the City of London. 


= ES | Ja otes =) *| lerer 
23 33 [333 ss |S3]|E5 
E A e s 
3821 2$|2|48|' 208188] 8888 2 
3 2152 {| 2 FI*|' 2 7 
= = 
2148 3 |: 81 8 Fe 
rr nr I OP THNOnY 
| of - |x000[24| 7 [452148] 9 [229]72] 5 [61 
1276 724/250 8 [444149] 9 22073 5 |56| 
2| 92] 632126] 8 [436|50| 9 [211]74| 5 51 
3149 583]27] 8 [428561] 9 20275] 5 [46 
4 25 3582809 [49520 9 [193]76] 4 [42 
5 13] 545129] 9 410530 8 185077 4 |38 
6] 10] 535]30| 9 [491154] 8 [177178] 4 [34 
7 8| 527131] 9 [392|55] 8 [169]79] 4 30 
7| 520|32| 9 383156 8 [161}80| 3 [27 
9 65143309 374/577 [15481]. 3 [24 
10 5| 509[34] 9 365/580 7 [147]82| 3 |21 
11 4| 505/350 9 35659 7 [140[83] 3 18 
12] 4| 501/30 9 34/600 7 133/84] 3 15 
13] 3 498|37|10 |337|61] 7 126085] 2 |13 
14] 2 496|38|10 |327[62| 7 [119186] 2 |11 
15 - 2] 494[39|10 [317163] 6 [113187] 2 | 9 
16 2 49204010 30/64] 6 [107188] 2 | 7 
117] 2] 49004110 297/65 6 [rorf8g} 2 | 5 
18] 3 487[42|10 [257166] 6 | 9590 1 | 4 
19] 4483/43/70 [277]67] 6 899 1 | 3 
WT 478144 10 [267]68] 6 | 83/92] 1 | 2 
21. 6 472145[10-1257169] 6 | 77193] 2 | 7 
22 6 4664/10 [247]70] 5 | 71194] 1 | 0 
123! 71 459/471 9 12380711 5 65/5 0 
TABL 
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TABLE III. 
bi. Shewing the Probabilities of Life, from the 


om Bills of Mortality, WG to Mr. SIMPSON. 
I. melir t 4 9 | 
No. of No of I NY. of N®. of « 
— ag” Perſons. Age. Perſons. Age. Perſors. Age. Per on | 
2 — — — — Roa — — — 
73 horn 1280 20 | 462 | 40 294 60 159.4 
4 „ © Wi oe — 8 
8 ri BO T7. ns 41] 284 61] 123 
: | —170 _ —_— to _— 
| | 2] 700 |, 22] 448 | 42] 274 62] 117 
*. N 55 23 44 43 * 63 mag 
6 4] 6e | 24] 1434:| 44] 255 | 64] 10% 
1 . U. | 8 . | — 
6 5] 580 | 25] , 426 | 45] 246 | 65] 99, 
8 6] 564 26 | 418 46 237 | 66] 93 
4 1 „ [ud ined fp} 
0 7 4 1 274 28 47 26 7 2 
7 81 541 [28] 402 46 220 68] 81 
4 —9 —8 28 — } 
1 91 332 291 394 191 212 69 23 | 
8 wa —9 —3 | 
5 10 524 | go] 385 [ 50 204 70] 69 
| 6 6 6 
I 11 517 31 37 $1 199 wy 94 
9 1 I 17 17 —_ 1 _ | N. 
I2] 50 32] 367 52 188 F 72 59 
7 —6 [=o i =8 wang 
5 3] 594 | $3] 358 } 53] 180 | 73] 64 
4 — —9 — 1 — 
3 144 498 | 34] 349 $4] 172 | 74] 49 
2 —6 | —9 | — —4 
I 5 % 35 349 | 5s] 165 | 75] 454 
0 — —9. 7 | —_— 
16 486 36 331 66] 158 | 70 41 
* Py —_— —_ __ 4 
171 480 37 | 322 $7] 151 77 | 38 
188 474 | 381] 313 58] 144 781 35 
— — — 1 —3 
9]: 48 | 39] "304 | 59] 137 | 790 © $66 
81 —6 | —10 27 711 
ö Read 462 K 1 40 1 204 | * 60 | 139 . , 80, 29 
H h 46a. I 
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462. I have thought it proper to give both theſe Tables 
the Probabilities of Life, but in the future Computations (1 
confine myſelf to that of Mr. Simpſon, becauſe his Tables 
Annuities on Lives, will beſt ſuit my Purpoſe ; but before 
Thing on this Subject can be well underſtood, we muſt prenig 
the following lemmatical Propoſitions. ' 
| 463. The Probability of the happening of any Event is in Þ; 

rtion to the | Chances which that Event has to happen t 1 

umber of all the Chances which it has both to happen and to fi 
Thus ſuppoſe one Dis was to be caſt, there is but one Chu 
that any one Number of Spots on it ſhall come up; and it j 
evident there ate five Chances for it to fail, therefore the Pr 
bability that any particular Number ſhall come up, will be 
1 to 1+ 5, that is, as 1 to 6; and may be thus expreſſed, 
Thus if the Oahedron, or Body of eight Sides, had the eigh 
Digits on them reſpectively, then the Probability of amy « 
coming up on a Caſt, would be as 4. 
464. Therefore, if the Die and Oftahedron were both 2 
up together, the Probability that any two Numbers you ſul 
name, come up together, will be as + X 4, or 7+ | Agai 
if a Dodecabedron, or Body of 12 Sides, were added to the 
former, with the proper Numbers on it; and all three we 
thrown together, the Probability that py three Nun 
cified, come up together, will be, asg * X 7x3 or 155 ; 4 
ſo of any other Number. 

465. Hence, if a Sum of Money was to be expected an i 
coming up of any Number on the Die, 'tis plain the Valuec 
ſuch an Expectation would be but a 4 Part of that Sum; ori 
the receiving aSum depends on the happening of any two Nun 
bers on the Die and Octabedron together, the Value of the Ex 
peRation would be but f Part of that Sum. 

465. If, in the fecond of the foregoing Tables, we find att 
Age of 25 Years there are 444 People living out of 1000, 
againſt the Age of 60, there are but 133, it appears that | 
that Interval there have died 311: So that the Number 
Chances which a Perſon of 25 Years of Age has to live to be 
will be as 133, and the Chances he has to fail will be as 31! 
therefore his Probability of living to the Age of 60 Years 
be as 133 to. 133 + 321, or as 332. (by 463.) - 
+ Co, 134 407% * 
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467. Let a = Number of Chances any Event has to happen, 
14 the Number of all the Chances there are fot-it to 
pen and fail; and put p = to the Probability of it hap- 

ing; then by what we have premiſed, we have this Theo- 


en, = thereforeph =a = a X 1; whence we have 


-þ::b:a; and then 1—p:p::b6—a:a (as will appear 
multiplying Extremes and Means.) In the above Example, 


= 133 b = 444. and Pp == = 0,3, The Chance there- 


re a Perſon of 25 has to live to . is as 0,3 to I, and not as 
54275 to 1, as ſome have aſſerted. 

468, If any Sum S be expected on the dancin of any 
rent, the Value V of that Expectation will be in Proportion 
the Sum depending, and the Probability of the Event's hap- 


ning, that is, V will be as 5 83 therefore V : 58: = and 


ve have Vg aS; and V: S:: 2 
409. Suppoſe a Perſon A was to 1 100 J. upon this 
ondition, that another, B, of 20 Years Age, ſhould live one : 
ear; Query the Value of A's Expectation? In Table III. 
for we ſhall uſe Mr. Simpſon's Numbers for the future) againſt 
Age of 20 and 21, the Numbers are 462, and 455 ; whence 
:b::455 : 462. Now the preſent Value S of 100/. due at 
End of one en allowing (ſuppoſe) 4 J. per Cent. is 96, 1 5. 
28 455 X 96.15 


de Table III. p. 179.) Wherefore V = == 462 © 


94.71. the true Value required. 

470. In like Manner the Probability a Perſon of 20 1 of 
ze has of living 2 Years is 443; and the preſent Worth of 
00/, due at the End of 2 Years (at 4 per Cent.) is 92,45 3 
lerefore 443 x 92,45 = 8, 65 J. the Value of A's Expecta- 
on to receive 100 J. at the End of the 22d Year of B's Life. 
ind thus you proceed for all the other Years of his Life to the 
uremity of Age; and the Sum of all theſe being found, and 
Wed together, will amount to 1480/7. very nearly. But if 
able II. of Mr. Stonehouſe be uſed, then the Value of an An- 


ty for ſuch a Life will amount to 14851. 
H h 2 471. Since , 
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Av 
471. 15 N © P (402.) and putting : = = 2, 3 4; 


Cc. and A = 11. *tis plain the Sum of the Values of 11. f 
the ſucceſſive Years of a Perſon's Life will be expreſſod by di 


3 


Series 1 + 2 1 T = c. were there no Dont 
gency in the Caſe. But as we muſt allow for that; let Q 


the Number in the Table, correſponding to the given MI 
and Q. Q. C. ts. be thoſe anſwering to the next ſuc 


* * ; then we ſhall have = Q + Qs 75 8 


QR D 
Q & 


G. N x 2,2 + Rr? WY pul tote Vale 


Annuity of 11. on the Lie of B. 
472. When the Value (V) of any one Life is computed . 
given, the Value (v) of the next younger Life will be e: 
* 
deduced from thence; for let 7 be the Number in the Ta 
found againſt the next younger Age; then 4 471.) fort 


. Reaſon that V = = x T4 Q 


T* R + 5 8 3 G. will 

- ra 8 i 

a © $i; 4's, = xQ+2 4 
—R q © Re 7 ＋ Ro 7 RF 

c. Whence tis plan, by multiplying the former Series by ( 


and the latter by N we get QV = Þ + 2 1 85 
| 


and vRg=Q + 2 + * Se. Therefore vRy — 
= Av; and OQV+Q=vwvR yg; conſequently 
2 = = VF x R *r x =: 
473. This laſt Theorem is thus expreſſed in Words; Tot 
Value of the given-Life (V) add one Year's Purchaſe, and mi 


. 
* 


ply ü 


cou! 


ne Pri 
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ply that Sum (V + 1) by * (which is the ſame Thing as to 


count it for one Year,) and that Product again multiply by 
e probability of a Life of Nineteen continuing one Year (wiz. 


9. this laft Product will be the Value (V) of an Annuity up- 


"this Liſe. For Example, The Life of 20 being 14800. this 
ncreaſed by one Year's Purchaſe is 15807. which diſcounted 
t4 per Cent. is 1519.23 this multiplied by the Probability of a 
ife of Nineteen, viz. 231 gives 1499,8, or 15007. for the 
quired Value of ſuch a Life. 

474. If the Annuity was but 1 J. inſtead of 100/. the Value 
f ſuch an Annuity on a Life of 20, would have been 14,8 l. 
nd for a Life of 19, it would be 154. and in ſuch a Manner 
re the Numbers in the following Table IV. computed, which 
hews the Value of an Annuity on any ſingle Life from fix Years 
Age to 75 (according to Mr. Simpſen,) at the Rate of 3» 4, 
6, per Cent. 

N. B. Compound Intereſt is always allowed in theſe Caſes. 
And the Value of an Annuity on any Life, is called ſuch a 
Number of Years Purchaſe, as it is the preſent Value of the'An- 
mity to continue for ſo many Years certain. Thus the preſent 
Value of an Annuity of 100 J. per Annum on a Life of 20 Years 


„ 0 
11 
dy hi 
Jonti 
et Ol 
ef 


11 of Age, diſcounting 4 per Cent. is equal to 14,8 X 100 = 
| 14801, as per Calculation (470.) 

s by 0 

: 

7 
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INSTITUTIONS 
zh TABLE II. 
For the Valuation of Annuities upon one LI I. 
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476. We might now proceed to compute the Value of An- 


ities on two, three, or more joint Lives, or on the longeſt Liver 
them, on the ſame Principles as before; but we ſha!l deſiſt 
jr the preſent, from any further Inveſtigations of this Kind, 
two Reaſons ; firſt, becauſe of the great Difficulty and In- 


2 


+7 cacy of them; and, ſecond, becauſe they are not ſo. neceſ- 
os ſo often in Uſe as Annuities on a ſingle Life, And to 
. what 1 chink is Truth, the whole Affair of buying and fals 
1 a 7 Annuities on ſeveral Lives, ſeems to be a Sort of gaming, at 


i a Matter of great Uncertainty after all; for general Rules 
duced from the beſt Bills of Mortality that could be had, muſt 


8 22 


9-9] Wiſe very fallacious, and ſhort of aſcertaining the preſent real Va- 
9.6 e of an Annuity on any particular Life or Lives, and can be 
4 xked upon only as affording Mediums and Approximations 


dereto, As we have ſhewn the general Nature of this Calculus, 


8.9] Wd given the moſt uſeful Part, we ſhall next proceed to 
1 bat remains of the Algebraic Inſtitutions. 3 

5 | 

8.3 — 2 . „ Q 


> 


CHAP. XXII. 


7.0 

al J. Nature, Geneſis, and Roots of Cubic Equation, 
690% and thoſe of higher Dimenſions, 

67. A we have been ſufficiently prolix on the Nature and 
6.5 Geneſis of Quadratic Eguations (in Chap. XIV.) the 
— cs will be neceffary to be ſaid here in regard to Cubic Ones, and 


dſe of higher Powers. For the Nature and Rationale of all 
lepend on that of the component, or generating Roots. Thus, 
poſe the Value of the unknown Quantity x in any Equation 
ere to be expreſſed by a, b, c, d, &c. that is, let x = 4, * 
„5 X S c, x = d, &c. then will y—=a=0, x -b = 0, 
Se, x—d e, &c. be the ſimple radical Equations, 
f which thoſe of higher Orders are compoſed ; and as the Pro- 
ut of any two of theſe gives a Puadratic Equation, or one of 


v Dimenſions ; 1b the Product of any three of them as x — a 


7b x c e, will give a Cubic Equation or one of. 
three 


>, We 
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three Dimenſions. And the Product of four of them will d 
ſtitute a Biguadratic Eguation or one of four Dimenſions; ant 
on. Therefore, in general, the highe/t Dimenſion of the un ven 
Quantity x is oqual to the Number of fample Equations tat an r it 
tiplied together to produce it. 
478. When any Equ Equation equivalent to this Biquad 
„ X x—eXx—d=0 is propoſed to be 
ſolved, the whole Difficulty conſiſts in ts in finding the ſimple E. 
tions x —4 = 0, ==> 4 — o, x — 42 5 
whoſe Multiplication it is produced ; for each of theſe fins 
Equations gives one of the Values of x, and one Solution of 
propoſed Equation. For, if any of the Values of & dedus 
from thoſe ſimple Equations be ſubſtituted in the propoſed Equ 
tien, in place of x, then all the Terms of that Equation wil 
niſh, and the whole be found equal to nothing. Becauſe wi 
it is ſuppoſed that x = a, orx=b, or x c, or æ S 4% i 
the Product x — 4 * — . a ry 
becauſe one of the Factors is equal to nothing. There are the 
fore four Suppoſitions that give x — a X x - X x—cX x 
= © according to the propoſed Equation; that is, there are wan 
Roots of the propoſed Equation. And after the ſame Man ; 
any other Equation admits of as many Solutions as there are 
ple Equations multiplied by one another that produce it, e mi 
many as there are Units in the higheſt Dimenſion of the i 
known Quantity in the propoſed Equation. | 
479. But as there are no other Quantities whatſoever | 


theſe four (a, 5, c, d,) that ſubſtituted in the Product x 
Xx—bXx—c x x—4&, in the Place of x, will make 
Product vaniſh ; therefore, the Equation x —a x x —þ 
'X—=c X x—4 = 0, cannot poſſibly have more than theſe k 
Roots, and cannot admit of more Solutions than four. If 
ſubſtitute in that Product a Quantity neither equal to 4, 
3, nor c, nor d, which ſuppoſe e, then ſince neither, e— 
e—b,e—c, nor.e dis equal to nothing; their Product 
Xe—bXe—cX e—d cannot be equal to . nothing, 
muſt be ſome real Product: And  therefqge, there is no a 


7 
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ſition befide one of the foreſaid Four, that gives a juſt Va- 
e of x according to the propoſed Equation. So that it can 
ve no more than theſe four Roots. And after the ſame Man- 
r it appears, that no Equation can have more Robots than it con- 
ins Dimenſions of the unknown Quantity. 

480. To make all this ſtill plainer by an Example, in Num- 
rs; ſuppoſe the Equation to be reſolved to be ä“ — 10x? + 
5x* — 5Ox + 24 = O, and that you diſcover that this Equae 
jon is the ſame with the Product of & I X x— 2 X x— 3 
x — 4, then you certainly infer that the four Values of x 
1, 2; 3, 43 ſeeing any of theſe Numbers, placed for x, 
nakes that Product, and conſequently x* — 10 x? + 35 x* — 
ox + 24, equal to nothing, vccording to the propoſed Equa- 
jon, And it is certain that there can be no other Values of x 
elides theſe four: Since, when you ſubſtitute any other Num- 
er for x in thoſe Factors x— I, x — 2, x — 3, x — 4, none 
f the Factors vaniſh, and therefore their Product cannot be 
qual to nothing, according to the Equation. 
481. The Number of Terms is always greater than the higbeſ Di- 
an of the unknown Quantity by Unit. And when any Term 
$ wanting, an Afteriſk is marked in its Place. The Signs and 
ficents of Equations will be underſtood by conſidering the fol- 
— Table, where the ſimple Equations x — a, x— 6b, &c. 
re multiplied by one another, and produce, ſucceflively, the 
igher Equations. 
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X — 2 2 0 "IN, 
Xx Xx — 2 O 


=x* — 4x 1 oh 
8 a a Quadratic. 
XX — c 2 0 


* —2 2 + ab 
* ! ace Xx— abe= o, a Cubic. 
+ be 


— — 32 


— 


= 


Xx—d=0_ Tl 


= * — 4" + @b „ | 
J = + ac . * Xx + abcd =d0g, 1 


"—_ 


HX +adl .—acdh Biquadratic. 


1417 
＋ 54 | 
+c4 
N x — 272 2 0 
2 — 4 + ab) — abc} + abed\ + 
4 + ac — abd + abcef 
— (> X x*-- ad —abe| + abae)y| 
ww + ae | —acd + acde\ 
— + 27 e aces TAG 1 
+be —bcal } 
oY cd — bee "Ml 
' + cet —b de | hy 
Ti | + de} — de. (a Szrſolid.) 


482. From the Inſpection of theſe Equations it is plain, that 
the Coefficients of the firſt Term is uit. 

The Coefficient of the ſecond Term is the Sum of all the Ru 
(a, b, c, d, e,) having their Signs changed. | 

The Coefficient of the third Term is the Sum of all the P 
duct, that can be made by multiplying any twa of the Roots (a, b, e 
d, e,) by one another, 

The Coefficient of the fourth Term is the Sum of all the Þ 
dufts that can be made by multiplying into one another any three of i 
Roots, with their Signs changed. And after the ſame Manner 
the other Coefficients are formed. 

The laſt Term is always the Product of all the Roots having ti 
Signs changed, multiplied by one another. 

483. Altho 
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483, Altho' in the Fable ſuch ſimple Equations only are 
ultiplied by one another as have poſitive Roots, it is eaſy to 
de, © that the Coefficients will be formed according to the ſame 
zule when any of the ſimple Equations have negative Roots.“ 

And, in general, if x3 —px* + qx — So repreſent any 
"ubic Equation, then fhall p be the Sum of the Roots; gq the 
zum of the Products made by multiplying any two of them ; 
the Product of all the three: And, if — p, + 9. —r, + 5 
t, + u, &c. be the Coefficients of the 2d, 3d, 4th, 5th, 
th, 7th, &c. Terms of any Equggion, then ſhall p be the 
bum of all the Roots, g the Sum of the Products of any two, 
the Sum of the Products of any Three, 5s the Sum of the Pro- 
lucts of any Four, t the Sum of the Products of any Five, 2 


e Sum of the Products of any Six, c. 
484. When therefore any Equation is propofed to be reſolved, 


tis eaſy to find the Sum of the Roots, (for it is equal to the Co- 
ficient of the ſecond Term having its Sign changed: ) or, to find 
e dum of the Products that can be made by multiplying any de- 


erminate Number of them. 
485. But it is alſo eaſy © to find the Sum of the Squares, or 


Hany Powers, of the Roots.“ | 

The Sum of the Squares is always p* — 29. For calling 
he Sum of the Squares B, ſince the Sum of the Roots is p; 
and « the Square of the Sum of any Quantities is always equal 
o the Sum, of their Squares added to double the Products that 
an be made by multiplying any two of them,” therefore, 
=B + 24, and conſequently, B = p* — 2g. For Ex- 
2 + <* =O +35 4+ + 2453 + 2 ac + 2bc. 
hat is p⸗ =B +24. Anda + b + c + dl" S + b* + &: 
* +2YXab +6 +acÞ+ ad +be+ bd+ — that is again 
=B + 24, or B =p* — 29. And ſo for any other Num- 
he Quantities, In general therefore, B the Sum of the 
quares of the Roots may always be found by ſubtracting 2 4 
"om ;“ the Quantities p and g being always known, fi ince 
ey are the Coefficients in the propoſed Equation. | 

486, « The Sum of the Cubes of the Roots of any 5 
ton is equal to 7 — 329 + 3r, or to Bp —pg + 3r.” 

For B - X þ gives always the Exceſs of the Sum of the 
Cubes of any Quantities above the triple Sum of the Products 
i fi that 


„%% 9 hs. 


SS PI 4D — x + 


1 


ty un 


Equation as there are Changes in the Signs of the Terms fro! 
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that can be made by multiplying any three of them. Th 
* +b* + —ab—ac—becxa+b+c«(=B=jy 
p. = a3 + b3 + 3 —3abe, Therefore, if the Sum of ty 
Cubes is called C, then ſhall B—g x p = C- 3r, ani 
=Bp—gp + 3r= (becauſe B=p* —29) =p* — 11 
17 EY; 

' After the ſame Manner, if D be the Sum of the 4th Powe 
'of the Roots, you will find that D =p C—qgB + pr 
and if E be the Sum of the 5th Powers, then ſhall E D- 
C+rB—þps+ 5rt. d after the ſame Manner the Sun; 
any Powers of the Roots may be found; the Progreſſion 


theſe Expreſſions of the Sum of the Powers being obvious. ( 
487. As for the Signs of the Terms of the Equati 
produced, it appears from Inſpection that the Signs of ere 
the Terms in any Equation in the Table are alternately Mioltiv 
and —: Theſe Equations are generated by multiplying ou 
tinually x — a, x — , x—c, x— d, &c. by one anotbe . — 
The firſt Term is always ſome Pure Power of x, and is pol 
tive; the ſecond is a Power of & multiplied by the Qui... 
tities — a, —b, —c, &c. And ſince theſe are all negative, th Te 
Term muſt therefore be negative. The third Term bas thefwH o 
ducts of any two of theſe Quantities (— a, — b, — e, &c.) M 7, 
its Coefficient z which Products are all poſitive, becauſe = x *tF quat 
gives +, For the like Reaſon, the next Coefficient, conſiſtin 101 
of all the Prodacts made by multiplying any three of theſe Q 
tities, muſt be negative: And the next poſitive. So that the C ts 
efficients in this Caſe, will be poſitive and negative by Turns. | wh 
ce jn this Caſe, the Roots are all poſitive;“ ſince x = a, x= he T 
„c, x= d. x = e, &c. are the aſſumed ſimple Equation 2 
It is plain then, that, * when all the Roots are poſitiue, the Sinliſ + a 
are alternately + and — .” *Y ff thi 
488. But if the Roots are all negative, then x+8a * #7 4 : 
In the 


Xx +c<Xx# + d, &c. = © will expreſs the Equation to l 
produced; all whoſe Terms will plainly be poſitive ; ſo th 
« when all the Roots of an Equation are negative, it is plain tl 
will be no changes in the Signs of the Terms of that Equation." 

489. In general, „there are as many poſitive Roots in 2 


+ tf 


4 
' 
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to —» or from — to +; and the remaining Roots are 
ative.” The Rule is general, if the impoſſible Roots be 
lowed to be either poſitive or negative. p 


490. In Quadratic Equations, the two Roots are either both 
oitive, as in this | 


4 XxX — ) x* - 2 44 q Hhöỹ)d, 
— b x 


here there are two Changes of the Signs: Or, they are both 


epative as in this 
tr x x+6 =) 2 > 55 x +ab=o, 


here there is not any Change of the Signs. Or there is one 
olitive and one negative, as in 


1— 4 * ex. — a 


, 4 3 x -g, 


here there is neceſſarily one Change of the Signs; becauſe the 
It Term is poſitive, and the laſt negative, and there can be 
ut one Change whether the 2d Term be + or —. 

Therefore the Rule given (Inſt. 48g.) extends to all me 
Equations. 
491. In Cubic Equations, the Roots may be, 
16. All poſitive as in this, x — 4 K * - X x—c o, 
which the Signs are alternately ＋ and —, as appears from 
he Table; and there are three Changes of the Signs. 
2%. The Roots ts may be all negative as in the Equation 


N Y Ce o, where there can be no Change 
the Signs. Or, 
3*. There may be two poſitive Roots and one negative, as 


In the Equation x _ a K x—bX x +c =O; which gives 


- 


* —a +ab _ 
2181. x +abe= 0, | 
+ c ws bis 


Here 
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Here there muſt be two Changes of the Signs, becauſe if ; 
b is greater than c, the ſecond Term muſt be negative, its ( 
efficient being — a —b T 
And if a ＋ bis leſs than c, then the third Term muſt be u 


gative, its Coefficient + ab —ac— bc (ab - 
being in that Caſe negative. And there cannot poſibly he thy 
Changes of the Signs, the firſt and laſt Terms having the ſu 
Sign. 

492+ 4. There may be one poſitive Root and two negain 


as in the Equation x TA ͤ XK +b X x —c = ©, which gives 


V th 


04. f 
nat ic 
ne Va 


r Sign 
ze Ro 


x#* a — ab are 
+ A ny = O. quati 
— — þ C 


a hange 
Where there muſt be always one Change of the Signs, ſince i 
firſt Term is poſitive and the laſt negative. And, there can} 
but one Change of the Signs, fince if the ſecond Tem 
negative, or. a + 6 leſs than c, the third muſt be negati 
alſo, ſo that there will be but one Change of the Signs. 0. 
if the ſecond Term is affirmative, whatever the third Termi 
there will be but one Change of the Signs. It appears theref 
in general, that in Cubic Equations, there are as many af 


tive Roots as there are Changes of the _ of the Terms of i 1 — 
Equation. bots; 
The ſame Way of Reaſoning may be extended to Equation vir P. 
of higher Dimenſions, and the Rule delivered in Inſt. 489. «MW - _ 
tended to all Kinds of Equations. Butt 
493. There are ſeveral Conſectaries of what has been alraM....c. 
dy demonſtrated, that are of Uſe in diſcovering the Roots N. 
Equations. But before we proceed to that, it will be conveW:.:ti 
nient to explain ſome Transformations of Equations, by vhaaung 
they may often be rendered more ſimple, and the Inveſtigation... 
of their Roots more eaſy. oss 
| CH AP t two 
X e ſam 


Bgecauſe the Rectangle @ x 6 is leſs than the Square a- 2 I x at! 
and therefore much leſs than a + 6 x c. | 
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Y the Transformation of Equations; and extermi- 
nating their intermediate Terms. 


x thc. W now proceed to explain the Transformations of 

Equations that are moſt uſeful : And firſt, The Af 
native Roots of an Equation are changed into negative Roots of the 
2 Varue, and the negative Roots into affirmative, by only changing 
: Signs of the Terms alternately, beginning with the Second, Thus, 


"ON e Roots of the Equation x* —x3 — 19x* + 494=— == 
are + 1, + 2, +3, — 53 whereas the Roots of the ſame 
quation having only the Signs of the ſecond and fourth Terms 
hanged, viz. x* + x3 — 194 — 49 x* — 30 o are — , 

nce tt = +4 


, To underſtand the Reaſon of this Rule, let us aſſume an Equa- 
erm Won, as x — 4 Xx —bXx—c<Xx—4X x—te, &c. So, 
egi doe Roots are + a, + b, + c, + 4, Te, &c. and an- 
. 0 er having its Roots of the ſame Value, but affected with 
erm iary Signs, as r AN +bxXx+Fcxx+UXx+ 0, 
crear. — o. It is plain, that the Terms taken alternately, be- 
Arm ming from the firſt,® are the ſame in both Equations, and have 
s of US: ame Sign, „ being Products of an even Number of the 
Neos; “ the Product of any two Roots having the ſame Sign as 
uation:ir Product when both their Signs are changed; as + 4 X — 

=—aX-+b. PE 
But the ſecond Terms, and all taken alternately from them, 
uſe their Coefficients involve always the Products of an 
.00ts M Number of the Roots, will have contrary Signs in the two 
con utions. For Example, the Product of four viz. ab ca, 
7 whi ling the ſame Sign in both, and one Equation in the fifth 
Cm I having abcd X Ne, and the other abcd X -e, it 
lows, that their Product a b cde muſt, have contrary Signs in 
HA wo Equations: Theſe two Equations therefore that have 
le ſame Roots, but with contrary Signs, have nothing different 
ut the Signs of the alternate Terms, beginning with the fe- 
ind, From which it follows, © that if any Equation is given 
| | and 


x a+ 
* See the Table in Page 238. 
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and you change the Signs of the alternate Terms, beginn 
with the ſecond, the new Equation will have Roots of the 
Value, but with contrary Signs.” / 

495+ It is often very uſeful © to transform an Equain 
another that ſhall have its Roots greater or leſs than the K 
the propoſed Equation by ſome given Difference. 

Let the Equation propoſed be the Cubic x3 — p x* þ g 
r oO. And let it be required to transform it into another Eq 
tion whoſe Roots ſhall be leſs than the Roots of this Equat 
by ſome given Difference (e), that is, ſuppoſe y = x— g, 
conſequently x = y + e; then inſtead of x and its Poy 
ſubſtitute y + e and | its Powers, and there will ariſe this 1 
Equation 


—— py —2pey— eo 
EF ©+.289 


— 7 


1 Af 1 
= © 


whoſe Roots are leſs than the Roots of the preceding Eq 
tion by the Difference (e). 
If it had been required to find an Equation whoſe Roots ſhe 
be greater than thoſe of the propoſed Equation by the Qu 
tity (e), then we muſt haye ſuppoſed y = x + e, and co 
quently x =y—e, and then the other Equation n 
had this Form 


F 
| „ # tha. bo 
| — 0» 

If the propoſed Equation be in this Form x* + 9 + 
+7 = ©, then by ſuppoſing x + e= y there will ariſe an 
quation agreeing in all Reſpects with the Equation (4), 
that the ſecond and fourth Terms will have contrary Signs. 

And by ſuppofing x — e = y, there will ariſe an Eq 
agreeing with (B) in all Reſpects, but that the ſecond 
fourth Terms will have contrary Signs to what * | 
in (B). 

The fire of theſe Suppoſitions gives this Equation, 
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(C) * —3ex* 43 — . 
+pj TT 2pey Tet 7, 
(TALL I 4's 


he ſecond Suppoſition gi gives the Tauation, 


+py*-+'2epy +pe* 


(DIPS - inf PW a6h. ov. 394k 
. 
CT + n 


96. The firſt Uſe of this Transformation of Equations is to 


bow the ſecond (or other intermediate) Term may be taken away 

2 Equation. 

t is plain that in the Equation (4) whoſe ſecond Term i is 
—þ X y*, if you ſuppoſe e = 2 p, and conſequently Jem 
0, then the ſecond Term will 3 

1 the Equation (C) whoſe ſecond Term is — 3e+þ * , 
oling e = 4 p, the ſecond Term alſo vaniſhes. | 

ow the Equation (A) was deduced from x* — p x* my qx 
So, by ſuppoſing y= x —e: And the Equation (C) 
; deduced from x* + px* + qx So; by ſuppoſing 
x + e. From which this Rule may cally be deduced for 
minating the ſecond Term out of any Cubic Equation. 


44 R UL E. 


97. Add to the unknown Quantity of the given Runte the 


d Part of the Coefficient of the ſecond Term with its proper Sign, 

+3f, and ſuppoſe this Aggregate equal to a new unknown 

mtity (y). From this Value of y find a Value of x by Tranſpo- 

„ and ſubſiitute this Value of x and its Powers in the given 

ation, and there will ariſe a new Equation I GE 
Term. | * 


EXAMPLE. 


t it be required to exterminate the ſecond Term out of 
Equation, x* — 9 x* + 26x — 34 = o, ſuppoſe x — 3 
ry + 3=x3; and e N e ee to the EY 
will find | 


"Lk "4 | 7 9 


F 
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* + 99* + 273 + 27 1.413 
N 1— 81 | 
' 269% 78 * 
e of 


— — 


In which there is no Term where y is of two Dimenſions, x 
an Aſteriſk is placeg in the room of the ſecond Term, to ſhe 


it is wanting. 

498. Let the Equation coſe be of any Number of [ 
menſions repreſented by () and let the Coefficient of t 
ſecond Term with its Sign prefixed be— p, then ſuppoſing x 


| 2 = and conſequently x = =y + P * and ee this y 


. for x in the given Equation, there will ariſe a new | quati 
that ſhall want the ſecond Term. : 

It is plain from what was demonſtrated in n Chap 2. chat d 
dum of the Roots ao the propoſed 12 is + 7 and fi 


we ſuppoſe y = x — 5 it follows, chat, in the new Equai 
— Value of y will "be leſs than the Wy Value of zl 


4 and, ſince the Number of the Roots) is u lt follows t 
ths Sum of the Values of y will be leſs than Pp p, the Sum 
the Values of x, by n X „ that is, * * p Uu } 


Sum of the Values of 7 will be + 5 — 7 = 3 

But the Coefficient of the ſecond Term of the Equation 
y is the Sum of the Values of y, viz, ＋ þ —þ, and thereſ 
that Coefficient is equal. to nothing; and conſequently, in 
Equation of y, the ſecond Term vaniſhes. ſe follows te 
that the fecond Term may be exterminated out of any gi 
Equation by the following,” a 


RULE. 


Wald the Cafe of the ſecond Term of the me 
5 the Number of Dimenſions of the Equation ; and mage 
unknown Quantity y, add to it the Ruotient having its Sign 2 


| fre 


pears 
2d | 


rom | 
fans ( 


dince 
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ich a 
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m ſuppoſe this Aggregate equal to x the unkjuwn Dnantity in the 
moſed Equation 3 and for x and its Powers, ſubſtitute the Aggre- 
and its Powers, fo ſhall the new-Equation that ariſes want its 


199. If the propoſed Equation is a Quadratic, as #* — px + 
o, then, according to the Rule, ſuppoſe y + 3p = x, 
| ubſtituting this Value for x, you will find, 


* + py + 7. : 


of 0 hu 
ing x RY OWE . 


„ —3Þ +9=0. 


| from this Example the Uſe of exterminating the 2d Term 
pears: For commonly the Solution of the Equation that wants 
ad Term is more eaſy. And, if you can find the Value of 
om this new Equation, it is eaſy to find the Value of x by 
eans of the Equation y + 4p = x. For Example, 


Since y* + q — 4p* = o, it follows that | 
* f andy =Ev/2p* — 9, fo 
that x =y + 3þ = Af 


ich agrees with what we demonſtrated (Inſt. 339.) 

If the propoſed Equation is a Biquadratic, as K“ — p x* + 
'—rx +$5= o, then by ſuppoſing x —jp =y or x 
if, an Equation ſhall ariſe having no ſecond Term. And if 
propoſed is of five Dimenſions, then you muſt ſuppoſe x = y 
0. And ſo on. | 8 
500. When the ſecond Term in any Equation is wanting, it 
lows, that the Equation has both affirmative and negative 
ts,” and that the Sum of the affirmative Roots is equal to the 
mof the negative Roots .” By which Means the Coefficient 
the ſecond Term, which is the Sum of all the Roots of both 
its, vaniſhes, and makes the ſecond Term vanith _ 
Ingeneral, ae the Coefficient of the ſecond Term is the Dif- 
ence between the Sum of the affirmative Roots and the Sum 


ing alt IC 
* the negative Roots:“ And the Operations we have given 
e ony to diminiſh all the Roots when the Sum of the Af- 


K k 2 firmative 
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firmative is greateſt, or increaſe the Roots when the Sum 
the Negative is greateſt, ſo as to balance them, and reduce th 
to an Equality. 
It is obvious, that in a Quadratic Equation that wants u re 
ſecond Term, there muſt be one Root affirmative and one u 
gative; and theſe muſt be equal to one another. 
In a Cubic Equation that wants the ſecond Term, there m 
be either two affirmative Roots equal, taken together, to a thi 
Root that muſt be negative; 28 two 8 85 equal to a ti 
that muſt be poſitive. 
501. Let an Equation x? — þ x* + gx —r = o be propoſiſi 7 
and let it be now required to exterminate the. third Term, 
By ſuppoſing y = x — e, the Coefficient of the third Te 
in the Equation of y is found (ſee Equation A) to be 3# 
2 pe + . Suppoſe that Coefficient equal to nothing, and! 
reſolving the Quadratic Equation 3e* — 2pe + q = 0, y 
will find the Value of e, which ſubſtituted for it in the Equat 


„Sk e, will ſhew how to transform the propoſed A Wy 
tion into one that ſhall want the third Term. Root: 
+ . ; 

The Quadratic Ze* —=2pe+q= © gives e = 2 A2 4p 
So that the propoſed Cubic will be transformed into an Eau Tern 
5 — p*=} will 

wanting the third Term by ſuppoſing y X ; te pi 
= | 50 
n. 37 | of U 


cent 


3 
502. If the propoſed Equation is of n Dimenſions, the Value 
e by which the third Term may be taken away, is had by f 1 1 


ſolving the Quadratic Equation e* + 2 — X e + oa. If 

mn xXn—1 hben 
o, ſuppoſing — p and + 4 to be the e of the ſecu i, che 
and third Terms of the propoſed Equation. 

The 4th Term of any Equation may be taken away by ſo 
ing a Cubic Equation, which is the Coefficient of the 4th Tell ) 
in the Equation when transformed, as in the ſecond Article Wi ©; 
this Chapter. The 5th Term may be taken away by ſolviny 
Biquadratic ; - and after the ſame Manner the other Terms can 
exterminated if there are any. 
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503. There are other Tranſmutations of Equations that on 
me Occaſions are uſeful. | 

An Equation as &* — þ x* + qx—r=0, may be tranſ- 

ned into another that ſhall have its Roots equal to the Roots: of 

his Equation multiplied by a given Quantity, as f, by ſuppoſing 


= ſx, and conſequently x = 75 and ſubſtituting this Value 


for x in the propoſed Equation, there will ariſe 2 = 7 


s, and multiplying all by 3, we have 5 — fpy* + f*- 


Ar So, where the Coefficient of the ſecond Term of 
the propoſed Equation multiplied into F makes the Coefficient 
of the ſecond Term of the transformed Equation ; and the fol- 
bwing Coefficients are produced by the following Coefficients 
of the propoſed Equation (as 9, r, &c.) multiplied into the 
Powers of /, (as F 7, &c.) 

Therefore © to transform any Equation into another whoſe 
Roots ſhall be equal to the Roots of the propoſed Equation 
multiplied by a given Quantity” (J), you need only multiply 
the Terms of the propoſed Equation, beginning at the ſecond 
Term, by / f*, f*, f*, &c. and putting y inſtead of x, there 
will ariſe an Equation having its Roots equal to the Roots of 
the propoſed Equation, multiplied by /) as required. 

504. The Transformation mentioned in the laſt Article is 
of Uſe when the higheſt Term of the Equation has a Coeffi- 
cient different from Unity ; for, by it, the Equation may be 
transformed into one that ſhall have the Coefficient of the high- 
eſt Term Unit. 4 

If the Equation propoſed is ax* —px* + gx —r =o, 
then transform the Equation into one whoſe Roots are equal 
tothe Roots of the propoſed Equation multiplied by (a). That 


ls, ſuppoſe y = ax or x = - and there will ariſe 


2 —r='0; ſo that 


 — py* + qay—ra*=0. 
From which we eaſily draw this 
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1 


RULE. e 


C banxe the unknown. Quantity x "_ anther y, prof 9 Cuge 
tient to the highe/t Term, paſs the ſetond, multiplying the following 
Terms, beginning with the third, by a, a“, a, a, Cc. the Pay. 
ers of the C vefficient of the 550 Term of the Herts Equation, re. 
ſpetively. 


Thus the Equation 325 — 13 * e's I4x + 16=0, is 
transformed into the Equation y*% — 13 y* + 14.X 3 * 
16X9=0, or — 13% + 42x + 144 =0. 

Then finding the Roots of this Equation it. will eaſily be 


diſcovered what are the Roots of the propoſed Equation : Sin | 


3x , Or # = 39). And therefore fince one of the, Values 
of y is — 2, it follows that one of the Values of x is — 2, 
505. By the laſt Rule an Equation is eaſily cleared of Fraftion, 


Suppoſe the Equation propoſed is XK — - * 4+. < 99 


So. Multiplying all the Terms by the Product of the De- 
nominators, you find 


mne x —nep X x* + meqX+#—mnr e o. 
Then, (by laſt Art.) transforming the Equation into one that 


ſhalt have Unit for the Coefficient of the higheſt Term, you 
find 


-n N nenn NY -n n e* r= 0, 


Or, neglecting the Denominator of the laſt Tam M you 
; | LY ; | "y 6 
need only multiply all the Equation by mn, which will give 


mn X x? —nþX & * r * x — _ pa o. And 


m*n3 x 


then „ + m*nqgXxXy — 20. 


Now after the 1 of y are found, it will be ers to di- 
cover 


. 
3 
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onde Values 1 nee, 3 in the firſt Caſe, «= 10 


| For EXAMPLE, | = 

The Equation $30 Same 3&8 = o, is firſt reduced 

to this Form 3x3 *— 4x4 — 45 = 0, and then trans-. 
formed ined: e B29 I146'S v0. 93 5 


D, 1s 
14 506. Sometimes, by theſe Transformations Surds are taken 
quay. As for Example, a 
E . e u- - l. by 
ince 
2 pitting 7 V X x, ot * = 75 5 is transformed into this 
7108s, duo Ls e 5 +9 Xo Vo. 
uin by multiplying all the Terms by a\/a, becomes 55 
e 


jay* + gay —r4* = o, an Equation free of Surds. But 
in order to make this ſueceed, the Surd (Va 4 muſt enter the al- 
temate Terms beginning with the ſecond. © \2::111 End 91 
507. An Equation, as & — p + 9 * So, may be 
transformed Into one _ Roots ſhall be the Quantities reciprocal of 


x; by ſuppaling y = = andy Io or, (by one Suppoſitionj 


— becomes 2. — fz. +prg—r 20. 


In the Equation of y,/it is manifeſt that the Order of the 
you Wl Coefficients is inverted ; ſo that if the ſecond Term had been 
; wanting in the propoſed Equation, the laſt but one ſhould have 
been wanting in the Equations of y and zx. If the third had 
been wanting in the Equation propoſed, the laſt but two had 

been wanting in the Equations of y and x. 
508. Another Uſe of this Tranformation is, that the greateſt 
Rot in ” one is my into the leaf! Root in the other. For ſince 


diſ- ==, and y = — it is plain that when the Value of is 


om geateſt, the Value of y is leaſt, and coriverſely. 


How 
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Ho an Equation i is transformed fo as to have all its ! 
kflrqarive, ſhall be explained in the * Chapter. 


: * WI "\f #5 


— — 


0 H A P. XXIV. 


Of finding the Roots of Fade mba Tuo 
more of the Roots are equal to each other, 


509. 509.3 EFORE we proceed to explain how to reſolve il 
tions of all Sorts, we ſhall firſt. demonſtrate”! 

an Equation that has two or more Roots equal, is depreſſed to 2 ln 
Dimenſion ; and its Reſolution made, conſequently, more 
And ſhall endeavour to explain the Grounds of this —— 
other Rules we ſhall give in the remaining Part of this T 
tiſe, in a more imple and conciſe Manner than has hy 
been done. | 

In order: to this, we * look back to (Inſt, 495; ** 
we find that if any Equation, as x? — px* + 4 —= 
is propoſed, and you are to transform it into another that | 
have its Roots leſs than the Values of x by any. given Dif 
rence, as e, you are to aſſume y =x — e, and — 

x its Value y + e, you find the transformed Equation,' - 


5 +36) +30 r 2 
== 0. 


— — 2pey—pe 
| aner Go 


' wal * 
* 


50. Here we are to obſerve, „ e; 
10. That the laſt Term (= e + ge—7) is they 
Equation that was propoſed, having e in Place of æ. 
2. The Coefficient of the laſt Term but one is 3 e* —2 

+ g, which is the Quantity that ariſes by multiplying er 
Term of the laſt Co- efficient : — 2 “ + ge —r by the 
dex of e in each Term, and dividing the Product 36 —2 
+ ge by the Quantity e that is common to all the Tem 


3” 


* 
90 
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0 The Coefficient of the laſt Term but wo. is 36 — p, 
ch is the Quantity that ariſes by multiplying every Term of 
Coefficient laſt found (3 6 — 2 pe + g) by the Index of 
each Term, and dividing the whole by 2e. 
11. Theſe ſame Obſervations extend to Equations of all 
enfions. If it is the Biquadratic x* — P * —$ 
= © that is propoſed, then by ſuppoſing y=x—e, it wi 
ormed into this other, | 
* +49 +6 get yp + £& 
mw þ yg nn Sfheog® = She yo 0? ; 
* +207 +290 + = % 
— ry —re 
bans wi 
ere again it is obvious, that the laſt Term js the Equation 
was propoſed, having e in the Place of x, That the laſt 
but one has for its Coefficient the Quantity that ariſes by 
tiplying the Terms of the laſt Quantity by the Indices of e 
ach Term, and dividing the Product by e. That the Co- 
jent of the laſt Term but two, (viz. 6 e* — 3 pe + 9) is 
uced in the ſame Manner from the Term immediately follow- 
that is, by multiplying every Term of 4 — 3pe* + 
— 7 by the Index of e in that Term, and dividing the whole 
multiplied into the Index of y in the Term fought, that is, 
X 2. And the next Term is 4 — 2 — > — — 
he Demonſtration of this" may eaſily be made general by the 
eorem for finding the Powers of a Binomial, ſince the tranf- 
ned Equation conſiſts of the Powers of the Binomial y + e 
are marked by the Indices of ? in the laſt Term, multiplied 
by their Coefficients bh —þ. + „ +5 Sc. re- 
wely. 
gu. From the laft two Articles we can eaſily find the Terms 
he transformed Equation without any Involution. The laſt 
m is had by ſubſtituting e inſtead of æ in the propoſed Equa- 
; the next Term, by multiplying every Part of that laſt 
m by the Index of e in each Part, and dividing the whole by 
the following Terms in the Manner deſcribed in the 
going Article; the reſpective Diviſors being the Quantity e 
vplied by the Index of b in each Term. | 


nal 1 | 513. The 
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- 513. The Demonſtration for finding when two or more Roo 
are equal, will be eaſy, if we add to this, that when the unknoy 
Quantity enters all the Terms of any Equation, then one of its Vale 
is equal to nothing.” As in the Equation x* — n + gx =q 
where x — o So being one of the fimple Equations that pn 
duce x? — px* + q# So, it follows that one of the Valy 
of xis o. In like Manner two of the Values of x are equal i 
nothing in this Equation x? — p = ©; and three of ther 
vaniſh in the Equation x* — px3 = 0. 

It is alſo obvious (converſeh) that * if, x does not enter 
the Terms of the Equation, i. e. if the laſt Term be not wan 
ing, then none of the Values of x can be equal to nothing, 
for if every Term be not multiplied by x, then x — © cann 
be a Diviſor of the whole Equatien, and conſequently o cam pol 
be one of the Values of x. If x* does not enter into allti 
Terms of the Equation, then two of the Values of x can er! 
be equal to nothing. If x* does not enter into all the Ten ots 
of the Equation, then three of the Values of x cannot be eq 
to nothing, Cc. 

514. Suppoſe now that two Values of x are equal to ear 

another, and to e; then it is plain that two Values of y in Hl te 

transformed Equation will be equal to nothing: Since y = x{WTiich i: 

e. And conſequently, by the laſt Article, the two laſt Tem 
of the transformed Equation muſt vaniſh. 

; Suppoſe i it is the Cubic Equation of Inſt. 50g. that i is prope 
* Viz. x* —px* + qx—r = o; and becauſe we ſuppoſe mi 
x = e, therefore the laſt Term of the transformed Equatic 
Viz, e — pe + ge—r will vaniſn.“ And fince two Val 
of y vaniſh, the laſt Term but one, viz. 3e* y —2pey + 
will vaniſh at the ſame Time. So that 3e* —2 pe +g= 
But, by Suppoſition, e = x; therefore, when two Values of 
in the Equation x3 —px* + 142 — 2 o, are equal, 0 
lows, that 3* — 2p + q = o. And thus „ the propolfusforn 
Cubic is depreſſed to a Quadratic that has one of i its Roots eq 
to one of the Roots of that Cubic,” 


: 


'* Becauſe ſince æ e, therefore y= -e =o, and conſeque: 
all the Terms in which y is found will 7 and they are il 
the laſt, therefore the laſt Term e — pe* + ge — 7 will be 
equal to nothing, ſince the whole Equation was 65 at firſt. 


— 0 
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If it is the Biquadratic that is propoſed, viz. x* — p x* + 
ra o, and two of its Roots be equal; then ſup- 
ing , two of the Values of y muſt vaniſh, and the 
uation of Inſt. 511. will be reduced to this Form, 
y* + 4ey? + 652 y* | 
— py — 3609p $* = 0. So that 
* 1 
13% e ＋ 29 — r o; orbecauſex = e, 
* —3Dx* ＋ 29 — = o. 


515. In general, when two Values of x are equal to each other, 
dto e, the two laſt Terms of the transformed Equation va- 
ih: And conſequently, „if you multiply the Terms of the 
poſed Equation by the Indices of x in each Term, the Quan- 
ty that will ariſe will be = o, and will 'give an Equation of a 
wer Dimenſion than the propoſed, that ſhall have one of its 
ts equal to one of the Roots of the propoſed Equation.” 

That the two laſt Terms of the Equation vaniſh when the Va- 
s of x are ſuppoſed equal to each other, and to e, will alſo 
near by conſidering, that ſince two Values of y then become 


ich is equal to the laſt Term of the Equation ; and becauſe 


lt one of any three that can be taken out of theſe four muſt 
So; and therefore, the Products made by multiplying any 
re muſt vaniſh ; and conſequently the Coefficient of the laſt 
em but one, which is equal to the Sum of theſe Products, 
ut vaniſh, | 


15. After the ſame Manner, if there are three equal Roots 
42 the Biquadratic x* — px? + * —rx +5 = o, and if 
ues of equal to one of them; three Values of y (= x —e) will 


nin, and conſequently y* will enter all the Terms of the 
mstormed Equation ; which will have this Form, 


- 7.37, *** o. So that here 


de? — 3pe 19 =0; or, ſince e= x, therefore, 

1 — 3Þpx +q = 0: And one of the Roots of this Qua- 
ie will be equal to one of the Roots of the propoſed Biqua- 
tic, LI 2 In 


ul to nothing, the Product of the Values of y muſt vaniſh, © 


wof the four Values of y are equal to nothing, it follows alſo, 
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In this Caſe, two of the Roots of the Cubic Equation 4 x! 

35 +2qx—r= 0 are Roots of the propoſed Biquadr 
tic, becauſe the Quantity 6 x* — 3 px + q is deduced fron 
4x* — 3p x* + 2qx—r, by multiplying the Terms by t 
Indexes of x in each Term. 

In general, whatever is the Number of equal Roots in 
propoſed Equation, they will all remain but one in the Eq 
tion that is deduced from it, by multiplying all the Tem 
by the Indexes of x in them; and they will all remain þ 


two in the Equation deduced in the ſame Manner from Tha L 
and ſo of the reſt. pole 
517. What we obſeryed of the Coefficients of Equatio 
transformed by ſuppoſing y = x e, leads to this eaſy Demo 
ſtration of this Rule; and will be applied, in the next Cha 
ter, to demonſtrate the Rules for finding the Limits of Eu 
tions. Whe 
It is obvious however, that tho' we make Uſe of Equati by tþ 
whoſe Signs change alternately, the ſame Reaſoning extends 4 1 
all other Equations. . 
518. It is a Conſequence alſo of what has been demonl: dein 
ed, that © if two Roots of any Equation, as, Ah 
** —px* + gx—7r = o, are equal, 0 
| | the g 
then multiplying the Terms by any arithmetical Series, a5, "Se 
a+ 3b, a+2b, a+6, a, the Product will be = 0. It 
5 quire 
For ſince * 
ax* —apx* + aqx—ar= 0; and tnem 
3x* — 2p +qXbs= o, it follows, that — 
2 + 3bx3* —apx* — 2bpx* + aqgs + 5-41 F 
Which is the Product that ariſes by multiplying the Tem 
the propoſed Equation by the Terms of the Series, 4 + $2 
2 + 2b, a + b, a; which may repreſent any Arithme + 12 
Progreſſion, Limit 
What 


CH 


C HAP. XXV. 
Of the Limits of Equations, 


510. W E now proceed to ſhew how to diſcover the Limits 
of the Roots of Equations, by which their Solu- 

ton is much facilitated. 

Let any Equation, as & —p x* + gx —r = © be pro- 

ſed ; and transform it, as above, into the Equation 


„ TFH +F 
— = 0. 
+ 1 


by the Difference e. If you ſuppoſe e to be taken ſuch as to 
make all the Coefficients, of the Equation of y, poſitive, vix. 
1 - e + ger, 30 —2pe +94, 3e—þp; then there 
being no Variation of the Signs in the Equation, all the Va- 
lues of y muſt be negative; and conſequently, the Quantity e, 
by which the Values of x are diminiſhed, muſt be greater than 
the greateſt poſitive Value of x : And conſequently muſt be the 
Limit of the Roots of the Equation ** — px* + qx —r = 6. 
0. It is ſufficient therefore, in order to find the Limit, to * en- 


quire what Quantity ſubſtituted for x in each of theſe Expreſſions 


* - p + gx, 3« —2px+ , 3s — p, will give 
them all poſitive ;” for that Quantity will be the Limit required. 
How theſe Expreſſions are formed from one another, was ex- 


plained in the Beginning of the laſt Chapter, 


EXAMPLE. 


520. If the Equation K — 2 x* — 10K + 30x* + 63x 
+120 So is propoſed ; and it is required to determine the 
Limit that is greater than any of the Roots; you are to enquire 


and following Equations deduced from it by Inſt. 512, will 


give, in each, a poſitive Quantity, 
$5 af 


of [ALGEBRA 257 


Where the Values of y are leſs than the reſpective Values of x 


no WWE 


* 
* - ra” Sa 


what integer Number ſubſtituted for x in the propoſed Equation,” 


— * > > A 7 - * 
hoo imme * = wh F< , * 1 D 
. 
—— = F . 3 
— - 


l 
|, 
„ 
= 
. 
q 
* 
1 * 
3 
1 
* 
4 


—— 
*** „ 


r 


„ 
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5 * —8 * — 20 x* + box + 63 
5 * — 6 —15 * + 15 4 
3 
5 «K —2. Where 

The leaſt integer Number which gives each of theſe poſiiu ) ar 
is 2; which therefore is the Limit of the Roots of the propoſe vater 

Ln or a Number that exceeds the greateſt poſitive Roc 

521. If the Limit of the negative Roots is required, 5 
may (by Inſt. 494.) change the negative into poſitive Root 
and then proceed as before to find their Limits. Thus, in ene 
Example, you will find that — 3 is the Limit of the negatin 
Roots. So that the five Roots of the propoſed Equation are be 
twixt — 3 and ＋ 2. 

522. Having found the Limit that ſurpaſſes the greateſt po 
tive Root, call it m. And if you aſſume y = m— x, and f 
x ſubſtitute m , the Equation that will ariſe will have all iu 
Roots poſitive ; becauſe m is ſuppoſed to ſurpaſs all the Value 
of x, and conſequently m — x (= y) muſt always be affirms 
tive. And by this Means, any Equation may be changed into a 
that ſhall have all its Roots affirmative. 

Or if — z repreſent the Limit of the negative Roots, then hy 
aſſuming y = x + 7, the propoſed Equation ſhall be transform- 

ed into one that ſhall have all its Roots affirmative; for + n be- 
ing greater than any negative Value of x, it follows, that y= 
x + „ muſt be always poſitive. 

523. The greateſt negative Coefficient of any Equation increaſed ly 
Unit, always exceeds the greateſ? Root of the Equation. 

To demonſtrate this, let the Cubic x3 — p x* — gx — r=0 
be propoſed ; where all the Terms are negative except the fi. 

Aſſuming y=x -e it will be transformed into the following 
Equation, 


ul ſul 


uſt ſi 


qual 


nvoly! 
4. 
geate 


Wh 

(4) * gen +3e*y+ 8 inp 
77 25 „. — O; 525 

— Bp: ©. A (net 


1*. Let us. ſuppoſe that the Coefficients p, 9, r, are equal 
to each other; and if you alſo ſuppoſe e = p + 7, then the la 
Equation becomecy 

4597757 


ſegati 
Limit 
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(B) + 2p t e 2 
e 82 
nere all the Terms being poſitive, i follows, that the Values 
fy are all negative, and that conſequently e, or p + 1, is 
reater than the greateſt Value of x in the propoſed Equation, 
2. If q and r be not = p, but leſs than it, and for e you 
ill ſubſtitute p + 1 (ſince the e Part (— 25 —ge 
— 

comes leſs, the poſitive remaining undiminiſhed,) all the Co- 
ficients of the Equation (A) become poſitive. And the ſame 
; obvious if g and r have poſitive Signs, and not negative Signs, 
we ſuppoſed. It appears therefore, * that, if, in any Cubic 
uation, p be the greateſt negative Coefficient, then p + x 
wk ſurpaſs the greateſt Value of x,” 
524. 3%. By the ſame Reaſoning it appears, that if q be the 
reateſt negative Coefficient of the Equation, and e = q + 1, 
hen there will be no Variation of the Signs in the Equation of 

For it appears from the laſt Article, that if all the three (p, 
55) were equal to one another, and e equal to any one of them 
creaſed by Unit, as to 9 + 1, then all the Terms of the E- 
uation (A) would be poſitive, Now if e be ſuppoſed ſtill 
qual to g + 1, and p and r to be leſs than 9, then all theſe 
erms will be poſitive, the negative Part, which involves pand 
being diminiſhed, while the poſitive Part and the negative 
molving q remain as before. 

4. After the ſame Manner it is demonſtrated that if r is the 
neateſt negative Coefficient in the Equation, and e is ſuppoſed 
=r+ 1, then all the Terms of the Equation (A) of. y will 
te palitive; and conſequently r ＋ 1 will be greater than any 
dthe Values of x. 

What we have ſaid of the Cubic Equation & —p ＋ gx 
=7=0, is eaſily applicable to others. 

525. In general, we conclude, that © the greateſt negative 
Coefficient in any Equation increaſed by Unit, is always a Li- 
nit that exceeds all the Roots of that Equation,” 
qual But it is to be obſerved at the ſame Time, that the preateſt 
ela ezative Coefficient increaſed by Unit, is very ſeldom the neareſt 
; lait: That ĩs beſt diſcovered by the Rule in Laſt. 5 19. 

22 | 526. As 
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526. As our Plan obliges us to take in every uſeful Part, 
Science, but no more, we ſnall here leave the remaining Part 
Mr. Maclaurins's Diſcourſe on the Limits of Equation, and pre 
ceed to the ſeveral Methods of ſolving Equations ; of "theſe y 
ſhall propoſe ſeveral from different Authors, ſome being pref 
ble in one Reſpect, and ſome in another, and the Learner yi 
be thus enabled to chuſe that which will * anſwer his Purpoſ 
in any Caſe propoſed. 

527. We ſnall begin again upon this Subject with Mr. 
laurin; but becauſe his Method of ſolving Equations requ 
the Learner to have a juſt Idea of Commenſurable Quantities (k 
his Method extends only to ſuch Equations whoſe Roots 
commenſurable ) therefore we muſt * the following Propc 
tion, vix. 

528. All Commenſurabl Daonritler are to each other as Mu 
to Number, that is, their Proportion may be expreſſed by whole Nu 
bers, or they have one common Number that will meaſure them al. 

Thus for Inſtance, let a and b be two Commenfurable Qu 
tities, then their Proportion, be it what it will, may be expreſ 
in whole Numbers; for let c be their common Meaſure witha 
Remainder, and let it meaſure à juſt three Times, and 6 ff 
* then will 3c S a, and 4c = 6; therefore @: b::(3 

:) 3:4 QE. D. | 

* * Hence (vice verſa ) all Quantities that are to one anc 
ther as Number to Number, are Commenſurable. Hence i 
all whole Numbers are commenſurable, finceUnity' is a comme 
Meaſure to them all. | | 


thi 


ah 


follow 


bat! ] 

$530. Likewiſe all Faclions are commenſurable, as A ant; Faw 

if they are reduced to a common Denomination, they will M the 

| ad b c ; : nion b 
come a and — 74 and : — will meaſure them both, 


531. Incommenſurable Quantities are ſuch whoſe Proporti 
cannot be expreſſed in whole Numbers or finite Fractions, or the 
can have no common Meaſure, but their Relation mult bee 
preſſed by a Surd Quantity or infinite Series. Thus the Ratio of! 


V2, cannot be expreſſed in Numbers, nor the Diameter (4) 
the Circumference of a Circle (c) without an infinite Series, 
we ſhall hereafter ſee. | 

CHA: 


CHAP. XXVL 
the Repolution of Equations, all whoſe Roots are 
commenſurate. 


n. bf was demonſtrated, in Inſt. 482. that the laſt Term of 
any Equation is the Product of its Roots: From which 


follows, that the Roots of an Equation, when commenſura- 
Quantities, will be found among the Diviſors of the laſt 
n. And hence we have for the Reſolution of Equations, 


R U:L E. 
Bring all the Terms to one Side of the Equation, find all the Divi- 
if the laſt Term, and ſubſtitutè them ſucceſſtuely for the unknown 
tity in the Equation. So ſhall that Diviſor which, ſubſlituted 
ths Manner, gives the Reſult = o, be the Root of the propoſed 


108. 


for Example, ſuppoſe this Equation is to be reſolved, 


x3 — 34 * + 2 x —-24*b 5 
— 3 + 3402 5 0, 


e the laſt Term is 2 a* b, whoſe ſimple literal Diviſors are 
24, 25, each of which may be taken either poſitively or 
ktively , But as here we find there are Variations of Signs in 
Equation, we need only take them poſitively. ' Suppoſe x 
i the firſt of the Diviſors, and ſubſtituting @ for x, the B- 
tion becomes 


34 þ 243 —24⁰ 
Od + 30d 
lat the whole vaniſhing, it follows that a is one of the Roots 
te Equation, | 


333- After the ſame re- if you . b in the Place 
„ the Equation is, 


or, 3a* — 3a* + 3a*b —34a* b= 0, 


% ; * 
-& * . - 4 b 
M m 23 — 
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55 — abt %% — . £ 
* 7 5e, 
which vaniſhing ſhews b to be . Root of the Equation, 


Again, if you ſubſtitute 2 4 for x, you will find all the Te 


deſtroy one another ſo as to make the Sum = 0. Fo or it 
then be, 


845 — 124% + 44 729 
— 4 a* b + 647 b 80 


t 24 is the third Root of the Equat 
o (+ a, ＋ þ,) had been found, mi 
this, that the laſt Term being 
+ a, + bbeing known, f 


Whence we find, 
Which, after the firſt 
have been collected fi 
Product of the three Root 


Term muſt neceſſarily m_—_ to the laſt Term divided by 
| "Þ -— led © a*b | 
Product ab, that is, = —— = 24. 0 


534. Let the Roots of the Cubic Equation 
** —2x* — 33x + 90=0 be required. 


And firſt the Diviſors of go are found to be 1, 2, 3,5 
9, 10, 15, 18, 30, 45, 90. If you ſubſtitute 1 for 2 
will find * — 2K — 1 + 90 = 56; ſo that one i 
Root of the Equation. If you ſubſtitute 2 for x, the Re 
will be 24: but, putting x = 3, you have 


x3 —2x *—33* +90 =27—18—99 T 90 117 -in 


80 that 3 is one of the Roots of the propoſed Equation, 
other affirmative Root is + 5; and after you find it, 2 

manifeſt from the Equation, that the other Root is negat 
you are not to try any more Diviſors taken poſitively, Þ 
ſubſtitute them, negatively taken, for x And thus you 
that — 6 is the third Root, For putting x = —6, you! 


#3 —2x* — 33x + 90 = —216 — 72 + 198 + 90 


This laſt Root might have been found by dividing tht 
Term go, having its Sign changed, by I5, the Product 
two Roots already found. 

535. When one of the Roots of an Equation is found, 
der to W the reſt with leſs Trouble, divide the propoſed 


10 
. 


d. 


$30. 
25 ** 
Divit 
Riſors 
. 
fore 
re for 
Lfindir 
ts, Y 
Quad 
b Sc 
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aby the ſimple Equation which you are to 4 from the 
ot already found, and the Quotient ſhall give an Equation of 
Decree lower than the propoſed ; whoſe Roots will give the 
mining Roots required, | 

As for Example, the Root + 3, firſt _ gave * = 3 or 
3= 0, whence dividing thus, 


z=3) * —2x* — 33x + 90 (* + x — 30 


x3 — 3 x* 
| x* — 33 * + 90 | 
Equa K* — 3x 
nd, mi | 
being — 20 x + 99 
5 2 — 30x + 90 


O O 


je Quotient ſhall give a Quadratic Equation x* + x — 30 
0, which muſt be the Product of the other two ſimple Equa- 
ns from which the Cubic is generated, and whoſe Roots 
refore muſt be two of the Roots of that Cubic, 


Now the Roots of that Quadratic Equation are eaſily found 
for A" Inſt, 339-) to be + 5 and —6. For, 
ne 18 
the R * + #20 


d . . «* +x +43 = 30 TT === 
/.. .a+4$=TI/E=2=S 
. . 4 renn 


330. After the ſame Manner, if the Biquadratic x* —2 x? 


as 
j + 26x + 120 = 0 is to be reſolved ;. by ſubſtituting 
ely, b Diviſors of 120 for x, you will find that + 3, one of thoſe 
s you niſors is one of the Roots; the Subſtitution of 3 for x giving 


— 54 — 225 + 78 + 120 = 279 — 279 =0. And 

fore dividing the propoſed Equation by x — 3, you muſt en- 
re for the Roots of the Cubic x* + X — 22 x — 40 = oO, 
linding that 4- 5, one of the Diviſors of 40, is one of the 
dots, you divide that Cubic by x — 5, and the Quotient gives 
Quadratic x* + 6x + 8 = 0, whoſe two Roots are — 2, 
{ So that the four Roots of the Biquadratic are + 5 + 55 


„ —4. 


+ 90 
ing th 
duc d 


und, 


ſed 
7 M m 2 $37. This 
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537. This Rule ſuppoſes that you can find all the Divifon 


the laſt Term ; which you may always do thus.” 2b x 
Fit is a ſample Quantity, drvide it by its leaft Diviſor that ” * 
Unit, and the Quotient again by its leaft Diviſor, proceeding thi 5 
you have a Quotient that is not divifible' by any Number greater il. ti 
Unit, This Quotient, with theſe Diviſors, are the firſt or fy wbſt 
Diviſors of the Quantity. And the Products of the Multipli 
tion of any 2, 3, 4, c. of them are the compound Diviſe, 
As, to find the Diviſors of 60; firſt I divide by 2, andt 
Quotient 30 again by 2, then the next Quotient 15 by 3, 
the Quotient of this Diviſion 5 is not farther diviſible by any 1 
teger above Units; ſo that the ſimple Diviſors are, * 
| 1.4 3 53 2 exce: 
The Products of two, 4, 6, 10, 15. T 
The Products of three, 12, 20, 30. ways 
The Product of all four, . 60. prev: 
7 = 
The Diviſors of 90 are found after the ſame Manner; fon 
Simple Diviſors, 2, 3, 3, 5. | Tim 
The Products of two, 6, 9, 10, 15. and 
The Products of three, 18, 30, 45. 54 
The Product of all four, . . , . . . 90. — 
The Diviſors of 21 455. Tn 
The ſimple Diviſors, 3, 7, a, 6, 6. fd fo, 
The Products of two, 21, 34, 30, 7a, 76, ab, bb. 
The Products of three, 214, 216, 3ab, 366, 7 ab, 7 bb,ai 
The Products of four, 21ab, 2165, 3abb, 7abb. 
The Products of the five, 92 % „% „% % 0.0 5 5 - 44 214 
| | Whe 
538. But as the laſt Term may have very many Diviſors, i tie fi 
the Labour may be very great to ſubſtitute them all for the Wl ſor x 
known Quantity, we ſhall now ſhew how it may be abril excee 
by limiting to a ſmall Number the Diviſors you are to try. that 
firſt it is plain, (from Inſt. 523.) that „any Diviſor that Ii the P 
cecds the greateſt negative Coefficient by Unity is to be neg" that 
: WT Root: 
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ed.“ Thus in reſolving the Equation * — —2 2 — 25 + 
26 * + 120 = ©, as 25 is the greateſt negative Coefficient, We 
conclude that the Diviſors of 120 that exceed 26 may be neg- 
ected. 
539. But the Labour may be Ain abridged, if we make Uſe 
of the Rule in Inft. 519. that is, if we find the Number which 
ſubſtituted in theſe following Expreffions, 


* — 2X3 — 25 x* + 26x + 120, 
2* — 3x* — 25 x + 13, 

6 ** — bx —25 

2x — I, 


will give in them all a poſitive Reſult: For that Number will be 
greater than the greateſt Root, and all the Diviſors of 120 that 
exceed it may be neglected. 

That this Inveſtigation may be eaſier, we ought to begin al 
ways with that Expreſſion, where the negative Roots ſeem to 
prevail moſt ; as here in the Quadratic Expreſſion 6x*—6x 
—25; where finding that 6 ſubſtituted for x gives that Expreſ- 
ſon poſitive, and gives all the other Expreſſions at the ſame 
Time poſitive, I conclude.that 6 is greater than any of the Roots, 
and that all the Diviſors of 120 that exceed 6 may be neglected. 

540. If the Equation x* + 11x* + 10x — 72 = © is 
propoſed, the Rule of Inſt. 523. does not help to abridge the 
Operation; the laſt. Term itſelf being the greateſt negative 
Term, But, by Inſt. 519. we enquire what Number ſubſtitut- 
td for æ will give all theſe Expreſſions poſitive, 


x3 + II s* + 10 — 72 
3* + 22x ＋ 10 
39 ＋11 


Where the Labour is very ſhort, ſince we need only attend to 
the firſt Expreſſion; and we ſee immediately that 4 ſubſtituted 
for x gives a poſitive Reſult, whence all the Diviſors of 72 that 
exceed 4 are to be rejected; and thus, by a few Trials, we find 
that + 2 is the poſitive Root of the Equation. Then dividing 
the Equation by x — 2, and reſolving the Quadratic Equation 
that is the Quotient of the Diviſion, you find the other two 


Roots to be — 9, and — 
| * P 541. Beſides 


7 

N ” 
| 

8 

= 

| 


formed Equation will be — 1 — þ— 9—27, the ſame that ariſes 
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541. Beſides the Method already explained, there are other 
by which Limits may be determined, which the Root of an E. “i 
quation cannot exceed. 

Since the Squares of all real Quantities are affirmative, it fol. 
lows, that The Sum of the Squares of the Roots of any Equatin 
muſt be greater than the Square of the greatgſi Root. And the Square 


Root of that Sum will therefore be a Limit that muſt exceed the WM 8 
greateſt Root of the Equation. of th, 
If the Equation propoſed is if — px ＋ 9 x"=: _ Mi 
r* +, &c, = o, then the Sum of the Squares of the Mun f 
Roots (by Inſt. 485.) will be p* — 29. So that VH =/ 
will exceed the greateſt Root of that Equation, * tions 
Or if you find, (by Inſt. 486.) the Sum of the 4th Powers of MW vill! 
the Roots of the Equation, and extract the Biquadratic Roo Ml but n 
of that Sum, it will alfo exceed the greateſt Root of the Equ- 
tion. 
542. But there is another Method that reduces the Diviſors d ” 
the laſt Term, that aan be uſeful, ſtill to more narrow Limits, ton 
Suppoſe the Cubic Equation x3 - D þ gx —r=0i 
propoſed to be reſolved. Transform it to an Equation whoſe Ml 55755 
Roots ſhall be leſs than the Values of x by Unity, aſſuming M|— 
„ =x—1. And the laſt Term of the transformed Equation: = 
will be x — pP? — 7; which is found by ſubſtituting Unit, 2 
the Difference of x and y, for x, in the propoſed Equation; u 
will eaſily appear from Inſt. 495. where, when y = e, the Whe 
laſt Term of the transformed Equation was e — -þ e + qe you 
whoſ 


— 

Transform again the Equation * — D + gx— 1 =0 25 tl 
by aſſuming y = x + 1, into an Equation whoſe Roots ſhall e- "s 3 
ceed the Values of x by Unit, and the laſt Term of the tran-W ma 


by ſubſtituting — 1, the Difference betwixt x and 35 for x ive fi 
the propoſed Equation. 

Now the Values of x are ſome of the Diviſors of r, which 54 
is the Term left when you ſuppoſe x = ©; and the Values ot 
the y's are ſome of the Diviſors of + 1 —p + q— x, and of 
— I —f , reſpectively. And theſe Values are in Arith- 
metical Progreſſion inereaſing by the common Difference Unit; 
becauſe x— 1, x, x + 1, are in that Progreſſion, - And it i 


obvious 
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obvious the ſame Reaſoning may be extended to any Equation of 


whatever Degree. So that this gives a general Method for the 
Reſolution of Equatibns whoſe Roots are commenſurable. 


R U L E. 


SubNlitute in Place of the unknown Quantity ſucceſſively the Terms 
if the Progreſſion 1, o, — I, &c. and find all the Diviſors of the 
fums that reſult 3 then take out all the arithmetical Progreſſions you 
un find among theſe Diviſom, whoſe cammon Difference is Unit; and 
the Values of x will be among the Diviſors ariſing from the Subſlitu- 
tions of x O that belong to theſe Progreſſions. The Values of x 
vill be affirmative when the arithmetical Progreſſion increaſes, 
but negative when | it decreaſes. 


EXAMPLE. 


543. Let it be required to find one of the Roots of the Equa- 
ton x3 — * — 10x + 6 = ©. The Operation is thus; 


pont. E ; Diorſors, Aritb. Prog, deer. | 
1 2 1 — 152,4 + by 8 
x = 0 Sx 1 —195+6= + 8 1,2,3, 63 givesx =—3 
IT — —1 . . + 14 T,2,7,14 2 1 


Where the Suppoſitions of x = I, x = 0, x = —1 give the 
Quantity x3 — K — 10 + 6 equal to— 4, 6, 14; among 
whoſe Diviſors we find only one arithmetical Progreſſion 4, 3, 
2; the Term of which oppoſite to the Suppoſition of x = o, be- 
ing 3, and the Series decreaſing, we try if — 3 ſubſtituted for 
x makes the Equation vaniſh ; which ſucceeding one of its 
Roots muſt be — 3. Then dividing the Equation by x I 3, 
we find the Roots of the (Quadratic) Quotient 7” 

f—4x +2=0 are 24 2. 

544. If it is required to find the Roots of the Equation 7 — 
35 — 46 x 72 = o, the Operation will be thus; 


172,374 5,58,10,12 7 5420,24,30,40,60,1 
1,2,3:4.0,8,9,12,18,24,36,72, 
152531520, 2, 10, 15,30. 
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Pay 


* 


26 


- ey 


| 


. | | ing th 
mon Difference equal to Unit, the firſt gives x = 9, the oth 


So that the three Values of x are + 9, — 2, 


— 2, 4 = — 3, 5 = — 43 all which ſucceed ' 


Of theſe four Arithmetical Progreſfions hay 
—3 


give æ 
* = 
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CH AP. XXVII. = 
the Reſolution of Equations by Cardan's Rule, 
; and others of # that Kind, | 


T2 ſecond Term can be taken away out of any Cu 


bic Equation, by Loft. 497; ln 
ced to this Form, 


e. 1 


us ſuppoſe that # = 4 + 5; and x r 
42 b+ 3a b*.+ b3 +9*+r=a + JabxaÞ+bE 
+ 7. = 7, +300 © o+ 3% or $1. +7 = (by fine 
g 346 = —9q) me +9, FOG 

41 2 nd == r and conſequently, 45 
q? g3 

e ce ee 


ppoſe a3 — r, and you have, 2˙ T2 771 which is a 
iratic whoſe Reſolution gives 


ly known * 

Nn 

a0 this Method be — aſcribed to Cardan, yet Cardan 
n 


mentions it as the vention of one Scipio Ferreus, a noted © 
matician before his Time, 
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546. The Values of x may ps found a little differen) 


wr envy AA H5 
«43 9 5 1 , ſupp 
= 
e e = U in +L 7 i cles, . 
that) Lr + 4 BOT * 
5 9X | * — Way 
* nein on 4 du 
bay) Ax Ae A i; that b= 1 


5 the y . 
2 r* of * E40 * 


ESA «+ Lb e 
which gives but one Va ue by 25 becauſe 7 in the Vahe 


0 the Surd e fr is gene it is negative in the Y 


lue of b, and there is *. the Difference of this Sign in th 
Values. So that we 222 conclude : 9 


IN * Don 240 


347. The Values of x may be diener without ext 
Fm; the ſecond Te © WEE . 


N Cubic Equation may be reduced to this Fe om, 
* 3 347 . 
; 455 


T 32 2 

＋ 377 
Which by ſuppoſing x +=2 +3; will be reduced to a) #1 
—27r = 0, in which the ſecond Term is wanting. But by! 
laſt Article, | inet 2 25 9 35 75 — 27 So, it follows that 


* . \ MO 2 


* This Method we owe to the 1 and very Learned 
Jons Co1,s0x, the preſent Lucaſſan Profeſſor of 1 in 
niverſit of CamBRIDGE, and e to "= . 

Fos. Tong 309. 
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N r — 7 7 rf = N= — 2 (if you 

ſuppoſe that the Cubic Root of the Binomial r + Vr — 75 

PTY nm N= n -N an. And ſince 
22 + p, it follows that x 2. 

Fon. But as the ſquare Root bf any Quantity is #wo-fold, (t the 
Cube Root is thre fall, and can be expreſſed three different 
Ways. 

pple the Cube Root of Unit! is required, and let 51 = * 
11 o, then ſince Unit itſelf is a Cube Root of 1, one 
of the Values of y is 1, ſo that the Equation y—1 = © ſhall 
lvide the firſt Equation 2 — 12 == 75 and the Quotient y* + 7 


+ 1 = ©, reſolved, gry = — A. — ſo that the 3 


Npteſſions of i are I, — ET * Te | 


2 
And, ingeneral, the Cube Rootof any Quantity 45 may be 4 


be EN 14 =LC=3 — „ 4; ſo that the 


da Rot of the Binoinial r + "=D —g may be m + JL ny 


+: a we ſuppoſed above, or — ECO ESC or 
10 3 * m + m + Vn. And hence we have three Ex; 
relfions for x, pix. 
1. X PT 2m, | 
2. x=p—m+f— 3n. 
/ ; * #=S—m_—/— 3» 
ut by nd theſe give the three Roots of the propoſed Cubic Equazn 


EXAMPLE IL. 


$49. Let it be required to find the Roots of the Equation 
'—124* + 41x — 42 = 0. 


1 Since $i = £3 1, and i * M1 = A. 
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Comparing the Coefficients of this Equation with thoſe of 
general Equation 


e * — 3739 —27 5 
. Ti: 95 So, you find; 

. 13773 
1. 35 = 12, ſo that | 8 W . 9 2 i 
2. 35. — 37 ( 48— 390 as: 3233 « » fl 
3. 3521 - —2r (=— 36 27) =—42 . t'=} 
and conſequently, f—E=9— = — — , and 


AL 3. Now the Cube Root of ti 


Binomial is found to be, — I + 07 = #* + \/1.)WMhcfore 
Whence 7 5 


1. 2 T 28 2 4 — 222 2. 3 feduci 

2. =p n= + 3 5 225 
＋ *#=p—mb/—3n=5+2= gdb. 
So that the three Roots of the propoſed rd 2, Þ 7. 

Vou may find other two Expreſſions of the Cube Root of 
4A, beſides = 1 + , viz. 3+ 
and — "tA army 7 — #5 3 but theſe ſubſtituted for m + Vn gi 
the fund Values for x as are already found. 


.- 1 
— 


EXAMPLE Il. 


550. In the Equation: + 15 * + 84 x — 100 = 0, jc 
find p =— 5, q = =—J, 7 = 1355 and r N = —7 ere 
+ 18252, whoſe Cube Root is 3+4/ 12; fo that x =( 
+2m) =—5+6=1. The other two Values of x, vs 
—84/— 36, —=8—y/— 36, are impoſſible, For i 
this Caſe =» = 12, therefore — 3# = — 36, which makes th 
Quantity / 3, and of Courſe the two laſt Roots, impoſlid 

After the ſame Manner you will find that the Roots of tt 
MT + * — 166 x + 660 = o, . 77 


+ We ſhall, hereafter, ſhew, from Mr. De Moivre, how the Cub 


Root of an impoſſible Binomial, as «+V—b, may be trafte 
by the Triſection of an Angle. 
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And here we are to obſerve, that whenever this irrational Part, 
5.5, is impoſſible, that is, as often as 7 is an affirma- 
we Quantity, and at the fame Time its Cube is greater than 
v, the three Roots of the Equation are all poflible and real; 
ut it ri be poſſible, that is, if g be negative, or if 
a mative, its Cube be leſs than r*, the Equation will have 
" — Mut one poſſible and real Root, the other two being impoſſible or 
imaginary. This is eafily deduced from the Structure of the 
by Equation, as we have juſt now ſhewn. 
Wl Note, If in this general Theorem we put — o, the tens 
Term vaniſhes, and the Equation is reduced to Cardan's Forms 
before ſpecified. 
551. The Roots of Biquadratic Equations may bo found by 
teducing them to Cubes, thus. 
Let the ſecond Term be taken away by che Rule given in ic. 
and let the Equation that refults be, | 


x**þga* rx +$5=0. 


et us ſuppoſe this Biquadratic to be the product of theſe | 
jo Quadratic Equations, 


* +ex+f=0 
x* —ex +£=0©0, 


dere + is the Coefficient of æ in both Equations but effected 
th contrary Signs ; becauſe when'the ſecond Term is wanting 
lan Equation, the Sum of the affirmative Roots muſt be equal 
the Sum of the negative. 
Compare now the propoſed Equation: with the- above Pro- 
«Kt, and the reſpective Terms put equal to each other will give 
-* =q, eg — ef =r, fg = s. Whenceitfollows 


1 e, andg—f= i and conſequently, 


[tg+g—f(=22) = 17 1, ”, and 
* 12 


170 1N4T1ITUTIONS 


gt +2 
g .=.. T6 * the ſame Way, you will find, by 8 
2 . — f 
e Ge {= , and fxg (=s) =41 


— — 


9 + 296 + phe a and multiplying by 4e* and rangin 
the Terms, wii bard ch Tn 
Pas + 2247 —4iX&f —f*=0.. 


Suppoſe * = , and it becomes y* + 29 y*. + 9* —J +) 
7* = ©, a Cubic Equation whoſe Roots are to be diſcovered 
the preceding Articles. Then the Values of y being ſc 
rr will give e (ſince y = e*;) and — 
+=! 


you wil ind / and g from the Equations f = : = 


q+e +- | 
= - Laſtly extracting the Roots of the Equatio 


| 2 | 
** ex +f=0, ** —ex + g = 0, you will find the | 
Roots of the Biquadratic x* * g x* + 7x + 5 = 0; for eiu gin, 


„ -r —f, or, x = +3e3vVif=; 


552. Or if you want to find the Roots of the Biquadrat — 
without taking away the ſecond Term; | 
N ey tr 
| +49 "E407 "+ 9* I 
and the Values of x will be 
— . oF 5 1 222 
* „* A he 95 
SL _ here 
2 2 2 
= e 1 TS}: 13 


4* is equal to the Root of the Cubic, = 


PEI 


The Demnſtration is deduced from the laſt * as chat 
546 is from the preceding & 


11 


2 


353. An ingenious N Mr. 3 Corn, 
ho teaches a Mathematical School near Horndean in 

fire, has obliged me wit the following plain Demonſtration of 
irdan's Rules, from the brſt Principles, as alſo an — 
ment of the ſame, Which here follow. ' | 


* There aye tg Farms of Cuble Equations vis, 


2. 1 
| CASE I. 


- IA 


Suppoſe ; 2 = . "Becuſe xis h ere 
3 =mi—3m* n + 3mn* — 13 
x =pm - 

x3 T —3m n+ Zn — x? 


e goes tg 


- "9 


Then 6 Xx m—n| 713mmn— 3mun= fm —pn 

equated to (o)] 8JÞo =— 1m*n + 3mn* + pm—pn 
| 1 e 

But roſzmn=p By Suppoſition, tep 6th, 


10+ 3m 


11 9 


TA 5 


* 
b o 
z ® * * 
34 7 


13 X N 
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| n i 
14 by Renger ts 1 x= 5. A quairatcEquai 
1 n +7. = 4. L „ 
| tan hunt þ importing: * 
of 2 q* 4 7 ; Oh 0 


448 pL 


16 hw" 


2 an hs I.1K rn no) fef ::gt3:4; aA 

1 * 2 — * 
2772 ens WT. 1 * nn 4 
18 


1 
But (9th Step) 
ar? from Step 18, 
2xbyRedufton. 2a] „ „r , 


ja * * 0 * * 
0 | 0 ny * 22 * 
| „ a | n J. 
22 contrated[2g/— * 2 - - — Cubic 
* 0 . 
— * 2 , | ] y : Fy - ; A a ö ' " * | ; 


23 wi. 


I9, 24 


555. If tho Equation hex? T S =Q find the Root oat, 2 
& + px = + 7. as above, and change its Sign. 5 | 
356. Cardan's Rule, above given, requires two Extraction nlegqu 
of the Cube Root, and therefore the — 2 whi 
requires but one, is much wells = 

See: the 1gth-Step above, „ | i : 

And from the 6th Stepit appears hat 8 57 


Which is an Improvement 
of Cardar's firſt Rule. 


557 CASE 


ASE 


of ALGEBR SE ” 
| CASE I. 


1 -p 4 q» This i is demonſtrated i in the ſame 1 


before, by putting 3 * . Se. Here alſo n= YL = 


I ado fail i 


CH A P. XXVII. 
tze NEwToNIan METHOD of approximating 
10 the Roots of NUMERICAL EQUATIONS, 


Wen any Equation is propoſed to be reſolved, if the 
Root lies between two Numbers, that differ from 
another by Unity, you may conclude that Root is incommen- 
ule, by what has been heretofore taught. The Root, how- 
„ may be approximated to what Degree of Exactneſs you 
laſe, by the following Method, firſt propoſed by Sir Iſaac 
futon. f | 
$59. In the firſt Place you make Trial with ſuch Numbers as 
i find (by the foregoing Articles) are near the Value of the 
ut, and you will ſoon get two Numbers, one of which will 
ſe the Equation a poſitive, and the other a negative Value, and 
nequently the true Root, which makes it yaniſh, or = 0, 
ll be between theſe Numbers, and when it is incommenſurate 
umay, by eaſy Trials, approach to it as near as can be . 
by Fractions either vulgar, or decimal, : 
bo. But before we proceed any farther, it may be * 25 
ming, that any common Number expreſſed by the nine Digits, it 
la ſimple, quadratic, cubic, &c. Equation, whoſe Root is 10 
7, and therefore not expreſſed, but only the Coefficients of: 


KM Term, Thus, for Example, 


Ws ds The 
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| 96 = 9x + 6, 6 
The Nene 596 = 5#* +9 x + b, a Quadratic, 


7596 = 7 x3 + 5x* ＋4 95 +6, a Cubic 
17596 = #*+7x* + gr, a N 


Where, for the Sake of expeditious Operation, we ab 
thoſe Equations into the Expreſſion of their Coefficients 0 
by calling x Ten, x* an Hundred, x* a Thouſand, &c. which 
they conſiſt of Cyphers only, with Unit prefixed, viz. 10, 1 
I000, Cc. can be eaſily underſtood without being expreſſed 
the common Form of an Equation or Series, But to proceed, 

561. Let the Equation propoſed be & — 6x 7 = 6, if 
ſuppoſe x = 2, the Reſult is 4 — 12 +7 = — 1, wich! 
ing negative, and the Suppoſition of x = © giving a poſiſ . on 
Reſult, it follows that the Root is betwixt o and 2. Next, z. 
ſuppoſe x = 1; whence, * - 6x +#7 =1—6+1 
＋ 2, which being poſitive, we infer the Root is betwixt 1 
2, and conſequently incommenſurable. In order to appro 
mate to it, inne * = 14, and find * - bx + 7 
— 977 = 4; and this Reſult being poſitive, we infert 
Root muſt be betwixt 2 and 12. And therefore we try 12, 
find & — bx + 7 =$— Þ +7 = 4 — 10, +7 
— : Which is negative; ſo that we conclude the Root to 


betwixt 14 and 13, And therefore we try next 13, which g. thy 

ing alſo a negative Reſult, we conclude the Root is betwixt 

(or 14) and 15, We try therefore 1, and the Reſult be 

poſitive, we conclude that the Root muſt be betwixt 1.5, . ©! 

137, and therefore is nearly 13. 7 
562. Or you may approximate more eaſily by transform An 


the Equation propoſed into another whoſe — ſhall be equi 
JO, 100, or 1000 Times the Root of the former (by Inſt. 50 
and taking the Limits greater in the ſame Proportion. I. 
Transformation is eaſy; for you are only to multiply, the 
Term by 10, 100, or 1000, the third Term by their 80 
the 4th by their Cubes, c. The Equation of * laſt 

ple is thus transformed into æ* — 600 * + 70000 = o, vb 
Roots are 100 Times the Roots of the propoſed Equation, 
whoſe Limits are 100 and 200. Proceeding as before, wet 
150, and find x* — 600 x + 70000 = 22500 — 90000 
792090 = 250g, ſo that 150 is leſs than the Root, You 1. 


— 
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1175, which, giving a negative Reſult ruſt be greater than 
„Zoot: and thus proceeding you find the Root to be betwixt 
g and 159 : from which you infer, that the leaſt Root of the 
poſed Equation x* — 6x + 9 .— © is betwixt 1.58 and 1. 50, 
80 hundredth Part of the Root of x* — 600 x + n 


1 If the Cubic Equation x? — 15 * + 63x 50 = 0 
xopoſed to be reſolved, by ſubſtituting o for æ the Value of 
15 * + 63x — 50 is negative, and by ſubſtituting 3 for 
that Quantity becomes poſitive. x = I gives it negative, 
|x=2 gives it poſitive, ſo that the Root is between 1 and 2, 
| therefore incommenſurable. You may proceed as in the 
ging Examples to approximate to the Root. But there are 
u Methods by which you may do that more eaſily and rea- 
7; which we proceed to explain. 

by. When you have diſcovered the Value of the Root to leſs 
m Unit (as in this Example you know it is a little above 1) 
ole the Difference betwixt its real Value and the Number 


n this Example. 


tzx=14+f. Subſtitute this Value for x in the Kone 
, thus, 9 f 


* 11+3/+3f*+f* 
— 5X = —I5 —30f— 157 

+ 63x = 63 + 637 
—$50 50 


* WM 1 „ as 


—— — 


n. Io becauſe T. is ſuppoſed leſs than Unit, its Powers 7, f z, 
ly the de neglected in this Approximation; ſo 8 8 . 


; ſo that x will be nearly 1.027. 


bs. You may have a nearer Value of x by conſidering, that 
fo, —14367— 127 +f* = on it follows that - 

.- 

goooo 


o "a 


you have found nearly equal to it, to be Sh by . | 


15x* + 63x—50 = —1 + 36 f— nf + '=0&_ 


— — 


— — —— 


* 
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i 


W C 
. 7 5 = . ie: 


n 229% — 
r _— 
566. But the Value of F may be corrected and determi 


more accurately by Tuppoſing g to be the Difference betwirt 
real Value, and that which we laſt found nearly equal to it. 

that f = .02803 + g. Then by ſubſtituting this Value fe 
in the Equation 


A + 39f—1 = o, it will ſtand as follows, 


f*=0.0000220226 + 0.002 357g + 0.08409g* + g? 1 
TIS =—,00942816 —0.67272g—12g* Val 
1. S fs 00908 + 36g 2.0 

5 
=—0.0003261374+35-3296376—11-91956" +7 bn 
7 L 
Of which the two fiſt Terms, neglecting the reſt, oi «9; 
| 5 — 00032617. A" 
35-329637 X g = 0.0003261374, and g = "35320637 fa 
0.00000923127. So that f = 0.02803923127 ; and 7 Iſt 
+ f = 1.02803923127 ; which is very near the true R you 
the Equation that was propoſed. lue 
If fill a greater Degree of Exactneſs is nal ſuppo I 
equal to the Difference betwixt the true Value of g and that 5 
have already found, and proceeding as above you may col den 
the Value of g. The 
567. For another 8 let the Equation to be reid of y 

bex* —2x— 5 So, and by ſome of the preceding Mad 
you diſcover one of the Roots to be between 2 and 3. IN 1 
fore you ſuppoſe x = 2+, and m this Value to! the. 
you find, Lim 
x3 = $ + 12 + 6f* + f* The 

—2 9 == —4— 2 — 22 

— 5 2 —5 8 0 by f 
=— 2 + 10f + 6f* + f*; near 


' from which vee £:::! that 


7 


f 
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10 = 1 = orf= 0.1. Then to correct this Value, 
we ſuppoſe f = 0.1 ＋ . and find 


fi = 0.001 + 003g + 0.36% +# 
67 2 0.06, + 1.2 g ＋ 6. 2 * 
„—1 —— 1. 1 ; 
= 0.061 + 11.238 + 6.328* + 2˙, 
——_— — 
; fo that g = 11.23 Ea 


Then by ſuppoſing g = —.0054 +4, you may correct its 
Value, and you will find that the Root required is nearly 
2.09455147+ 

568. “ In all theſe o you will approximate ſooner 
to the Value of the Root, if you take the three laſt Terms of the 
Equation, and extract the Root of the Quadratic mp con- 
fiſting of theſe three Terms.” | 
Then, in Inſt. 564, inſtead of the two laſt Terins of the 
Equation 7: — 12f* + 36f —1 =o, if you take the three 
laſt and extract the Root of theQuadratic 12f* — 367 So, 
you will find F = . 28031, which is much nearer the true Va- 
lue than what you diſcover by ſuppoſing 36f— 1 = o. 

Itis obvious, that this Method extends to all Equations. | 
569. By aſſuming Equations affected with general Coeffi- 
cients, you may, by this Method, deduce general Rules or 
Theorems for approximating to the Roots of propoſed Equations 
of whatever Degree.” 


Let f? — pf* +9 f —r =0 repreſent the Equation by which 
the Fraction F is to be determined, which is to be added to the 
Limit, or ſubtracted from it, in order to have the ing of x. 


Then gf— 7 = o will givef = - . Butfince 2 r =" | 


by ſubſtituting © for f, we have 8 Theorem for findinz F 


nearly, vix. 


. 
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* 7 n 
71 . 


| 570. Aſter the ſame Manner, wit is a Biquadratic, by which 
F is to be determined, as f* — pf ＋ 7 —rf +5 =0, 
then f being very little, we ſhall have r £3 which Value b 


| . % 4 
corrected by conſidering that f = = FAFE (by 


7 — 
. 2 3 - - 
1 22 
e 


- e 
1 


this Theorem for all Biquadratie Equations, 


* 


f= _ + 4 r rr. 


571. Other Theorems may be deduced by aſſuming the three 
Terms of the Equation, and extracting the Root of the Qua- 


dratic which they form. 
Thus to find the Value of f in the Equation f9 - pf'* + of 
— 7 —= © where F is ſuppoſed to be very little, we neglect the 
firſt Term /a, and extract the Root of the Qyadratic pf 


af +r = 0, or of f*— 5 x f +; = 0; and wefind f = 


2þ 
for © ot of —4p* 
/ 2348 * 7 EA 
But this Value of F may be corrected by ſuppoſing it equal to 
m, and ſubſtituting m for 'f'® in the Equation f* — p ＋ of 
— 7 = 0, Which will give m* —pf* + gf —r = 0, and 
2f* =gf + r —m* = 0; the Reſolution of which Quadra? 
a Dquton gra pu EVER, vey 
the true Value of . . — 
After the ſame Manner you may find like Theorems for the 
Roots of Biquadratic Equations, or of Equations of any Dis 
mention whatever, 


f 572. In 


23 
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72, Tn generd, let a f fr. + f. . 

1 + A = © repreſent an Equation of any 1 
where A is ſuppoſed to repreſent the abſolute known Term of the 
Equation, Let & reprefent the Limit next leſs than any of the 
Roots, and ſuppoſing x = & + , ſubſtitute the Powers of # + f 
inſtead of the Powers of x, and there will ariſe, 4 + f” + p * 
FTP" If TT F- r x FI f>", c. +4 
= o, or by Invalution, diſpoſing the Terms according to the 
Dimenſiona of F. 


1 1 3 
B 
= = — 
1 4 4 - 
X XK X * 
0 „ * 29 
o 
1 
en 7 
X K 
ä 
3 U 
- 8 L 
$5 x Ol, 
* * 
i L 
A. 1 Ik. t 
MM „ 
* X 7 
1 i »;|.| F 
> . %s; I a 
= 4 * F 
12 
333 
1 
SF: 
— ———— 
2 
% 
ll 
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where neglefting : all the Powers, of 74 Heer the firſt wo. Ten 
you find 


f= . 
11—5 Tpi +9X 127 = & 


Then k * f = x, the Root, which by this Series may be had 
any required Exactneſs in ariy Equation of the Power n. 

573.9 By this Method you may diſcover Theorems for x 
proximating to the Roots of pure Pawers';” as to find the'n Re 
of any Number A ; ſuppoſe & to be the neareſt leſs Root in Tl: 
tegers, NENT then ſhall * + „ 


f+nx- a fa, oe = 4 and aſſuming only 


| two firſt 8 F rr Or, more N taking th 


three firſt Terms, 5 
— | A—P 


72 . . „ ding ff ART © 
— AF \ 
958 Te Ap 8 
—— " 
f 1 — ; which is 


at + — X m 
rational Theorem for approximating r 4 


574. You may find an irrational Theorem for it by aſſu 


ing the three firſt Terms of the Power of # + % vix. 4 


. as: 


For, nb*="f + n x 202 1. fog Ara 
reſolving this Quadratic Equation you find 
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1 X 2—1 9 5 : 


Ml 


i zn — 2m + nk 
8 TT 1X n— 11 EP 


575. In the Application of theſe ” RE when a near 
aue of / is obtained, then adding it to & ſubſtitute the Aggre- 
te ir: Place of & in the Formula, and you will, by a new Ope- 
tion, obtain a more correct Value of the Root required; and, 
thus proceeding, you may arrive at any Degree of Exact- 
ls, 


Thus, to obtain the Cube Root of 2, ſuppoſe bs I, and 
4 Ta 
— ) == 0. 25. In the ſecond Place, 


| 


nk" + 
ppoſe 4 = 1.25, and f will be found by a new Operation, 


ual to 0.009921, and conſequently, Vz = I. 259921 near- 
Hy the irrational D the ſame * is diſcovered 


VJ. 


— ” 


CH AP. XXIX. 


the Method of Series by which you may approximate 
to the Roots of Literal Equations, 


6, is there be only two Letters, x and a, in the propoſed 
Equation, ſuppoſe @ equal to Unit, and find the Root 
the numeral Equation that ariſes from the Subſtitution, by 
e Rules of the laſt Chapter. Multiply theſe Roots by a, 
the Products will give the Roots of the propoſed Equation. 
Thus the Roots of the Equation x* — 16x +55 = © 
found to be 5 and 11. And therefore the Roots of the 
uation x* — 16@ax + 55 a* = o, will be 5 and 114. 
he Roots of the Equation x#* + a* x — 2a* = © are found 


Pp | by 
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by enquiring what are the Roots of the numeral Equation 25 
+ x — 2 = o, and fince one of theſe is 1, it follows; that one 
of the Roots of the propoſed Equation is ; the other two ate 
imaginary, 

577. If the Equation to be reſolved involves more than two 
Letters, as & + a*x — 24 + ax —y® = o, then th 
Value of x may be exhibited in a Series having its Terms com 
poſed of the Powers of à and y with their reſpective Coefficients: 
which will converge the ſooner the leſs y is in reſpect of a, if the 
Terms are continually multiplied by the Powers of y, and divided | 
thoſe of a. Or, will converge the ſooner the greater y is in rell, 
a; if the Terms be tontinually multiplied by the Powers of a, and d 
. vided by thaſe F Y- Since when y is very little in reſpect of , 


$ | ind wer; + 
2 = 25. * = Nc. decreaſe very quickly. 

7 vaniſh in eg. of a, the ſecond Term will vaniſh in reſet 
of the fuſt, ſince — :::: 43. And after the ſame Manner! | 


vaniſhes | in reſpe: of the Term immediately preceding it. 
578. But when y is 3 e in reſpect * 4 than a is vaſt 


the Terms y, — 


ly great in reſpect of = * and = 7 in reſpect of = 55 3 fo that the 


8 * 
Terms a, 7 755 2 No &c. in this Caſe decreaſe ver 
ſwiftly. In either Caſe, the Series converge ſwiftly that conli 
of ſuch Terms; and a few of the firſt Terms will give a neal 
Value of the Root required. 


8 of Caſe I. 


= 1. Series for is required from the propoſed Equatio 

that ſhall converge the ſooner the leſs y is in reſpect of a; t 
And the firſt Term of this Series, we ſhall ſuppoſe y to vaniſh 
and extracting the: Root of the Equation x* + 4* x — 24? =0 
conſiſting of the remaining Parts of the Equation that do not 
niſh with y, we find, (by Init. 576.) thst x = 4; which is th 
true Value of x when y vaniſhes, but is only near its Value whel 
y does not vaniſh, but only is very little. To get a Value fi 
nearly the true Value of x, ſuppoſe the Difference of a fro 


* 


the 


Ind fir 


k near 
and co. 
little ir 
and 0 


erm « 


tle in 


ſe 7 
N eg 


quatio 


az tl 


raniſh 
TE = 0 
not va 
h is th 


e whel 


lue 1 


a fron 


th 
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he true Value to be p, or that x=a +p. And ſubſtituting 
1+pin the given Equation for x, you will find, 


„ = 4a" + 30*p+ 3ap* +2" 
+ a* x=4* + a* þ | 

— 243 —= — 2 4" » s; or 
+ays=a*y + apy 

—y = — 


Fa- - = 40% p + 32 p I * 
a . 55 


But ſince, by Suppoſition, y and p are very little in reſpect of 
i it follows that the Terms 4 a* p, 2* y, where y and p are 
kparately of the leaft Dimenſions, are vaſtly great in reſpect of 
the reſt ; ſo that, in determining a near Value of p, the reſt 
nay be neglected: And from 44 p +a*y = o, we find p = 

% So that x 4 +p=a—+y, nearly. 

Then to find a nearer Value of p, and 3 4 , 
lppoſe p = — 45 + 4, and ſubſtituting this Value for it in 
te laſt Equation, you will find, TE.) | 


„ -A + #9 —297 +8 
1% = way 442 1 3% | 
14 — @a*y + 4a'g CY 


= O. 


yp = = ＋ 4577 
Oy = a* y 
* —j 


Tr 
3 

lud ſince, by the Suppoſition, g is very little in reſpe of p, which 
nearly = — 4 y, therefore ꝗ will be very little in reſpect of ; 
and conſequently all the Terms of the laſt Equation will be very 
ittle in reſpect of theſe two, viz, — g 4%, + 44* g, where 
and g are of leaſt Dimenſions ſeparately : Particularly the 
eim — 2 45 f is little in reſpect of 4449, becauſe y is very 
ale in reſpect of a; and it is little in reſpe& of — n a be- 
uſe ĩs little in reſpect of y. 

Neglect therefore the other Terms, and ſuppoſing — 2 a y* 


Pp 2 +4a*q 


= — 247 + 59 4. + 4 
= ©. 
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| © > ati | 
+ 4 a* q = o, you will have 4 * „ s fo. that * 4 by 


early 


25 42 * D. And by procecling | in the ſame . * 


ES 22 1315 5097. 
will find 6 7 640 512 4* 16384 a* 


ExamPLE of Caſe II. 


580. When i it is required to find a Series for x that ſhall con 
verge ſooner, the greater y is in reſpect of any Quantity a, j 
need only ſuppoſe @ to be very little in reſpect of y, and pre 
by the ſame Reaſoning as in the laſt —— on the Suppoſitic 1 
of y being very little. 

Thus, to find a Value for x in the Equation ** — 42 


ayx—y? = © that ſhall converge the ſooner the greater 3 
reſpect of a.  Suppole à to vaniſh, and the remaining Tem 


will give 3 —y? = 0, or x == y. - So that when y is vaſl 
great, it appears that x = y nearly. 

But to.have. the Value of x — an =y + 
then, 


Vhicl 
e tak 

581 
alway! 
and th 
ment 


d be « 
han t. 
582 
ties, 
will be 
which 
of the 
il abo 


cord 


Le k7%# y—a*p 
+ ayx=ay* + ayp 


—y = —y3 


43994 1 5 85 
= 


= + 37% b p + IP 4p — . 
+ aj 7.9. 


Where the Terms 3 þ + ay* become vaſtly greater than the 
reſt, y being vaſtly r than à or p; and conſequently f 
— 3 nearly. | : 
Again, by ſuppoſing p = — 4 4 P 7 n * thi 
laſt Equation into 


A + we +4 
ie 1 or af of few 


W 7 rel; 
pect 
Where the two Terms 3 775 — 2 [muſt be vaſtly 8 tha, 
any of the reſt, a 5 being vaſtly leſs than y, and g vaſtly — ſe con 


br x, 
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iy the Suppoſition; ſo that 39% —@* = o, and = 2 


=a 
early. By proceeding in this Manner, you may correct the 
ue of y and find that 


x „ „ 5 8 a+ 
„ 3) 817 2437 


Vhich Series converges the ſooner the greater y is ſuppoſed to 
e taken in reſpect of a. 
581. In the Solution of the firſt Example thoſe Terms were 
ways compared in order to determine p, q, 7, &c. in which y 
nd thoſe Quantities p, 9, r, &c. were ſeparately of feweſt Di- 
menfions. But in the ſecond Example, thoſe Terms were com- 
ured in which à and the Quantities p, 9, r, &c. were of leaſt 
Dimenſions ſeparately. And theſe always are the proper Terms 
be compared together, becauſe they become vaſtly 1 
han the reſt, in the reſpective Hypotheſes, 
582. In general; to determine the firſt, or any, Term inthe 
ries, ſuch Terms of the Equation are to be aſſumed together only, as 
ul be found to become vaſtly greater than the other Terms; that is, 
which give a Value of x which ſubſtituted for it in all the Terms 
of the Equation ſhall raiſe the Dimenſions of the other Terms 
il above, or all below, the Dimenſions of the aſſumed Terms, 
xcording as y is ſuppoſed to be vaſtly little, or vaſtly great in 
reſpect of a. 

Thus to determine the firſt Term of a converging Series ex- 
relfing the Value of x in the laſt Equation x3 — a* x +ayx 


an th) = o, the Terms ay x and — ) are not to be compared 
yp byether, for they would give x = —, which ſubſtituted for 


e Equation becomes, 
6 


— — ay* + y* —y? = o, where the firſt Term is of more 


Dimenſions than the aſſumed Terms ayx, — 5: and the 2d 
if fewer; ſo that the two firſt Terms cannot be neglected in 
ſpect of the two laſt, neither when y is very great nor very 
tle, compared with a. Nor are the Terms x*, ay x, fit to 
compared together in order to obtain the firſt Term of a Series 
rx, for the like Reaſon, 

But 


r th 
fs that 


2900 INSTITUTIONS 
But x* may be compared with — a* x, as alſo — a* x i 


i, for that End. Theſs two give the firſt Terms of a% „Li 
ries that converges the ſooner the leſs y is; as x* = 1 gives t 
fiſt Term of a Series that converges the ſooner the greater i 3 
The laſt Series was given in the preceding Article. The con \ [ 
paring x3 with — @* x gives theſe two Series, \ | 
2 22 59y* 127 
r . e. | 
a | e 
„ % &. 40 
The comparing — a* x with — 5 gives, 
e 6 | 
—— A 
And theſe Series give three Values of x when y is very littl 1 
the laſt of which is itſelf alſo very little in that Caſe, as it ap — 
pears indeed from the Equation, that when y vaniſhes, tl N 
three Values of x become + 4, — 4, and o, becauſe whe * 
y vaniſhes, the Equation becomes * — 4 = ©, wo. 
Roots are, a, —@, o. ( 
583. It appears ſufficiently from what we have faid, tl A 
when an Equation is propoſed involving x and y, and the Valu 
of x is required in a converging Series, the Difficulty of finding 0 
the firſt Term of the Series is reduced to this; to find what T, 584. 
aſſumed in order to determine a Value of x expreſſed in ſome Dimen# Tay 
of y and a will give ſuch a Value « 4 it as ſubſtituted for it in the oth e 
Terms will make them all of more Dimenſions of Jy or all of leſs Dil ig 
nenſum of y, than thiſe aſſumed Terms. a 
Io determine this, draw BA and AC at right Anglesto 
other, compleat the Parallelogram AB C D and divide it int . « : 
equal Squares, as in the Figure, In theſe Squares place ) all 
Powers of x from A towards C, and the Powers of y fro We 
A towards B, and in any other 3 place that Power = | 
x that is directly below it in the Line AC, and that Power vi rea 
y that i is in a Parallel with it in the Line AB; ſo that the Inde caſo 


of x in any Square may expreſs its Diſtance from the Line A 
; 10 © 


* 
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4 the Index of y in any Square may expreſs its Diſtance from 
eLine A C. N ee pv piee | 


X A | 

92] 33| 34h.3s| 36 
EY XL] XL — 
2 
XL 


little 


N 288 45 50 


s it ap ; - | 
| *,3 > 


who | 2J 14 F| 2 N 18 | 
EEA xe FR . x Ic 
, tha A. "I \ 1 . EX. 
Valu E Ps 


finding 


7 584. 1. That the Terms are not only in Geometrical Progreſ- 


n in the Vertical Column A B, or the Horizontal A C, and their 
aallels; but alſo in the Terms taken in any oblique ſtrait Line 
batever; for in any ſuch Terms it is manifeſt that the Indices 
{y and x will be in arithmetical Progreſſion. The Indices of 
becauſe thoſe Terms will remove equally from the Line A C, 

x approach equally to it, and the Indices of y in any ſuch Terms 
eas their Diſtances from that Line AC. The Indices of * 
Il alſo be in arithmetical Progreſſion, becauſe theſe Terms 
ally remove from, or approach to the Line A B, Thus for 
xmple, in the Terms y?, , y* x, yx, the Indices of y 
creaſing by the common Difference 25 while the Indices of * 
creaſe in the W of the natural Numbers, the common 


he othe 


% Di 


0 eacl 
it inte 
ce cht 
y fro 
wer e 
wer 0 
Inde 
e AB | 

o of the Terms is 75 It follows, 


585. 2. From 


585. 2. From the laſt Obſervation, that if any two Terms by 
poſed equal, then all the Terms in the, ſame trait Line with 
Terms will be equal: becauſe by ſuppoling theſe two Terms eq 
the common Ratio is ſuppoſed to be a Ratio of Equality; 
from this it follows, that if you ſubſtitute every where for 
Value that ariſes for it by ſuppoſing any two Terms equal, expriſ 
the Powers of y, the Dimenſions of y in all the Terms that are 
in the ſame ſtrait Line will be equal ; but the Dimenſions of y i 
Terms above that Line will be greater than in thoſe in that L 
and the Dimenſions of y in the Terms below the ſaid Line will} 
than its Dimenſions in that Line. Thus, by ſuppoſing 57 = 
we find x3 = y*, or x=y?*; and ſubſtituting this. Value 
in all the Squares, the Dimenſions of y in the Terms, y?, » 
5 x*, yx3, which are all found in the ſame ſtrait Line, wi 
7, but the Dimenſions in all the Terms above that Line wi 
more than 75 and in all the Terms below that Line wil be 
than 7. 

586. From theſe two Obſervations we may eaſily find a | 
thod for diſcovering what Terms ought to be aflumed fro 
Equation in order to give a Value for x which fhall make 
other Terms all of higher, or all of /nver Dimenſions of zt 
the aſſumed Terms: viz. after all the Terms of the E 
tion are ranged in their proper Squares (by the laſt Article) f 
Terms are to be aſſumed as lie in a ſtrait Line, ſo that the c 
Terms either lie all above the ſtrait Line, or fall all below i 

For Example, ſuppoſe the, Equation propoſed is y7 4 
+ 9* x3 (+147 y + —ax* — o, then marking with an! 
riſk the Squares in the laſt Article which contain the ſame 
menſions of x and y as the Terms i in the Equation, imagi 
Ruler Z E to revolve about the firſt Square at Z marked at 
and as it moves from A tow ards . it will firſt meet the T 
ay* x, and while the Ruler joins theſe two Terms, all the« 
Terms lie above it: from which you! infer that by ſuppc 
theſe Terms equal, (viz. y7 = ay* x) you ſhall obtain a V 
of x, which ſubſtituted forit, will give all the other Terms of hi 
Dimenſions of 3, than thoſe, Verms: And hence we conc 
that the Value of x dedyced, from ſuppoſing theſe Terms eq 
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E 
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— 
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VIZ. _ <8 the firſt Term of a Series that will converge 


ſooner the leſs y is in n of a, 557 


e Term *, and by ſuppoſing y” + * = o, we find y 


ited Rule invented by Sir Iſaac Newton, for this Purpole. 


at involve Powers of x and y with Fractianal or Surd Indices; 
by taking Diſtances from A in the Lines AC and AB pro- 


lelogram ABCD. 

589. It is to be obſerved as that when the Line joining 
y two Terms has all the other Terms on one Side of it, by 
m you may find the firſt Term of a converging Series for x, 
| thus “ various ſuch Series can be deduced from the ſame 
uation.” As, in the laſt Example, the Line ab joining y* x 
d u has all the Terms above it; and therefore ſuppoſing 


T = duefind x E, and x = 2. which 


the firſt Term of another converging Series for x. Again, 
ſtrait Line bc joining y x* and x has all the other Terms a- 
ve it, and therefore, ſuppoſing a - A4 = o, we find 
=, and x = az yz, the firſt Term of another Series for 
converging alſo the ſooner the leſs y is. There are two Se- 
converging the ſooner the greater y is, to be deduced from 
ppoſing y = — y* x*, by the Line Yd, or * = ax*, by 
Line de. And, to find all theſe Series, ** deſcribe a Poly- 
1 Zabed, having a Term of the Equation in each of its An- 
s, and including all the other Terms within it, then a Series 
= found for x, by ſuppoſing any two Terms equal that are 
d in any two adjacent Angles of the Polygon.” 

590. If the Ruler ZE be made to move parallel ta itſelf, all 
Terms which it will touch at once will be of the ſame Di- 
ſions of y: for they will bear the ſame Proportion to one 
other as the Terms in the Line Z E themſelves. The Terms 
ich the Ruler will touch firſt will have fewer Dimenſions of 
than thoſe it touches afterwards in the Progreſs of its Motion, 
tt moves towards D; but more Dimenſions than they, if it 


2a moves 


* 
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587. If the Ruler be made to revolve about the ſame Square, 
Y, the contrary Way from D towards C, it will firſt meet 


x, which gives the firſt Term of a Series for x, that con- 
rges the ſooner the greater that y is. And this is the cele- 


588. This Rule may be extended to Equations having Terms 


tional to theſe Fractions and Surds,” and thence determining . 
e Situation of the Terms of the propoſed Equation in the Pa- 
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moves towards A. The Terms in the ſtrait Line AF, ſene WM 5 
to determine the firſt Term of the converging Series required, Dy: 

Theſe with the Terms it touches afterwards ſerve to deter. 
mine the ſucceeding Terms of the conyerging Series; all th; 
reſt vaniſhing compared with theſe, when y 1s very little and the 
Ruler moves ſrom A towards D, or when y is vaſtly great and the 


Ruler moves from D towards A. vergl 
591. The ſame Author? gives another Method for — 


the firſt Term of a Series that ſhall converge the ſooner the le( * 
is. Suppoſe the Term where is ſeparately of feweſt Di- 1+ - 
menſions to be Dy!; compare it ſucceffively with the other But 
Terms, as with E * *, . obſerve where = - — is found = 
greateſt; and putting cha "= u, Ay" will be the firſt Terme 20 
a Series that ſhall Sf Tag the ſooner the leſs y is:“ For in that * 
Caſe Dy! and EV will. be infinitely greater than any other finite 
Terms of the propoſed Equation. Suppoſe A gr is "—_ other 59 
Term of the Equation, and, by the Suppoſtion, wal 2 (= n a L 
1s greater than —— * ＋ 25 8 and conſequently, eultiphying by k, you 75 
find nk greater than-l— 6, and n f + « greater than 1; now if Man: 
for x you ſubſtitute Ay”, then Fy*x* = FA4* y*ni*+*, which Tern 
therefore will vaniſh compared with D y/ (ſince #4 + e is greater lue o 
than /) when yis infinitely little. Thus therefore all the Term be fo 
will vaniſh compared with Dy and E y” x* which arc ſuppoſed ) 
equal ; and conſequently they will give the firſt Term of a dere deter 
that will converge the ſooner the leſs * is. in the 
592. If you obſerve 6c EY ha. is found leaf? of all, ant * 

ſuppoſe it equal to u, then will Ay os the firſt Term of a Serie cor 
that will. converge. the ſooner the greater y is.” For in thang netic 
Caſe OI will be infinitely greater than Ey x, be in the 
= 1— e may 

e . 2 (5 _ E being! leſs than 1 follows that n me 
leſs than / — e, and n #-+ e leſs than i, and conſequently F — 


a 5 F m yok *, vaſtly leſs than Dy, when y is very great. 
: | 593- _ After 
0 Sir I. Naat/n, 


1 
. 
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eme 503 After the ſame Manner, if you compare any Term 
es, Dy, where both x and y are found, with all the other Terms, 
eter an obſerve where =" is found the 474aigh of la, and ſup- 
Uthe 


1 
erging Series. or we — that F gk is * pe A of 


ering he Equation, if — (= n) is greater thay 2 FIR „ then ſhall 


t Di-W -b be cena Le, and n4 + e gteater than [+ 1b. 
other But » 4 + e are the Dimenſions of y in Fy xt when = Ay, 
nd /I nb are the Dimenſions of y in Ei ; therefore F 
i. of more Dimenſions of y than ZE ys, and therefore vaniſhes 
0 to it +9 y is wp oy little, In the are 


Manner, i —_ — is leſs than © 2 then will By Ki be.i in- 


api — n F when y is infinite. 

594. When the firſt Term (A) of the Series is wund b 
he preceding Method, then by ſuppoſing #= Ay + , and 
ſubſtituting this Bini and its Powers for x and its Powers, 
there will ariſe an Equation for determining the ſecond Term 
of the Series. This 'new Equation may be treated in the fate 
Manner as the Equation of à, and by the Rule of Inft. 586, the 
Terms that are to be compared in order to obtain a Hear Va- 
ue of p, may be diſcovered; by Means of Which Terms p may 
be ſound: Which ſuppoſe equal to B *r, then by fuppoſing 
= By +r + q, the Equation may be transformed into one for 
ketermining q the third Term of the Series; and by proceeding 
in the ſame Manner you may determine as many Terms öf the 
tries as you pleaſe ; finding x + By +» + Cya 
+ Dy Tze, Cc. where the Dimenſions'of y aſcend or deſcehd 
xcording as 7 is poſitive" of negative; "inf always '** in Arith- 
netical Progreflion, that this Value of x being ſubſtituted for᷑ it 
in the propoſed Equation, the Terms involving y and its Powers 
may fall. in with one another, ſo that more than one may aus 
mvolve the ſame Dimenſion of 5, which may mutually deſtroy 


each other and make the whole Equation vaniſh, as it it ought to 
do.“ 55 


a2 595. Tt 


d the ple == n, then may Ay be the fiſt Term of a con- 
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'*. 595. It is obvious that as the Dimenſions of y in 4p 4 
Byn+r Cy z A Dp +37, Ac. are in an Arithmeticy 
Progreflion whoſe Difference is #, the Square, Cube, or any 
Power. s of 4% + BN + Cy*+2r:+ Dy +3" + &, 
will conſiſt of Terms wherein the Dimenſions of y will conſtitute 
an Arithmetical Progreſſion having the ſame common Difference 
1; ſor theſe Dimenſions will be an, in + 7.59 + 27, 4 + 3r 
&c, Therefore, if in any Term E * x4 you ſubſtitute bet. 
Series Ay" + Byr+r'+ Cy + Dynr +3” c. the Ten 
vf the Series expreſſing E y” xs will. conſiſt of theſe Dimer 
of 3, vig. n n L 1 n n 27, 4“ 
Zr c. and. by a like Subſtitution in any other Term as Fy u 
the Dimenſions of y will be o nh e n T, er 
27, K 4 37 G The former Series of Indices m 
cCoincide with the latter Series, that the Terms in which the 
are found may be compared together; and be found equal wit 
oppoſite Signs ſo 85:00 Ker e and make the wha 
Fan 51 r d e e 
596. The firſt Series canliſts of Tas ariſing. by addin 
' fore Mukcipls of v to m , the latter by adding ſome Mul 
' tiple of 7 toe wy and that theſe may coincide, ſome Mul 
ple of v added. to m + 5 muſt be equal to fome her Mel 
ple of r added to e +. nk From which it appears, that tl 
Difference of n + an and e + nk is, always a Multiple of 7 
and conſequently. that rj is a Diviſar of the Difference of Dimen 
bons of in be, Tens K. and Ex at, ſuppoſing « = 4 
It follows-therefore. 9 that is g ο mog Diviſor of the Diſe 
1 ences. of the Dimenſions of Jin the Terms of the Equati 
| when you have.ſubſtityted A/ fax & in all the Terms,” And 
ride aſſumed equal to. the greats} common Diviſor (exceptin 
ſome Cales, afterward tobe mentioned) you will haye the tro 
Form of a Seties for. 4. And now. the Dimenſions 7 Y 
„ n 97 +37 Gen heine knowny, there remains ang, by 9 
| culation ro determine the general Coefficients A. B, C, D,. © 
in order ta find the. Series 4 y" t. Bye N n 
573 . „ 
597. This leads us to dir Nac Mar- Secand General Met 
of Series 3 which confiſts in aſſuming a Series with undetermin 
ed Coefficients .exprefling x, as Ay + By +r + Cp + 7 
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ic, Where A, B, C, &c. are ſuppoſed as yet unknown, but 
ud r are diſcovered by what we have already demonſtrated ; 

| ſubſtituting this, every where for x, you muſt ſuppoſe, in 
be new Equation that ariſes, the Sum of all the Terms that in- 
e the ſame Dimenſion of y to vaniſh; by which Means you 
l obtain particular Equations, the fu of which will give 4, 
s ſecond B, the third C, &c. and theſe Values being fubſti- 
++ in the aſſumed Series for A, B, C, &c. the Series for x 
1] be obtained as far as you pleaſe. | . 
598, Let us apply, for Example, this Method to the Fqui- 
jon (of Inft. 577. N A — 247 g - o. Sup- 
joſe it is required. to find a Series conyerging the ſooner the leſs 
5: Its firſt Term (by Inſt. 579, or 583) .is found to be a, ſo 
hat » O. Subſtitute à for æ in the Equation, and the Terms 
kcome 45 + 4 — 24.4 04 2 — „, and the Differences of the 
adices are O, 1, 2, 3.3 whoſe greateſt common Meaſure is 1, 
bthat r = 1. Aſſume therefore æ 4 + BVT CNN D 
kc, and ſubſtitute this Series for x in the Equation. Then 
* = 4 34 By + 34 BY + B yF Kr. 
= bELE + 3A Dy T Ke. 
| BCN A Kc. 
14 XK = 4+ &By er + + Dyi.+ &. 
aye Bo 49: + aBy + «Ds. Ac. 8 
— 222 e ne Ae. 485 e {> 
— y _ 7: iz £4 5 nn Þ: . 
599. Now ſinde ** + r + nb = o, it 
flows that the Sum of theſe” Series involving y muſt vaniſh, 
But that cannot be if the Coefficient of every pattieular Term 
es not vaniſh. For every Term where y is infinitely little, is 
nhnitely greater than the following Terms, fo that if every 
Term does not vaniſh of itſelf; the Addition or Subtraction of 
he following Terms which are infinitely leſs than it, or of the 
receding Terms which are infinſtely greater, not deſtroy 
t; and therefore the whole cannot vaniſh, It appears e 
lat 4? + A 24 = o, is an Equation for determining A, 
ad gives A = a, | | | 
In order to determine , you muſt ſuppoſe the Sum of the 
Gefficients affecting y to vaniſh, viz. 3A*B + a*B + aA » 
So, or fince 4 S a, 4a* By + 49 =0, and B = 2. 
To 


_ INSTITUTIONS 


To determine C, in the ſame Manner ſuppoſe 3 4 By 4 * 
4* C + 4 Cy* + aBy* = o, or ſubſtituting ſor A an 


| here Values ms found, * + 4 Cp "LE = 6 i 


conſequenty C= — po And, by proceeding | in tel a 


25 5 


131 8 12 
By, &c. N fore in lu. 379. 3 


boo. By this Method you may transfer Sees from © one u 
determined Quantity — and obtain Tanten for t 
RNeverſion of Series. 

Suppoſe that n te + we + 47 + ke. and it 
_ 16quired to expreſs by a Series conſiſting of the Powers of 
It is obvious that when & is very little, y is alſo very little, 
that in order to arne firſt Term of wo Series, you tet 


only afſume x = ay. And therefore y = © > 3 thats =1,1 | 


Fron 


ſubſtituting 7 bot y Ys you find the Dimenſions of x in the Teul Th 
wilt be 1, ir 35 4, Cc. fo that r = r:alfo. You may ther 2 
fore fue 3 — Ar TB +- C + D "I &c. And! 
the Subſtitution of this Value of y you Will find, N 


eld. 4 Bx ae &c. de 
15 = 5A 2543 + K. 
n * + &c. 
c. . dee. 


id th 
C. Art 


This 
Jifficu! 
vid, 

Fit we 


But deft Tam ig already found to be 2, you har 


| ==; ee B + 54. = = Oz it follows that B 


Afar the fie Matar you will find C = = * Whene 
| NAS vv 
ene we” x* + | x + &c, 


601. Suppe 
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601. Suppoſe again you have ax E e þ dx + 
Sg +hy + iy* + ky &c, to find x in Terms of y. 
ou will —_—_ ſee, (by Inſt. 586.) that the firſt Term of the Se- 


for x is , that v , 7 = 1. Therefore aſſume x = 


By + Cy* &c. and by ſubſtituting this Value fop x 
bringing all the Terms to one Side, you will have 


ax =aAy +aBy CV + &c: ; 
5 x* = WY + #28 + &c, 
cx? = c A* + Kc. 
Kc. *r | he 
4 — 4752 —27 i 
and it —hy* „ ' £ —hy 
rs of —i = SA out be 
tle, a | &c. &c. 
-1.1 from whence we ſee, firſt, that a A = -, and 4e. 
> Ten That a B + A — h = = 0 and B= . 3. That 
bs (+2b AB +cA*—1=0, and therefore C= E. 


4 
id thus the three firſt Terms of the Series Ay + By + Cp? 


, are known. 


This Method is very . ; but in ſome b Caſes a 
ficulty will ariſe, which Mr. Maclaurin has ſhewn how to 
od, to whoſe Treatiſe of Algebra we muſt refer the Reader, 
it would be * tedious here to dwell on that ge. 


& 


4 


p gee Me De rin Phil Tra 240; * 


CHAP: 


e 


HAF. 8 


M.. De Moivre's Theorem for — an To 


Series to any given Power, "Alſo the Evolut 
or Reverfion of Serzes deduced from thence, 


* P. the Phitofophical TranfaQtions,® the late Mr. 
Moore has given us the following excellent Thec 
for raiſing mw nn or infinite Series to 0 any gi 
Powet, viz | 
re fes + dx + 1% + fo, N willbe 
be ome Oaks | Sf 
* 8 + 12 72. 


2 
m. 
r* | 
Fre 
8 Fo WOK +4 
= * 4 , >" 


ORR 
e es 


. 1 , + — of" =; : 
i 1 J 


* 


® Ne, 240. 
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1 
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603. For underſtanding of which, it is only neceſſary toc 
ſider all the Terms by which the fa of z is multig 
In order to which two things in each of, theſe Terms m 
conſidered, 15, The product of certain Powers of the; 
Quantities of Coefficients 2 1 c. , &c. And, 2% The 


ciæ or Products of = * — 5 Fe. 481 to them. 


Now to find all thi Posdugs belonging to the ſame Pow 
*. F * to find that Product whoſe Index is n 


r being any whole Number) the faid Products muſt be d 
guiſhed! into ſeveral Claſſes. "Thoſe which immediately 
ſome certain Power of 2 {by which all theſe Products begin 
Produdhs of the firſt Claſs : As 554 is a Product of the 
Claſs, auſe 6 immediately follows a —*, Thoſe whic 
mediately after ſome Power of a have c, are Products of the 
cond Claſs. So a" —*ccd is a Product of the fecond C 
Fhoſe y which immediately after ſome Power of @ have'd, aro 
duas of: the third Claſs, and fo of the reft. & 8 

This being underſtood, 10, Miiltiply all the Product bel 
ing to 2 +r—* (which immediately precedes 2 ꝛ | 
and divide them all by a. 2®, Multiply by" c,. and « 
by a, all the Products belonging to 2" + - = * except tho 
the firſt Claſs, J, Mukiply dy d, and divide by 4 all the 
ducts belonging to 2" +r= except thoſe of the firſt and ſe 
Claſs. 4 „Multipiy bye, and divide by a, all the Term: 
longing to 2 =, except thoſe of the firſt, ſecond, and! 
Claſs; and ſo on, till you meet twice with the ſame T 
Laftly, | add the Product of into the Letter whoſe Expo 
is» — I to all theſs Terms. 

Note, The Exponent of a Letter is the Number expre 
what Place that Letter has. in the Alphabet, as is 123 the Expo 
of the Letter c, being the zd Letter. 

By this Rule it is manifeſt that it is eaſy to ne all the 
ducts belonging to the ſeveral Powers of z, if you have bu 
Product belonging tp z m viz. 4". 

604. Next to find the Uncie prefixed to every Product, 
muſt conſider the Sum of the Units contained in the Expo! 
of the Letters that compoſe it (the Index of a excepted) ; 


write as many Terms of the Series m * mM — I X n 
1 n 
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3 Cc. as there are Units in the dum of theſe Indexes; 
res is to be the — of a F raction, whoſe Denomi- 
is the Product of the ſeveral Series IX2X 3X 4X 5» 
uA NA EG. c. 1 X 2 3X4X S N. Ec. 
of which contains as many Terms as there are Units in 
lex of 6 3 the ſecond as many as mere are Units in the In- 
1 the third As Many as there ge Units in the Index of 


1 : Denenflraion-of this ſee in the above cited Trand- 
20 een n Franple ar tw of he Uſ et on cur. 
of the r 1 22 
j To nite —— + LY ' Be? 
1 r erb. ( „ } 


\ 8 * 
\ ö 4 & A þ K 


7 n 2 3.43 er fel: lf,þ $564 
I 


= 3 „ 
ö 


» a 7 1 8 | 


* x 
7 EY 
Rr 2 


* - 
\ 
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128 - 


2 252517 . 


8 


V 
7 
1 
1 
— 
hu 


=O 

2 | 
SDOrX7 LEE 5 83 18 2 

2 

＋ 


ExaneLs II. 
606. To ſquare this inſinite Serits x * + 
dc. Ae 


Iufthis Ou une Preca 22 7 — 


Soc, Kr. e Jar 
Ke. will be, = F748 + 38> 48 1 5%, Ke, for; 
— — 


(= 2} =: xe) = 13 x + xx. The Second 


C1 ys {1 4 LIC ne 
* 2 * Info of 5 1 * 


bog 97d 5 at WA 75 * © 2 — 1 =: 2 121 


The Tie Ter 1 LANES 0 


RN r. R 44 1 


1 * + * L . 
* 
: — . _ bo — 1 
— Cc 
i 
k * © » * 3 
* 


607. S 2 
Power, er ih ebe. 1 

Here'm = 3. ne Aab l 
and ſe the ee, 25 — 


G40 


et. for at r * * = = 1231355 


3 


2 
-+ 
+ 
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ee S5 * 1 Zo x8)=0. 


un paipF UG, 
I -  Sop+2= 


227 * | 
1 4 
— 1 ee > 
I "4 
ZJXx 1 * 1 * * x S5 SN Hg. 3 
— 


3x - + 348. 
And becauſe b, S o, and allo 4; therefore the next a Fam 
the general Theorem will be o. bay on. 
ExamPLz IV. 


608. To extract the Root of an infinite * Eh. if z 
be = ax + b x* Ted Ten, Cc. to find the Value 
of in an infinite Series of Terms affected with 2, and free 
from x. 

Firſt, Let us ſuppoſe x FTA DNN LIT + m 25 
2, Oe. St by the Theorem * = f* z* + 2 fh 23 

T ＋ 2D] + Þ 25 
t+afts* + 2f 12* e 
_— 


eee 3 *. 
Nr "x 
* * — * 
b ale. „u Kc. 
r 2 by 
Se, &c. == *. + % --» 2 Witt c de 
135 ſubſtitute theſe Values in the Equation o 2-24. 
ax + bx* + c + das ＋ , Ce, and then will —z = 
w= 2, 


+ ax=+afz + abz* + at + als ums + ana“, &c. 


T= H Tefl As, 


+ 2bhkz* + 
G | + 2 UA + 2 HA 
+ car 
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T 0D r 


9 * +:3of* k29 +» ec. 

„ _ 

2 ee ee 

du. WW de +44 2+ el 


2 + 4 df* bas 


»” a 


ex = nog . — Þ+ ef*z + 5 ef* bub 


609. Now if the Sum of the Coefficients of every Term in this 
Equation be made equal to nothing 2, we may get the Values of the 
Cocflicientsy, h, A, I, n, n, thus. The Sum of theCoefficients of the 


8 Whence #af—1=a, 


then will / ==." "Ta Ike Manver th dun pf de Corticins 


of the e Tem Jo. will be 45 + bf*. Whence if 


45 5 1 = 0, therendll are 5 . L. = In like 


Manner the Sum of the Coefficients of the third Term meds e 


qual to o will be a4 + 2bfh + if* = o. Whence 4 = 


— 2bfh —<f* 25. —ac 
—2bf L = Agen, of + bb f 271 


a 3 a, 


ee Wines e 
a 


—df+ _ — þ3 PEEDY > 
5 | 4 — 465 *+3 * 


rl 
So likewiſe m is = 4 2 +0542) ab* c + * mae 


4. bon 7 =+ 
„ T TUE E CUT L 
” fe hes 4. 


cd +70:c4+7 560 f AaY ood 4 wal 


＋ 8 


Whence at length ſubſtituting theſe Values of the Coefficienty 
Fr h, 47 „, m, n, in the: aſſumed Equation * = x 2+ . 
Ez + Lat n 1 Sh and the Root ſought will be 

g = 


4 
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«= on 2þ* — ac 25 58 4b e — 5K — 4 d 
r ok Sd rn — 
44.5 bd — 21 4ë , ½tm 34-459 
1 2 1 ® U Sw | "2 | 
610. Ir there are afy Teri erms waiting in he PA | Eau 
ton, it is plain that they will likewiſe be wanting in the Root. 
app yay; If z be = ax + c Tex, &c. then will x = 


*Þ 21 <A Sel But let this ſuffice for the 


* of Problems 
in Geometry muſt be deferred till we ha — the Princi- 
ples of that Science, which kext follow in a Method not only 
new, but *tis preſumed much more C je and perſpicuous than 


any Thing before publiſhed o on t his'S 


* Ye, 


— an- 


e\ 4 11 


11 8 * 2? 5 


1306) h 
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INSTITUTIONS 


GEOMETRY. 


ö | 
— — — * — 


CHAP. I. 


DEFINITIONS. 
Polx r is that which hath no Parts; and 
may be + i wanna; docs | 
Dot A. A. 

612. ALine is deſcribed by the Motion 
of a Point; and is either a Right Line when | 
the Motion is ftrait forwards as AB: Or a 
curved Line, when the Motion is conſtantly | 
directed to different Parts, as the Curve 
ABC. Lines are ſaid to be Parallel. when 
they are every where at an equal Diſtance, | 
as AB, CD. 

613. An AncLe ABC is the Space 
contained between two Lines AB, . 
meeting in the Point B. When a Right B 
Line CD, ſtanding upon a Right Line 
AB, makes the Angles on either Side 
thereof equal to each other, viz. ADC = 
BDC, then both thoſe equal Angles are 5 
Right Angles; and the Right Line CD is 
called a Perpendicular to the Line AB. 1 

614. An OBTusE ANGLE is greater R 
than a Right Angle, as ACD is greater than 
ACE. And the Angle BCD, which is leſs 
than the Right Angle BCE is called an A- 

_—=_s Anoih. -» .. B C 


611. 


of GEOMETRY. 


16. A SUPERFICIES is that which has 4 
oth and Breadth, as ABCD, and is > 

ated by the Motion of a Line, as of il 
Dor AB carried parallel to itſelf. Al - — 
whoſe 4 oppoſite Sides are equal, and D 
are called Parallebgrams. If all the Angles are . 
a Figure is called a Refangh. 
$16, If all the 4 Sides are K 
u, and the Angle right, it * a 
ulled a SQUARE, as ABCD. 
if the Angles are not right, 
z called a RHoMBUs, as 
GH. A Parallelogram © Q 
je Angles are not right, is i 0 Tn as IKLM. 


other four-/ided Figures are called TRAPEZIUMS, as the Fi- 
NOPQ. 


617. A Figure bounded by three Sides is A 
da TRIANGLE ; if the three Sides be e- 
| it is ſaid to be Eguilateral, as ABC; if 


no are equal, it has the Name 1ſoſceles, 
JEF ;-if the three Sides are all unequal, 
| faid to be Scalenous, as GHI. A Trian- 


is ſaid to be Right-angled, that has one A, 

vt Angle; Obtuſe-angled, if it has one An- "= 
Obtuſe; Acute-angled, when all the An- 

are Acute; and Eguiangular, when all G 


Angles are equal. 

018. ACIRCLE is a Figure contained under 
uniform Curve-line ADB E, which is 
d the C1RCUMFERENCE or PERIPHE= 4 
deſcribed about the Point C, which ** 
d the CENTER, and from which all Lines 
n to the Circumference are equal. The Right Line A B 
through the Center, is called a Diameter; and divides the 
—_ two equal Parts called SEMICIRCLES, as ADB and 


b f 1 619. 


giv INSTITUTIONS 
619. The Secmenr of a Circle is a Figure 


contained under a Right-line E D, and a Portion 6 
of the Circumference EFD. A SECTOR of a oul: 
Circle is a Portiangontained between two Right- and 
lines drawn from the Circumference to the Cen- the 


EY ter, as AC. 

620. A Pentagon is a Figure contained A 
under five Siges, and having as many An- 
gles; if all the Sides and Angles are equal, 
the Pentagon is ſaid to be Regular, as 
ABCD E, otherwiſe the Figure is ſaid 
to be Irregular. In like Manner, if a Fi- E * 
gure confiſt of Six equal Sides and Angles, it is called a regu 
HEXAGON; if of Seven, it is an HEePTAGON ; ; if of Eight 
Ocraco, and fo on. 

621. SIMILAR Right-lined Figures -! 
are ſuch whoſe ſeveral- Angles are equal 
one to the other, and the Sides about the 
equal Angles proportional, Thus the 8 
Angle B DCE, and the Sides AB; ® | 
BC : DC: CE. And the ſame is to be underſtood of 1 
other Angles and Sides reſpectively. 

6522. ASOL1D is that which hath Length, Aa 
AB, 'Breadth B C, and Thicine or Depth 
DE; and is generated by the Motion of a 
Superficies, as ABCD carried, parallel to E | 
EF, or of ADEG to CF. When all 
theſe Dimenſions are unequal, the Solid is 
called a Parallelopipedon ; but when they are 
all equal, it is called a CBR, as A B, wach 
is bounded by Sg cn eee 1 J. 

* 8 

623. A W is a Solid ee e 
Planes, whereof the two End ones are equal, 7 — 
Bike, and parallel but the Sides are Parallelggrams. 


f GEOMETRY. 


624. A Prramtd is confined viladdedivers trian- 
gular Planes ſet upon one Plane (called the nf) 4 
and terminating at the other End i in one Point; : 
the ſolid A BCD. 


625. A Cone is a Solid generated by the Re- 
volution of a right-angled Triangle about one 
of the Sides, containing the Right-angle, which 
js called the Axis of the Cone; the other Side 
deſcribes the circular Baſe of the Cone; while 
the launt Side ſubtending the Right-angle, de- 
ſcribes the Conic Superficies. * Thus ACD is the 
revolving Right-angled Triangle ; ue ADE the generated 
Cone, 

626. A CYLINDER is a Solid bai by .. 
the Revolution of a right- angled Parallelo- 
mm ABCD about its Side AD, which 
makes the Axis of the Cylinder; while the too 
Sides AB and D C deſeribe the circular Baſes 
or Ends'; and the Side oY we nes Surface 5 2 
thereof. 1 


627. ASpERE is a ſolid BDE gene- 
ned by the Revolution of Semicirele ABD 
about its Diameter AD Fremaining fixed) 
which makes the Axis of the Sphere while EN 
the Circumference of the Semicircle deferibes 
the Convex Superficies of the Sphere. NETS; 


* 
* 
— 
— 
— — 
— - 
= 


628. Similar Solids are thoſe which are ade! under ſimilar 
Planes equal in Number. Hence all Cubes and Spheres are ſimilar 
Glide. And all Cones, and Cylinders are {nilar, whoſe Axis and 
Diameters of their Baſes are proportional. 


N. B. The following Theorems 45 nuch depend upon * Avioms in 
Inſt. 198, 199, 200, 201, 202; and therefore they ought tq 
ve well remembered by the Reader, 


N. B. 
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N. B. For the Sake of Conc! . and Perfpicuity, the Vai 


_ , Symbols or  Charafters are WOK T| 
FT 10A «i: 
* Denotes a right 0 lie md de. n Miteb 
II Parallel to. 3 1G] 
Viz. YO. A Square. nt 
0 Parallelogram. 
L 2 
63 
1 — — eng nn try ern renee nneeney ſrian 
| | 7 
kt AP: II, 
© GEOMETRICAL THEOREMS, 
29 A Asen! - FHeEOREM I. g | Le! 


629. #Right-l ne AB flanding upon ano- h 


ther- CD, makes Angles ABC 85 ABD 2 = — 
2 Right- angles. VNA AI 
33 D 
Dr Mos TRATIOW. R x 2 


If ABC = AB D, then is each a Right-angle by (6r3). If 
they are unequal ; let BE be perpendicular to CD; then is ABD Wl | 
= L—ABE, and ABC = + ART, therefore {179 For 
ABD+ABC=31. 2 K. MN 


THEOREM = 


630. Two Right-lines AB, CD, inter- C 
fefting each ther i in E, 2 . F XE. 


Angles equal, vis * AEN = = C — | IG 7 
DEMoNSTRATION. 

The Angle AEC + CEB —((629)-2: U = AEC + AD; 

8 AED. (200)., . G. Naas For 


. Tuzon Eu III. B fe 
7 * 1 


631. 4 Right-line EF cutting two Parity A WM" 1 3 
Lines AB, CD, makes the alternate MF, Fn 7 
equal, VIZ. AGH = F POR, 414 26 | 


GEOMETRY. 413 


Wing ' DzMonsTATION. | 


Thus AGE + AGH = (629) 2 U. = CHG + GHD; 
ut becauſe of parallel Lines, it is A G E =C * N 
16H = GHD. 2; E. P. e 


THreoREmM IV. 


632. The outward Angle A C D of a 
— +» Wright ABC, is equal to the two internal 
opſite Angles A and B. 


Se | 
Let CE be parallel to AB; then is the Angle A = ACE 
(631) ; and the Angle B = ECD, becauſe of AB AB | EC; 
berefore A + B = ACE + ECD = ACP. . 8. D. 


THEoREM V. 
633. The three Angles of every plain Triangle ABC, are 2 


of vo Right-angls. 1 „ 
ABD  DaonsTR are ipod 1 f 
175) J For ACD + ACB= 2L, by "Ru 22 4 hep = _ 


\ + B, by (632); therefore ACB + A + B= 2 £ 
L . D. Py 


; Tarrortem VI. e 


? 


634. Parallelograms Abb. Bre, which ben pa. 
me Baſe B C, and between the _—__ Parallels A F, B C, are 
quad, carl 


947 1 


Fot by Definition AD =B C EF; add . 
de common Part DE to both, and we have 
E = DF (199); but AB = DC, and 
ES CE; therefore is the Triangle A BRE 
DCF; take away the common Triangle 4 | 
DGE, there will remain the Trapezium AB GD —=CGEF; 
veach of theſe add the Triangle BCG, and it makes the Pa- 
uelogram ABCD = BEFC. 2. E. D. 


ag Tur- 
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THE Vfl. 
635. hl ABC, FFC, flandilg ab. 2 


un the ſank B&G BC, and belꝛocen the fam” 
Parallels AF and BC, are equal to one another. 


DNN T NATION. » 0; 


For draw CD AB, and BEYCF; alen is the Triang 
ABC S ZG ABCD, and the Triangle BCF = 4A 
B EF C, and therefore ſince the Parallelograms are equal þ 
(634) the Triangles ABC, B CF will be ſo too. &. E. D 


THEOREM VII. 


636. In a Right-angled Triangle ABC, the Square B E 
upon the, Side BC ſubtending the Right-angle BAC, is equal -e 
Sum of * CH, which ars made of the 9 des A and i 


DEMONSTRATION: | 


Join AE, and AD, and draw A 
| CE,- becauſe the Angle I DBC= 
FBA (616), add td both the com- . 
mon Angle ABC, then is the An- * \ \< 
gle ABD = FBC. Again, AB | 
= FB, and BD = BC, (616) 
therefore the, Triangle rern 
FBC. But the Parallelagram a 
BM = 2 ABD; and the, Paral- 
lelogram BG = 2 FBC, as is 
evident from the Figure to (635). 
Therefore is the C BM = BG the Square of the Side A 
In the ſame Manner, it is ſhewn that the 2 MC 
therefore BM. + CM = = BE = BG'+ CH. . 


* b 4. #43 > ee Sas 
ge IX, 


637. If any Line z be divided into. 5 A > 
A and E; chen it is ZZ =A? ＋ E. + 2AE. 8 | 


9 4. » PAHs * 4 
427 32 L 1 
„ # © my wa — 


-OROMETRY.' 315 


DEMonSTRATION. 
Dir is evident from (186); For x A * E; * 
ö . XTE = + AA RTE. n wit 
Thanx eee 
5 I fay moreover, it is z* + E* = A* + 8 
"DnzSAdERATION. e 1 


+ to the above Equation 2˙ =" A. T 2 AE A FE, 04 
both Sides E“, ind b r + Pl AB 
Fan TESA +282: & . BH 


Theorem XI. 1 * 


59. In an obtuſe angled Triangle ABC, 43K 24 
let fall the Perpendicular AD to the 
1 B, continued out, it is A C* = oF - 


a +2CB 'x BD. 
Duo Aton. 0 


x AC* = (636. ) CD3+ AD*= (637 3m +4 NI 


; 


$37 x Fx HI 1 = IF 37, 
Tureanie XII. 


d. In an acute angled Triangle ABC, 
he let fall the Perpendicular A D on the bn 
BC, it is > de Var. 
CxCD. * 


Dieb run Tee N * 
deren + DOEBCE (ah) 
rr : (636.)AB* + 2B 


Turonx EM XIII. 


kr. In an Iſoſceles Triangle ABC, the equal 835 AB, 
p ſubtend equal Angles ABC, ACB at the Baſe BC. 


F 1 De- 


ID! + AD* = (30. N eee | 
g. D. 


316 IN/;STIALTHY GI ONS 


Ngo M NSTA THONG 

Produce AC, AR, and make, * Pos on F 
dd 56 BE, "CD; then becauſe A * 
and AER AD and the l. che 
Triangles ABE, ACD will be equal, and the 


Angle E D; and the Baſe BE = CD; alſo 5 
EC = BD, by Conſtruction, therein the Tri- 
Turok RN XIV. 
642. Ina Cd ABDE, the Angle BCD, 
at the Center C, is double of the Angle A at E 
y $i% G40 3.100 hay entry wo e 
5 ———— BH wi 
The Angle D CB = A+ B; but AC Sch te bi 
( ＋ , fer 1 2: - ts" by A. > LT, St * 
b 75 a 4% Turek EA, XY, | G * 
$43. "Any two Angler PAO DBC, in the fans Fey pre 
255 5g As ak sea ren. 
If the — be greater than a Semicir- 
cle from the Center E, draw ED, EC; 


angles BEC, BDC, the Angle EGB=DBC;' 5 I... c 

1 ——— the Bugle ACB = ABC be, 2 21 

the Circumference, when they — ypon. the 

ſ{me * BD. . 

therefore the Angle A = B{ (by 641) z conſequentiy, the Ang 

DCB = 2A. EE. D. an NA 

of a Circle D ABC, are qu. rauſe 
* hag % 9 - Obi 

then is Angle DEC 6642“) 24 n 

Ae dhe Kaden 2 E. D. 


they in Fs. Triangles BAF, . I ; | ive * vi, 
Sum of the Angles i in each is the fame. (633). ke N 


From each of which, take away the: Angle pf 
AFD SBF C (650. ) and ADB =BCA, . 
y the firſt Caſe of this. There will re- 

main the Apgle DAG = PBS. B+ 2) Na. a 7 5 


| Tt 


E WE _ ' 417 
TH tort 


| (14. The to oppoſite. Angles. D an of any four-fided 
bee an 0 in A Circle, are e to rwo 7 55 
| gles» ; 3 0 


1 


Draw A C and BD the Angle ABC "uh 

CA + BAC = 2 4; (zs. But. ED 

BCA (643), — alſo BDC = BAC; N a 

fore ABC + ADC S2 L. 2E. D. 5 
42 


„ eee i ON 
45. The Angle ABC ina Sanielei 6 Right ons »113 0 


1316151 IN; 4 263 


Pos TKAT TON. 1 * ay 


From the Center D draw D B; becauſe DB 
DA, the Avgle A= DB A, and the | 


4 £5 * 4 * x 


/R. 


F 


ABC B + ACB = EBC (632). 2 
refore the Angles A B C and EBC are 
lil ones, by (613). 2, B. P). 
. Corol. Hence the Angle A in the greater 
ment BA C, is leſs than a Right Aug l; 

nuſe A + C = L (by 633 24 645) aue Ang ABY 
6. leſſer Segment oP, | is s greater; than a Right Angle 


ts Mens 59 vn ngo oft I 


| Trrony, XVII. pd; mel . 
7. If four Quantities A; B, C, D. . Wear! 
„ uik. A:B::C: D, they win be ſo ale mah, vis. 
0: B: D, as alſo imverſeh, viz. B: A:: D: C. For 
ill theſe Caſes, the. Products of Brtremes end Mans are equal, 
L AD = BC, Which could not oh bo Terms in 55 
ren iy (8 oy TT 
| TrzorEM XIX; 5s iht v1 0 
8. If A : Biz C: D then by _—_— Ratios, it is 
3: B:: C4 D: D. 


Tt 2 Dx- 


438 IN 8TH T{U)T{+D NS 


Denonarranwy. * 


do hon fmnce A. Br. S, it is AD C6220 ad 
both Sidgg the Quantity'D B. And the Equstion js AD ne 
BCA Dl, which gives this Analogy, A eher there 


PI D. &. E. D. | *. 
| I xx. e ee” 4 

as, If A: 0 D, then ien of Ration i 
- A BB,. D. +: bx H- n des 6 
N ; 22 * Gurt Abu: third 


nean 
For ſince A: B:: C: D, it is AD = BC (322); fre 


each Side ſubduct DB, and the Reſidue is AD - DB TB du 
— D B; wherefore A - B: B:: CD: D. 2 E. P. C:! 
1 Cy; 
650. V. B. Afrer the fame Manner it may be ſheun, Ac 
if A: B:: C: D, it is alſo A: BEA: :C: C ED, whi 
is called _—_— ROY > ECM) 
1,20 O A ic Turonzx xxl. K o1T 20 be 
| 7 with 
g . c b. une + B: Ab. :C ww 
vpe C—D ac 
11 Deneh fr Uros. I : , 
D= (322 and2AD=2 BC; to whic 6 
e 200 „ B, and we have AC + 240 Ae 
DB = 40250 p. that i is, AC + CB—4 10% 
——_ AC+AD— CB—DB, that is, A+B | 
—=D=i=f% CY: Conſoquenily A + B: A 
— 2 C-D. 24. B E T 
"4. ! I LE aſs 8 d 
3 0 N Turonzu XXII. = ky en: 


6 5 2. If there berwoRow! pace 25 — = 


- - which taken ordinately twoand two, ** A 5 27 857 1 
the ſame Ratio, vi.  « », " B:C 


> They ſhall be alſo in the ea Roby B E. #9: 9 555 1 td 


G1» 99 iy <\d ide Co 


A 


Hr? we. 
5 . 


2 F GIFOIMFET. ROY: 36 
Drinensr AT. 


For we have A8 = BR, and B =© 
Then AS x BT. BRH CSI divide — BS; 
there remaihs AT = RC, 'which 8 rs IF 
9, E. D. 53 4 

Coral, Hence alfo A: R: 2: C: T. BE, 


3 2304 „ Tanonze XXIN A N dees 
653. Ratios A? B and C: D, rns 
third Ratio a. » are the ſame nee. | 


Deuener AR rox. : A Mn 90. FIC 


Since A: Bt: 64 7 it's Ay = By (422); alſo deciaſe 
C: D:: x: , it is 87 Ds; and therefore A Y Dx-= 
Cy X Bx; divide each Part by yx and ene 
CB; whence A: FJ: 'D. 2 F. D 


Tasenzu. XXIV. wire) balls e, 


654. The Ratio of; A, B. is go that of A * O the ſame 
vith the Ratio of B to C, or AB: AC:: B: r the Pro- 
but of the Extremes and Means Nee * 8 * 2 
AC x B. See (322). 5 

TuxbA lt 

655. Parallelograms, 4 Ai. 4 1275 e adde ee 
Height i i e, have the fame Rip ane another e ha ike 
of, hare. E 

0 ct 4 0 4 

B SI Þ Via.aswn D Nen ihA = be” 

The Clacde = 4 i {4m al 1 
ulcbgf = cbbi, by (634). Let 
Sci S a AN TD 

= B; and li A C. 

s the £9 4661 = EW 
the UA aci4 = * C There 
fore (654) £43 * acih:: AB: 9 51 B: ” TOY Tha To 

, bfg)acde” S Apo 3 0. - bas 

Coral. The ſame thing is true of the Triangles c 17 and ce d, 


w/o”, 


5 being the Halves of the Parallelograms, and which is evident 


Uo by (635). | _- Tax- 


% 1N SI U Ae 0 8 


Turbazu xxVI. 

-646,-IFiin the Triangle & BC, you “ 1 
will the Bides AB, A FW Ie woes * 
—_ _ EC. FC 

| DaMonsPRATION: "og 4 . 35 . Wee 

fla BE, and DC; becauſe the Trian= 4A 3 * 
gle DEB DEC by (635), we have the A 
Triangle ADE: DBE f ANDRE: — 
but (by 655) the Triangle: ADE: DBE *:: bs 
AD DB; and ADE. DEC: : AE: BA 
HE Fherefore (G53). it is AD: DB:: he T 
AE: EC. E E o 

Coral. Hence — of fimilar Triangles ADE, AB E we 7 
hb AD: AE: Hwy *K C; and therefore A B AC: 85 | 

CAS 1 Be 

. —— xxvn. N 

G — Bates AB D, FD the Sid a- R 
baut the ON jt are proportional. * | is 
a9 * ! . K ar! 14 vi 7 257600 Flite! e us . 

5 "DnmanerTaATION.: - it 91%, G6 Ih * 0 8 De 

Let rl Baſes CD and D B make a n 94 66: 
right. Ling. QB; and ptodute AB and * 5 doo! 
FC till they meet in E; becauſe the an- 
gle C AD B, wereche CENAD 
by (631). Alſo becauſe the Angle CDF bb; 
= ABD, it is AB{FD ; therefore Aech 
AEFD:i is a Parallelogram, and conſe- Kid ane 


quenty, EF = AD (615), e FD = G n 
AE. Whence FC: FE (= AD):: CD: DB by (656); t+ 6 
therefore by Alternation it is FC: D:: AD: DB (647): | 
Alſo CD : DB::AE(= FD) AB; whence again by, Al 
ternation, OD: FD: : DB* AB. Wherefore d qualitx 
(ez a) it is FO: FD. AD AB. &, E. P. * 


„ 210 4 XXVII. u don M.. gd 66 
68g Ttin a ee dym tigbt Lines AB, OD;: gatertect vick Meht 


— in E, the Rectangle AEN EB; ſhall -be w—_—_ the 
Rectangle CE x ED. DP. 


4 


— 


of G EO MER VI 


DEMyons TRATION 


Join AC and DB; then TT: Sch 
12 25 200 83040 —"_ | 


(= B(643); ds the Triangles -. 

EC, and DEB are equiangular (633); 

whence it is CE: angular (633); e 
657) ; conſequently CE x ED =. ..... A 
JEX EB (322). : 2. E. D. $) wt: 


unn XXIX. x (Gave ak 
i 
20 br 


JAC, be drawn the Pergendi: 
. and ADP be! 


27 chere be. 2 N 
Becauſe the Angle BA ADH A 
= L (673); and B eommon to 
oth, the Triangles A8 und 
DAC are ſimilar, (624, 6 | 
or the ſame Robe de f 8 4 $2903 2. 119% 
De and B A C are” FL Conttquendy W  Trimgles 
DC, ADB, are ſimilartto each 3ther Q. E | 1 
660. Corel. Henes it. is A D- — Sow: e 
le BC AC: :: ACLDC pand CB: BA ADA 

N 901 IRIS: nne nn un 9 

Tugon z XXX. t AN 3 1 

661. If any Righit-line: wy: be 5 — . | k }} wo) 
Wected in c, ſo at xc cy. 5 | cr 
5 and another Rigbt- line aa π-—. We 84 41K Des * 
added thereto; then ⁊ + 5 = $4 20508 +2 Foy b0 = 
+ 6, AQ ef C41 © (CEA EH Pt 4. Parra WW 14 i 


12 10: 


| " Daontagiian,”” | 40: 19 | 
This i is evident from (186), or thus x K * * * 72 f 
577 77 18 9 
| Tazonzz XXXt. 
662. If from any Pvint C\vithout's Circle, are drawn two 
ught- lines C A,; CE, cutting the Cirele 3 in Bund 55 then it 
le AG x BC = ECX DC: - | 241 | 7 wing 


322 INSTITUTIONS 
DEMONSTRATION, 
Join AD, BE; then is the Angle A 3 
= E (643); and the Angle C is com- 
mon in both Triangles ADC, EBC; | 
| alſo the Angle ADE ABE, ADC - 3 Wi 
= EBC; and ſo the Triangles AD C of 
and EBC are ęquiangular; therefore 
Dc: CA:: BC: CE (657); whence 
ACxXBC=ECxDC (61). s 
2: E. P, * E Proc 
663. Corel. Let KC remove into the | | kit 
Sit uation CF, touching the Circle in F; then will EC pe | 
CF; and the Theorem will become AC x BC = SCP; 

whence in this Caſe, AC: CF: : CF: BC. 


Turonpu XXXII, _ 6 


664. A Rigkt- line AB, touching a Citele in the Poie 
makes Right-angles with the Diameter CE. 


DilipvertArion: bat 


If it be denied, let the Line FG make 
Right-angles therewith. Then the Side FE 
which ſubtends the Right-angle FG E, and 
which is equal to FD, is greater than the 
Side FG (636), which i 15 Hrs. 


8 Tuzonry: xxXIII. 


665. If a Right line A B touch a Circle in 0. ws" tom that 
Point be drawn a Right-line CE cutting the Circle, the Angle 
ECB, EC A, which. it makes with Tangent- line, are equal 
to the Angles EDC, EF C, which are made in the alternate 


Segments of the Circle. " ; 
DNExonsTRATION. 


Let C D be a Diameter or perpendicu- | 
lar to AB, then the Angle CE is right 
(645); therefore the Angle D + DCE 
= =ECB+ DCE; therefore the 
Angle D = ECB; the brit vo N 
L. E. D. D 


* 


2E. . ME. R 1. | 3, 


Again, bananas Angle ECB + ECA=2L (626) = 
+ P(644), from both take away ECB = D (above), and 
ill remain ECA = F; er 5 E. D. 


87 zo) - 2 
| A + Tuzonn NV. * *. 
666. If any Angle A of # Friangle BAC be bieded, tbe: 
abt line AD that biſects it ſhall divide the Baſe dud de he 
: DC: AB: AC. ALLE A bw 


DemonsTRATaON.. 1 
Produce A B, and make AE AC, and join 
ʒ then becauſe A E = AC, the Angle AcE 
E (641) and ACE + E BAC (Ga) 
becauſe AD DAC, cherefote BA 
E; hence DA | CE, (631) wherefore BRA 4 * 
IE (SAC): : BD: BC (656). V2 E. D. B P 8 


Tuzonza FXXV, '. both WH A 


17 Fq ual Parallelograms, havitigone Ale ech ova b. 
ABC = E BG, have the Sides about the equal Angl gles 


recall proportional. ne 


21208 pl bt zu! tian 44 "i I 
| Denon 9 eyes 
let the Sides A B, BG, abaut the egual. 5 b 
ges make one Right-line,, then ſhall 
, BC do the ſame, and produce: FG, * 
C, till they meet. Then it is AB: BG 
wh BH (655) :: BF: BH +: EB. . 
i. 56173 6 i & ent rdgit Eff. 425 
68, Coral Iss the fumes Dbbig nenidate Trianglis alſo, 
king the Halves of the Parallelograms. From this Theorem, - 
> the Reaſon of reſolving Equations into HAnalhgiets. For let 
a, BG =I, EBS = c, BC = Ad. e wat 
ad = cb; and by the Theorem, a 16: 


. Tuxox EM KNV. 


669. Similar Parallelggranis AxXB int Cx D we inia/Du-"- 
ate Ratio, ora the Squares of tit like Sides, ren (gf; 


Un 5 ;R 34 = nie | 


324 INSTITUTIONS 

| 4 DanonrrRATION. — 
Since A: B:: C: D, therefore AD BC; | bay 
multiply this Equation by the Rectangle BD, it A A 


produces AB M D = CD x*x B*; whence | 
AB: CD: B=: De, (668). . E. D. 


LR — 67 
670. Corol. Hence all ſimilar W and To the 


Right-lined ſimilar Figures which are reſolvable into Triang! 
are in the duplicate Ratio of their like or homologous Sides. Le 


THEOREM XXXVII. , ; 

671. 1. If four Quantities are proportional, their n 1 
be ſo. bre E 
mr rns 12 8 | "J 


| Let the Quantities be A, B, C, D; and 3 . B:: B 
D, it is AD 2 BC; multiply this Equation by itſelf, it Md it 
duces A. B. = B* 2 ; wherefore A“: B*:: C: D* (32M: 5 
9. E. D. 

Turenzu XXXVII. . 


672. If three Quantities A, B, C, are proportional, it /G. 
be A: Cu: : BY. | 


DEMONSTRATION, 


For Sw A: B:: B: C, it is AC = B=; multiply 
Side ke A, the Product is A C = BA; therefore A: C 0 


A*: BY, O. E. D. 


= -— e. If the ſame Equation AC = B- be mul 


ed by B, it produces AC B = BBB, whence B: C:: Mm 
B. Conſequently A: B:: AB: BB. That is, any two M N 
bers have the ſame Ratio, as the Rectangle made of them has ti 


Square of the Conſequent. | | = 
THEOREM XXXIX. fy op 


674. If four Quantities A, B, C, D, are proportion: 


will be A: D:: A*: BC. b anc 
in CI 


„ * 


of GEQMETR V. 325 


— 


Ince A: B:: C: D, it is A = = BC; which 1 
a both Sides by A, So AD ABC; therefore A: D: 
A: BC. 2 E. B 


Treorem NM. 5 


675. Similar Solids are in the Triphicate Ratio, or asthe Cubes 
# their like Sides. 


5 
| 
ian DEMONSTRATION. 
des. Let the three Dimenſions of one Solid be 
% B, C, and of the other a, 6, c, re- 
anch. Then ſince A: 4:: B:, it * 
Ab=aB. Again, B.: b : ; C: c, there- 1 — A. | 
A Be = C5, let theſe Equations be multi- 0 
jed together, they make the Product A C 4* ED 
: 3 multiply this on each Side by B 5, 
| it produces AB C4? = B* abc; whence. ABC: abc:: 
P: 5. Q, E. D. 


Theſe forty Theorems will ſuffice for our raren at preſent, 
which we ſhall add the following Problems neceſſary in Prac- 


be Geometry, 


B:: 
f, it p 
(3 


X it l 


iply « C HAP. III. 

1 GEOMETRICAL PROBLEMS. 

Y ProBLEM I. 

'** Ws. UN given Right-ine AB ce « Pardendiculer 
CD, in the Pant D. | 


Take on either Side the given Point 83 
) the Diſtance DE = DF; vm oe 

y opening of the Compaſſes, ſet one Cc # 
rtion: op in E, and F, and ſtrike the Arches 
, and cd, cutting each other in C; 
a CD and it is the Perpendicular re- py | ow 
ured, aj — 

Aa +... 2 B 

Uu 2 | Pao- 


hy 


” 1Ns t 1TVTIONS 

Prosl I. II. 

877. ** pen a Right-line AB From ally 

' given Point 4 above it, tet fall the Perden. 
dicular-line CD. 


On the given Point C, ſtrike tlie 
Arch of a Circle EG F interſecting the 
Line AB in E and F; on the Points E 
and F, make the Interſection at H; lay 
a Ruler from C to H, and draw C D, 
it is the * Tequirea, | 


PROBLEM III. 
678. To bike a Aae AB. 


With the ſame Opening of the Com- * 
paſſes, upon the Extremities A and B, | 55 Jy 


deſcribe the fwo Arches 4b, c, tiittitig .' F G - 
each other in C and D; thro' the Points 4 N. N. * 
C and D, draw the Right-line CD, and - +©-j- * 
it will biſect the given Line AB, as re- 0 Bro 
quired. i 6 6 
 \ProBLEM IV. 0 
: 679. To erect 4 Perpendicular on the Extremity A \ of ag 2 
Right-line AB. a 
On the Point A deſcribe” the Arch F 
ad; and with the ſame Opening of the Nes 
Compaliie; from a make the Interſete- oy 
tion b, and on 6, the Interſection c; the 
then from b and c make the Interſection mak 
e; and draw e A the rande nr re- and 


quired. 


; 


-Ff GEOMETRY, 
' PROBLEM V. 
680. On the Point A of a given Ahgle 
BAC to erect a Right-line AD, uhitb 
fall incline neither to the Right-hand nor to 
1 | | 
On the angular Point A deſcribe the 
Arch ac, cutting the Sides in : and; 
on e and F make the Inſection D, thtoꝰ 
which draw the Line AD, and it is 
done. —  —— > » 3 


. acorns VI. 


681. To Biſect a Right-lined Angle 
ABC. 


On the Point B deſcribe the Arch , 
ach cutting the Sides in a and ö, on }; 
which Points makes the InterſeQion e, 
and draw the Line eB ; and the Angle 
ABC i is biſeAed hereby, 


PRoRTZM VII. 


682. Through a given Point P, to draw @ Rihtine ber- 
rallel to @ given Right-line AB, © 


From the Point D draw at A | BY 
Pleaſure the Oblique-line DE; . * ic 
on the Points D and E, deſcribe Fx Wi 
the Arches Es, and Fa; and 
make the Arch EC = FD; 
and then through” the Points D, OY | 
and C, draw the Line DC; and A nnn, 
it will be parallel to A B. | 


Pro- 


INSTITU-T1O NS 


ProBLzM VIII. 


683. A. the End B of a given Right- 
line AB, to make a right-lined Angle 
equal to a given right-lined. Angle. 
CGD. | 

Upon the angular Point D de- 
ſcribe at Pleaſure the Arch ab; and - 
with the ſame Opening of the Com- 
paſſes, upon the Extremity B deſcribe 
the Arch cd, on which make ce = 
ab; and thro? the Points B, e, draw A. 
the Line E B, and it will make the Angle Rn cb. 68 


PROBLEM IX. 8 | Ine 


684. 7⸗ . Right-line AB in- » 
to any Number of equal Farts, fuppoſe C 
.. 

On each Extremity A and B make 
the Angle ABC = BAD; then on 
the Line BC with any ſmall Open- - { 
ing of the Compaſſes.make the Five RA 
equal Diſtances, at 1, 2, 3, 4, 5, and 
alſo do the ſame on the Line A, 
then draw the Lines 51, 24, 33, 
Sc. as in the Figure, and they ſhall 
divide the Line AB in fix equal Parts 
as required. 


3 28 


PRoBLEM X. 


68 Go To make an equilateral Triangle up a / | 8 4 forn 
_ given Line AB. 


Upon the Extent A with hs Diſtance AB, 


deſcribe the Arch Bb; and on the Extent B / . 
with the ſame Diſtance deſcribe the Arch Ad, 
cutting the other in C, j Join AC, B C, and nigh 


it is done. A. 


w 


— . 


BL 


. 
* 
(=) 

* 


of GEOMETRY. 329 
PROBLEM XI. | 


686. To make a Triangle whoſe three Sides — 
hull be equal to three given Right-lines A, B, C. 2 


Make DE = A, and on D with the 
Extent of the Line B deſcribe the Arch 
ib; and on E, with the Extent of the 
Line C, deſcribe the Arch cd, cutting 
the former in F; join DF, EF, and it H 
is done. 


PROBLEM XII. 

687. To make a Square upon a given Right- 
Ine AB. 

On the Extent A ered the Perpendicular 
AC = AB (679) ; with the Extent AB 
on the Points B, C, deſcribe the Arches ab, | 
cd, interſecting in D; draw CD, BD, and. 
it is done. 9 1 

PRosLEM XIII. 

688. To make a Parallelogram, whoſe two 
unequal Sides are equal to two * Right- A 
lnes A, B. ? 

Make DE = A; and on the Extent | 7 


D, erect the Perpendiculee DC = B; 
then on the Point C, with the Extent of 
A, deſcribepthe Arch ab; and on F, D 
with the Extent of B, deſcribe the Arch cd, interſecting the 
former in G; draw CG, FG, and it is done. 


PROBLEM XIV. 


689. To make a Rhombus on the Right-line | 
AB whoſe acute Angle ſhall be equal to a given 
right-lined Angle Z. 


2 


Make 
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Make the Angle A = Z (by 683) JZ\ co 
and on A, with the Extent of A de- 
ſcribe the Arch ab and it will cat the _ N ö 
gide A C in C; on the Points C and B: N 
witrthyExtone AB, deſcribe the Ar- — 
ches making the Interſection D; join CD, BD, Ab * 
N. B. In like Manner yau make a given Rhomboi des. 
PROBLEM XV. "Pl 

690. 255 make @ Trapezium whoſe Sides ſhall be 
equal to four given Right-lines A, B, C, D, and 
whoſe Diagonal is equal to a Right- line E. 

Make FG S A; upon F with the Extent of 1 

E, and upon G with the Extent of D, make ff 

the Interſection H, and draw G H. Then on 

the Point H with the Extent of C, and on F 

with the Extent of B, make the Interſection 1 5 

and draw F I, HI, and it is done. F 
PROBLEM XV . 

691. To inſcribe an equilateral 
and equiangular Pentagon in 4 
Circle. | 

— the Diameter of the B 
Circle F H, and on the Center ; 
yy erect the Perpendicular AN FRN 

ö 


680 Biſet NF in G \ 
— JJ and with the Radius 


GA, 9— Arch cuttin 

the Diameter F H in 'L; FF | 

draw AL; it ſhall be the Side of the Pentagon ez 
ALS AB BC="CD=DE=EA. 

=P ProBLEM XVI. 

Pon. About a given Circlb to deſerite a re- 2 | 


gular Pemagon. 


eee 


Pirſt inſcribe a regular Pentagon in the T4 
Circle ; ; and from the Center C draw the \ 
ſeveral Angles thereof; and to theſe Lines 0 
draw Perpendiculars ab, ac, ed, de, cb, 

and it is done. 


Right-lines CA, CB, CD, Sc. to the - 
See Dr. Barrow's Scholium to Prop. X. Book XIII. of Euclid. 
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Probe xvm. 4 


, of _— % 


= b « regular e in a hah, er) 1 BE,” 


Draw the Diameter B F, the Half of 
uch, BC, ſet round upon the Cir- 
gives the ſeveral Points, A, B, C, 
E, F, G; which joined, oonſti- f 
ite the Hexagon — | 1 


>, Free XIX. J ye ; 14: MMA :* 
* To fnd the Center of a Circle. 


Take any three Points A. B, es | 
lhe Circumference, upon A 1 — — 
vith the ſame Opening of the Com- 
es make. the Interſections à and 5, 
raw the Line ab. On the Points 
. C, make the Interſections d, e, 
draw de, it will interſect ab in 
the Center of the Circle that was 1b 
* ö 14 


- 
- * + wa 
N 


* * „„ 


os. N. B. Hence it i N 
brough any three Points given, A > By C. 
any Part of circular Arch ABC 
umpleated into a Urcle. And thus 
a Circle be circumſcribed e * — 2 
* A, B, C. T 'oads Yo 
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ProBLEM XX. 
6gb. To find a mean ee E F between # two given R be 
e nary 5 ri ge GA 


Dyr any Righe-lin GH. uren rene Jo 


in which take IK = AB, and pour Ln 1h * ch. 
KL=CD; and beſect IL in ET SER e Ik. 
| N, on which Point deſcrie +) 575 

the Semicircle LMI, then on 857 N al 


the Point K ereſt the Perpen- . nded 
dicular K M, afid that is the ,. \ 
M ean required. For IK : KM 7 . 

: KM: KL (by 645 and r N 30 
660.) 8 4 | | 


PROBLEM XXI. . For 
eon. Tu Right-in A 1 being given ta. find. a. 22 he 
portion C. 5 ch eng nel t; thiw | 
Make at Ge the Angle 1 ohh; te F 
DEF; on EF take EG R. As 15 Ns | | Ft 


anden E D make EH =B; and ren e 04 tit, ox 
make GF= B, alſo join HG; in tis 't £40 Wh io 
then draw FI parallel to G H; and 549 a2 1» 1220626 
the Line required is HI. For EG H gy 
: GB<(= EH) :: EH: HI | 
(by 656.) 1 — 00 
7 5 ' ” 2 Goren XXII. I . 
698. Tre Right fines. being given DE EF, D G, 65. 


; th ff GH. iv %. Av D ' * wy b a all 
in EG, and thro? F 3 : 8 8 
F H parallel ta EG, and meet- 8 i 


ing DG produced in H; then G 5 ular t 


is GH the Line required. For 
DE: EF: : DG: GH, 


*. "FC 


Tr 


of 
t5 
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PLM XXIII. 
den 690. eee N e 
0 » divided. | | 
Join the 8 hands * 
(B, and parallel to CB draw EI, 
FH, DG through the ſeveral Points 
« Diviſion in the Line AC, and they | 
hall ride the Line AB as AC is di-„ 
ed. A 4414: 


Pxobt EM XXIV. N 

700. a pr ll Nb ee. | 
Let. the Sides of three given Squares Ar 
e the Right-lines A, B, C, and 
uke the Right-angle DEF; ang 
te ED = A, and EG C * ob 
in DG; then is DG = DE* 1 
GE? * Again, 1 
IG, and EI = B; and join 1H. 
% is IH = IE + $575 =. 

F + DE* + GE = A* + B. | 
+C*. And thus you proceed for 
y other Number. 


— 
5 
* 4 


701. What is here done with regard to Squares, holds good 
r all ſimilar plain Figures deſeribed on the Sides bf the Right- 
ed Triangle, becauſe they have all the Ratio of the Squares 
their like Sides (by 669, 670) vandhα t to make one Figure 


mar to 3 ub x*Q v 
ST * * EF TIC «ph i = , 


Xx 2 Pro- 
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| = Shs _ 'ProBLEN XXV! 


702. Ona hi Right-line to make a right-lined 1 Figure AG H 
ſimilar and alike ſituated to a given rigbt · lined Figure CE F. B. 


Let the given Righe-Iine be AB, and E 
reſolve the given Figure into Tiiangles. Nr 
Then make the Angle AB Hg D, and 
the Angle BAH = DCF, and the Abg "EET 8 
AHG = CFE, and the Angle' HAG 18 . p 
= FCE; then is the . . | 
right-lined Fi igure Poe 


— 


703. Theſe ur in general ſelf-evident to every oni. 
who underſtands the preceeding Theorems, ſo that a formal De [04 

monflratton would have been Tautology ; the Rationale of ſom , | 
is afligned, and only the 16th will give the Reader the Troubled, © 


turning to Euclid; this we ſhall probably hereafter demonſtrate pe : 
But as the Truth of a Propofition may | be ſhewn different Way 1 
ſuch as are moſt ſimple ſhould firſt be propoſed * Learners; 0 : . 


therefore, as a Circle may be divided into any Number of equ 
Parts, mechanically, to as great Exadtneſs as any Praxis can re he P. 
quires” ſo a th Part of that Number. will aſſign an Arch of ſu which 
a Circle, the Chord of which will be the Side of an inſcribe 
Pentagen. Thus 72 Degrees is the 5th Part of 360, and is 8.1 0; 
W by the Side of a ne . * 


» — * 85 * * . 
. 5 ' , 
P +. ” . - Ld « 0 o 9 
1 4 , „ * F a 
« . | * N N 
4 * | , 4 F 3 
off . o * * e * 5 


Plain T RIGONOMET RV. 


* r * * ä —— 


9 —ß — 
- - 


Of RicuT-ancLeDd TRIANGLES. 


04. 8 we can treat of the Method, {of meaſuring Heights 

and Di/ances, and other Trigmometrical Operations, ſo 
frequent in the practical Part of the Mathematics, it is neceſſary in 
te firſt Place, to explain the Theory, that the Grounds and Rea- 
bns thereof may appear; and which we ſhall make the Subject 
ofthis Chapter. 

705. Let ATBG be a Circle, whoſe | 
Diameter is AB, and Center C. On 
he Point B ere the Perpendicular TB, 
which ſhall touch the Circle in B, and 
$ therefore called a TANGENT Line; 
nd draw C T cutting the Circle in E, 
ad the Tangent in T, this is called the 
dec Ax of the Arch BE. Through E 
a EI TB, then is EI called he 
Cuokp of the Segment E BI, or E Al; 
ind Half thereof ED is called the 8ix E of the Arch E B or E GA. 
The Semidiameter CE in this Caſe is called the Ravivs. 

706. Asevery Circle is ſuppoſed to be divided into 360 equal 
Parts, called DeGREt8, ſo one fourth Part, viz. go Degrees, 
5 the Meaſure of the quadrantal Arch G B, or the Right-angle 
GCB. Hence whatever Number of Degrees are contained in 
the Arch BE, the Arch EG contains the Remainder or Com- 
plement to 90; and is therefore called the Complement of EB 
0 a Right-angle or Quadrant BG. Hence the Tangent GF, 
vine E H, and Secant CF, are ſaid to be the Sine, Tangent, and 

Se. 


— 


T 
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Secant of the Complement E G, or in ſhort, the Co-ſme, Jar 
rangent, and Go-ſecant of the Arch BE. es (6 
707. Therefore in any Right-angled Triangle CDE; ; if 
Side CE (ſubtending the  Right-angle) which is called the I 
henuſe, be malle Hs 5 then is the perpendicular 
CathttusE D, the Lim of the Angle EC B at the Biſe ©: 
the Baſe CD is the Co-fine thereof; for it is equal wHE, 6 1 
Sine of the complemental Arch G E (706.) 712 
798. In any. Righi-angled Triang . if either tus 
Sides be made Radius, as CB; then the other Side BT is e ta 
Tangent, and the Hypothenuſe CT. is the Secant of the 4 
le at C. 
, 709. In Calculations of this Kind, the Sides of the Triangle 
are eſtimated in Parts, of which the Radius contains 19900000 A 
and by the Induſtry of our Predeceſſors, the Sides of a Triangle | 
whether Sts, T: angents, or. Secants, are computed in this Mea 


ſure gf equal Parts for. every Magnitude of the Angle BCC 71: 
that. is, foxevery Degree and Minute of the Quadrant B G; any! 
theſe Numbers diſpoſed in Tables, are called the en natu c, ar 
ral Sings, - Tangents, and. e a, „Ns | mific 
710. By this Means on | 4 bme 
when any WTaangle bu: „ b en \P; king 
ACBis given, there is | BEL rug J 1 f ihm 
always g ſimilar Trian- eee g N e 71. 
gle ECF or DC T, _ ere {lj x fol 
correſponding thereto _ =” 3 = . ae 
in the Ciba whoſe gt 44 | 
Sides are all known in (<< . mn hap 
the Numbers of the ſaid 1 E 2 
Canon; with theſe the Sides of the given Triangle are compar- 
ed, and. by that Means, thoſe which are unknown become 7e th 
known. 71 
711. Thus, ſuppoſe in the given Tang ACB, you bave ® 
Ra 


found the Angle AC B 25 30%, and the Side C B = 356 
to find the Side AC and AB. Then the Triangle in the Ta- 
ble, equiangular to the given Triangle, is FCE, if AC be 
made Radius. For in this Caſe, the tabular Radius CF = 


10000000,, the Sine of 25* 30 = F CD, is FE = 4305111; H 
and the Co-ſine, or Baſe CE = 9025853. Hence, abs fer b 
ſimilar 
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lar Triangles - FEC, der- we have the Nr _ 
yes (6574) pike pokes vip 


8 5 14 1225 8. FE. Ame bat no oe 
9025 n 3 : : 4395318 15469, 8. = * 

ö 77 5 KC. - K+ <p 

+ 10000900, : 394%. by 


* 7 T 


autar Triangle DC T; in which theBaſeCD =. xo00p000; 
he tabular Tangent DT = 4769755, and Secant C Tim 


1079285, by which we find AB and AC, as follows. _. 


| ui EN DT... AB. Pw 
As $ o 08 75 4769055. 169.8. 0 N 
19000000, 35 N 


T «> 
* - - 


" 


HF git 4d 
140 34 6 4 
713 But ſince in wide men Numbers, the Operative is 
«ry laborious and fedious; thelt Logarithme have brett mae ul 
t and digeſted into Tables which are called the bgarit®6n/al or 


bme Tafk of mulzipling and dividing large Numbers ĩs prevetited, 
king anſwered by the Addition and Sudtraction of their Hog. 


— W , 


F 
5 ithms. (See Inſt, 153 — 155.) 
* 714. Thus the above Operations by Logaritim are very/ealy, 
ij u follows: ee 
4 1 TEE ET Aegerter. 
4 1 u the Co- ine of the Angle C = 259 : 30/, wiz. EC=9025553 =9-2554856 
7 Withers —, —— — bes 4 880705 
5 vis the Sine of C = 2591 300, vin. 661 
1541 . ' 22 Di. F 1 (1/922; 1354344 
To the Side or Cathetus — | — A 2 = 169,8 hg 
% 
715. Or by Tangents thus, „ re a4 APE Net 
Radius | — 82 8 — 10,0do0000 
tothe Baſe — dern 289 3,3824500 
o is the Tab. Log. Tangent of Kor : 00 = DT= 4769755. = 91673496 
to the Side — — 42 =, "| 169,3=2zx299461 


Here the Reader will 1 the Side AB is found much ea- 
ler by the Tangent than by the Sine, becaute of the Radius, 
which 


912; But if the Baſs OB be made Radius, then nö | 


nificial Canon of Sines, Tangents aud Sramr. By thele Ht irk- 
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which gives no Trouble in the Work. Therefore 1 
tions we ſhould always chuſe that Analogy in which the Rad 
makes one Term. 

716. Ina Right-angled Triangle, if one Angle b be 
other is known alſo, as being the Complement to 20 
(706.) Therefore if any one Side and one Angle be given, 
other two Sides may be found ; or if two Sides be given, t 
other. Side and the Angles may * found n 
9 r we ſhall . W wahle 


after. 1 J. 


bttv ANGLED > TITAN OTA 


71). About the Acute angled Triangle A 
ADB, circumſcribe a Circle (695,) from 
whoſe Center C let fall the Perpendicular” / \ 
CE to the Side DB, which it will biſect in 
E, and the Arch BD in. F. Join, D \, - N 
CB, then is the Angle DCB = DAB n 
(642) * 2 CB; therefore the Angle Ps w b han 
DAB SF CB; but BE is the Sine of the _ | 
Angle FCB, and therefore alſo of the * DAB. Wn 
L ABis the Sine of the Angle ADB; and AY ks 


ABD. | 

718, The ſame. Demonſtration 
holds for any Obtuſe angled Tri- 
angle as is evident in the annexed 
Figure; and therefore ſince in eve- Fi 
ry oblique Triangle, the Half-ſidea 74 
are as the Sines of the oppoſite An- * W 
gles, the whole Sides will have the 
ſame Ratios. And hence, if two 
Sides AB, AD, and an oppoſite 
Angle B be given, the other Parts of the Triangle will be there 
by found. For as AD : Sine of AB D:: AB: Sine of / 
which is therefore known. Then as the Sine of B: AD: 
Sine of A: BD; and fo the whole Triangle is known. 


719- 
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919- In any oblique ' 
angle A BC, produce 
>Side BC to E, and 
A BE in D; draw 
ne, 5 A f- 
hall biſect AE in F, ee 
9.) Alſo, draw CG 1 . 
| 5. On the Center C, with the Radius C E, deſcribe the 
ch FI; then becauſe the Angle ACE=B + BAC (= 
CF) by (632.) and tho Angle GCA = A; if therefore 
In the half Sum Azz — AN ACF you take the leger Angle 


A C G, thers will remain +4 their Difference n= = 


er. Alſo, if from the + Sum of the Sides e 
D you "AC the leſſer Side BC, there will remain z theic 
— BC 


Fe —— = CD (221, 228.) Now AF x th6 


f the Angle A CF. and G F is the Tangent of G CF 
) and it is BD: CD:: AF: GF (656. ) 3 


the Sum of the Sides Ee, Kelp their bi 


= 5 fo is the Tangent yn bem pt ee, 

u 33 Diffrenc Bone 1 = 

120. By this Theorem when any two Sides AC, BC, of 

angle are given, with the included Angle O; the other Side 

Angles become known, For fince the Sum of the ta An- 

A B= 180 — C (633,) it is a known Quantity; and 

> found + their Difference by the Analogy (219.) by add- 

it to 1 he Sum, it gives the greater Angle B, (221.).and 

uberaing it from 2 the Sum. you have the leſſer Angle A. 
| having found all the Angles, - the Side AB is known 


(718), 


Y y 721. When 


\ — 
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721. When the three Sides of an ob- 
lique Triangle AB, AC, CB, are 
' given; then it muſt be reſolved into two 
right angled Triangles ADB and ADC, 
by letting fall the Perpendicular AT» : - | © 1 
to the Baſe CD; and the Method of E * ——= 
doing that is as follows. Upon the oF 


Point A, with the Diſtance AB, de- —— 
ſcribe a Circle E B G. Continue out the Side A C, both Wa 
cut the Circle in Fand G, and the Side B C to cut itin E; 
is GC AC + BA, and DE = DB; therefore, 10 | * 
BD — CD; thus alſo FC = AB—AC. But it is FC WM ©: 
CG=—=EC + CB (658.) whence CG: CB:: CE: Ci 
that is, AC+ AB:CB::AB—AC:EC; wherefolf 
zCB+;z CE = DB, and: CB—43CE =— CD (221 
Then in each right-angled Triangle ABD, ADC, there 
two Sides given, to find the Angles, by (7 10, 711.) And the 
are all the Particulars and Varieties in the Theory of plain T 
gonometry, which will ſuffice for our preſent Purpoſe ; here 
we may treat more largely on this Subject. ib 


r 8 


2 = —— — — 8 


As C H A P. XI. ſo a: 

ä | TE are « 

Of meaſuring Hxionre, DEPTHS, and DISTAKCE woſi 

722. HIS Kind of 8 4 

Menſurati- CN. 4 

on depends upon the | vrefo, 
Uſe of the QA DPRAN T 

in taking Angles, The 3 

Manner of doing which * 


is therefore fiiſt to be 
explained. The Qua- 
drant is ſo called from 
its being a fourth Part | 

of a OT ACK BD 2 5 
whoſe Limb AB is ac- = 
curately divided into 90 
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Jeprees, and when the Quadrant is large, each Degree is ſub- 
nided into 10 equal Parts, each containing ſix Minutes; in the 
er C is fixed a ſmall Pin, from which there hangs a Plumb- 
le, CP, whoſe Plummet P keeps it tightly ſtretch'd over the 
hegrees on the Limb when in Uſe. Upon the Side AC, are 
o thin Plates of Braſs, a;, with ſmall Perforations, or Holes, 
mAly in a right Line a b, parallel to the Side of the Quadrany, 


C. 
AX 


723. To illuſtrate the Uſe 
W the Quadrant in taking 
ay let C A be a very 
Wich Tower ; and ſuppoſe a 
ron, B, taking the Angle 
is Altitude ABC; this he | © | F 
bes by holding up the Qua- , + Fd 
Int ac B, and moving it a- 4: | 
e 'till, thro” the Sights, he 
zreeives the Top of the 
ower C; then will the 
lumb*line c cut the Limb 
| that Number of Degrees | 
Minutes which are equal 25 
the Angle of Altitude ABC, 7 
os to make the Arch ap of the ſame Number of Degrees 
are contained in A F, deſcribed on the Radius AB. For 
moſing A B parallel to the Horizon, cp parallel thereto (as 
ng perpendicular to AB,) and B C the viſual Ray by which the 
int C appears thro' the Sights. Then the Angle BAC = 
CS) B = acp + pcB; butpcB= ACB(63r.) 
eeſore ac = CBA. 2. E. D. 

4. Hence the Height of the Tower D C is eaſily found 
us; meaſure the Diſtance E D upon the Ground with a Chain 
Pole, and ſuppoſe it be found 150 Yards. Then with your 
uadrant at E take the Angle of Altitude AB C, which ſup- 
e you find 52* 30”. Then in the right angled Triangle ABC, 
fre is known the Baſe AB = DE = 1950, and the Angle at 
e ABC = 52 307%, to find the Cathetus AC, Which you 
Ivy the following Analogy (715.) 


„„ As 


8 


NCE 


445. enen 


As Radius — — 10. 
to the Baſe, —— «- AB=150 = 2. 17609 
So is the Tangent of ABC = 52 300 10. 115010 


do the Height —— AC 195,5 = 2 201110 


Let the Height of the Obſerver B = 6 Feet, or 2 Yards; the 
AC + AD (or B) = DC = 1972. Yards, the Height of tf 


Tower required. 


0 

725, It may ſome- * 
times happen that 

you cannot come near to 
the Object BC,whole 


Height you would 
meaſure, by Reaſon 
of a River EF, or 
ſome other Impedi- 
ment. Yet this, 
notwithſtanding its 
Height and Diſtance, may both be meaſured by taking i its Ale 
tude at two Stations A and D, as follows. At A, with the Qu 
drant, take the Angle CAB, which let be 24 45/; then fro 
A meaſure, in a ftrait Line towards the Object, the Diſtan 
AD = 100 Rods; and at D take the Angle C DB, which ſu 
poſe = 385. Then is the Angle ADC = 180 — 38 = 144 
So that in the obtuſe Triangle ADC, there is known the Sic 
A D, and the adjacent Angles A and D, to find the Side D 
which is done thus. The Angle ACD, CDB — CAB A 
38 — 24* 45 = 13* 15'. Then ſay, (718.) 


As the Sine of the Angle  ACD=31P 15 9.3602 


is to the Side — A D = TOO, = 2.00000 ; 
Bo is the Sine of the Angle DAC 24* 45/ = 9.62184 


| | | | = 7 

to the Length of the Side D C = 182,6 = 2.261648 Qu: 
726, Then in the right angled Triangle DB C, there is give | w 
the Hypothenuſe DC, and the Angle at Baſe, to find the Sidi the 


CB, and DB. Therefore ſay, 
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760g to the Side em BC = = 182, 6 — — 
roi vis the Sine of the Angle C DB = 38% o = 9.789342 


1110 to the Height of the Spire. CB = 112,46 8 w_ 
; thai 727: Then to find the Diſtance DB, 


of th day, as Radius — — „ 10. 
to the Side — BC = 182,6 = 2.261646 
$ is the Sine of the Angle 'DCB= S os = 9.896532 


to the Diſtance 9 143,9 = = 2.158178 | 


728. In the ſame 
Manner, if you were : 
ſtationed on the Top Tar! 
dan high Hill, as at Ng 
H, and at the Foot 
ce the Hill a River 
Al EF, or ſome other 
e Qu Obſtacle prevented 
n fro jour Acceſs to the 
iſtanq dittant Object at A; | 
ch ſug jet if the Side of the Hill HD was not too irregular, you might 
: 1428 lily find the Height of the Hill, and the Diſtance and Height 
de Si of the Object AG. Thus, let the ſlant Height, or Slope of 


e De Hill HD be meaſured, and ſuppoſe it is found 182,6 Rods. 
\ MH {ben will this differ inſenſibly from the Hypothenuſe C D of 


the right angled Triangle BCD; with the Quadrant you take 
ether of the Angles BCD, or B DC; thus let BDC — 389, 
60218 then will BCD = 52% And having the Hypothenuſe C D = 
162,6 and Angle BDC = 38%Þ You find the perpendicu- 
ooo; lar Height of the Hill (or Eye at C) to be CB = 112,46; 
210088 and the Baſe of the Hill BD = 143.9 (by 727.) 
7209. Having thus got the Height of the Hill, take with your 
616, Quadrant the Angle BCA, which you will find to be 65 153 
gin nud becauſe the Angle BDC = 38, the Angle CDA = 142%, 
| 6:18 2nd the Angle DCA = 65* 15 — 52 = 13 15. Therefore in 
Ie obtuſe Triangle DCA, there is given all the Angles, and 
de Side CD, by which Means the Side D A will be found 100 
| Rods 
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Rods (725.) Which io the Diſtance of the ObjeRt from the Fo 137 
of the Hill required. ſtar 

730. Moreover if it be een to meaſure the Height of 
diſtant Object A G; then you next find the Side C A of the 
Triangle AD C; the Angle BCG being taken with the Qua 
grant, is equal to the Angle CGI; whence the Ange CG! 
is known. Alſo the Arigles CA G S ACB = 65® 15; hence 
all the Angles, and the-Side AC in the Triangle AGC are 
known. Then ſay, as the Sine of CG A (or IGC, (70s, 
is to the Side AC : : the Sine of A C G to the Side A G = the 
Height of the Object required. 

731. If a Quadrant be nat at Hand, the Height of any acceſ 
ſible Object may be found without it by the Shadow, thus 


Let BD be the Shadow of CB, & ry 
made by the Solar Ray CD, 8 1 
coming from the Sun at 8. 3 C . 


Now it is eaſy to find the Place 
E where a Staff, or walking 
Cane E F being held or ſet up- 
right, ſhall caſt the Extremity 


of its Shaddow juſt upon the C; 
Point D. Then meaſure the - 
ture 


Length of the Shadow D B, 
and DE, and as the Height of the Staff EF is known, you ay 
(by 657.) As the Shadow of the Staff D E, is to that of the Ob- 
ject D B, ſo is the Height of the Staff EF to the Height of the 


Objet BC, which, therefore is known. There are other * 
Ways of doing this without a Quadrant alſo, but none more, 
eaſy, and fo ready as this upon an Exigency, * 

um 


N. B. As the meaſuring the Depth of a Valley, or other bmi 
Place, depends on the ſame Principles and Conſtruction of Fi- Apai 
gures, I apprehend it will not be neceſſary to inſiſt on that Ar-Wnd u 
ticle here, as there can be no Difficulty attending it, if Inſtitution WM thi 
728 be at all underſtood; ſince the Height of the Hill is the ſame Bil 73 
Thing with the Depth of the Vale. | betin 


732. Te 
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132. To meaſure the 
Whance between two or 
wore inacceſſible Objects 


= B, you muſt be pro- 
ed with a Semi-circle, 
Qu ith a moveable Index 


Y ing two Sights, and a 
hence vint-Level for fixing it 
iely horizontal; a Plane- 
705, N allo will anſwer the 
Wind. And a Theodolite 
nuch better than any 0- 
her Inſtrument. Some 
uſtrument of this Sort 
nuſt be had, and it mat- 
en not much for the | 
form; we will therefore ſuppoſe it the common graduates 
mi- circle. 
733. In order, then, to meaſure the Diſtance A, B, on the 
ther Side of the River EF, two Stations muſt be determined, 
C and D, in which to fix the Semi-circle for taking Angles ; 
kt the Diſtance C D be nicely meaſured, for the Bafe of your 
ture Triangles. Then over the Point C ere& your Three- 
keged Staff bearing the Semi-circle, and adjuſting it to a true 
Ob- brizontal Poſition, move the Index to the Beginning of the 
5 mi- circle, or Line Ca, and move it about till thro* the Sights 
jou perceive an upright Pole, &c. fixed before- hand in the Point 
D. Here let the Semi- circle reſt; and then move the Index tilh 
kro' the Sights at Cg you ſee the Object B, and write down the 
I M\umber of Degrees and Minutes contained in the Arch of the 
other mi- circle ag, for that will be the Meaſure of the Atyle DEB, 
f H- Main, move the Index to Cb, where you obſerve the Object A, 
Ar Ind write down the Degrees and Minutes in che Arch ab, which 
ution fs the Meaſure of the Angle DCA. 8 
ſame BY 734. This done, remove your Semi- circle to D, and There 
ktting it up, with its Centre over D, lay the Index to the Side 
Db, and move the Semi-circle about till thro* the Sights you 
obſerve the upright Pole, &c. in C. In this Poſition ſcrew the 
mi- circle faſt, and move the Index tg. DF and De, and write 


down 
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down the Degrees and Minutes in the Arches af any; ti fore 
Meaſures of the Angles CDA and CDB/ + 

735. Then in the oblique Triangle CAD, chere ia W 
| Baſe CD, and all the Angles, to find the Side A Dy which 
thus, (718. ) As the Sine of CAD: CD:: Sine of ACD ( 
ACc) : AD. In like Manner in the Triangle CB D you! 
all the Angles and. Baſe. CD; and thetefors, As the Sine 
DBC: CD :: Sine of BCD: DB. a 

736. ſacs! in the oblique Triangle ADB, he is 01 
the two Sides AD, and DB (735.) and the indliided Ang 
ADB, which is the Difference between the known Arles (734 


CDB and CDA. Eng 306;) you ſay, as — 


8 
2 D Tan Wo 


$45 T ' TCR 

| PAEZERES, Than, as you have 4 the Sum; and 
Difference, of thoſe Angles, the Angles themſelves are knoy | 
(by 720.) | 
737. Laſtly, In the Triangle ADB, al the Angles, is 
Sides AD and DB are known to find the third Side AB,thus, (748 
as the Sine DAB: DB:: Sine of ADB: AB the Dil nc 
between the two Objects A and B as required. In the. fa 
Manner the Diſtance between A and G, or B and G may | 
found.; and thus the moſt uſeful Doctrine of plain Triangles | 
tends to Surveying, Fortification, Navigation, and . oche 
Art where right - Iined Figures are concerned. 
738. The ſame Method is taken 
Fl, meaſuring the Height of an Object 
Bb, on the Top of an inacceſfible 
Mountain BD, as is eyident by a bare 
Inſpection of the Figure, the Con- 
ſtruction here being the ſame as the 
r. and therefore the Particulars need not be nepal 


„ 


Tangent of 


\ | 
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Conic GEOMETRY. 
[ 


\ C HA P. I. 
e Chic Properties of the Conc Srerroxs demon- 
ſtrated, 4 


| —— we can proceed to the Menſuration of Super- 

ficies and Solids, it will be neceſſary to premiſe the Prin- 
ples of Contc GEOMETRY, and the Method of FLux1ons; 
by theſe we ſhall come to the Rationale of thoſe uſeful Prac- 
es, ſooner and eaſier than by any other Way. Nor is the Rea- 
to wonder, if he be told, than he can never guage a Veſſel, 
meaſure a Piece of Timber, according to Art, till he has firſt 
d Conics and Fluxions, or obtained the ſame Ideas ſome 
ber Way, which he will find much more difficult, laborious, 
lirkſome. I have been at the Pains to try every Way myſelf, 
d therefore am able to point out, to the young Biro, that 
lich is pleaſanteſt and beſt, 


: Of the PAR AB O L. A. 
140. If a Cone be cut thro' by | * 
Plane parallel to one of its Sides | 
, the Figure of the Section A 
RB is called a PARABOLA; 
its Property is thus inveſtiga- 

EBe B is a Circle, Ee a 
neter, and BB (the Baſe of 
Parabola) a right Line at right 
les therewith. AR is the Ax- 
o the Parabola; draw G R pa- 
gel to E e. put FG = „ EA: 
„ AR = x, and AB= 5. 
en, becauſe of ſun. Triangles, 
2 2 
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FGR and RA. A is FG:GR (EA) : AR: A4 


2 | 
6:8. j Thas is 22 = . Nos; pre 2 = 70 „ 
After the ſame Mad it is ſhewn, "ng (drawing Dd. E 
and bb | BB, and * Ra = x, an and ab = =y) itispx f 


„y therefore = = 22 3 whence J.: f f. 0 


Ra: RA :: ab“: Ab-, every where. 

741. The Part of the Axis Ra, or RA, is called the 4 
feiſſa, the Lines a b, A B Ordinates, or Lines ordinately applieſ 
to the Axis. The invariable Line þ is called the Parameter, offi 
Latus Rectum, being a third Proportional to any Abſeiſſa and it 
Ordinate; for ſince px = yy, we have K:: 5 . 

742. Since y r ABS BB, it is yy = ; BB' = op of F 
4px = BB x BB. Now among all the Ordinates BB, ſe 
one will be equal to the Parameter p; in that partieular Cale 
have 4 px = pp, or 4x =, and ſox = 3; that Point of 
Axis, where this Parameter-ordinate interſects it, is hes. 
Focus of the Paraleia. As the Point F, when the Otdi 
PRS = AVF, the Ab/cifa. men Pe” 


743. In the Axis continued, + 2% 
take V DVF, the Diſt- Fi, p 
ance of the Focus from the | + 1 | oe 
Vertex, and join FB; then it | . ; *, 
will be FB=AV + VF vine Hom. l_, 
= AD. ForVF=23p,(742) . / | he 90 
AF) =, di ABT ee cb 
= yy; then FB AFT RF Alt ftcs. 6 £ B, a 
ADP (F060) 2 Om» Pacers — t wil 

2 + * e ( H Al = 


741.) =x* + x3f* + ia ffs therefore FB = 3+ 4 
AVT VDS AD. 2. E. D. : 
744. Hence is deduced the beſt and eaſieſt Method of dj N | 
ing the Curve of a Parabola, whoſe Focal Diſtance V F is given 
for let a-ſufficient Number of Points. A, A, Qt. be taken W 
the Axis, and thro' each draw perpendicular and parallel Lin 
=, Sc. then with a Pair of Compaſſes take the Diſtance A 18 


S > 


& ws +» 
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Jl with one Foot in the Focus F, interſect each Parallel re- 
. 6 f bectively, in B, B; then with an even. Hand draw a Curve 
wog all thoſe Points, and it ſhall be Gs R g. 
s. | 

J 745. If any Right lige auch 
E, ö Banabels as in B, the ſame ſhall 
vet the Axis produced in T, fo. 
. % make AV = TV. For let 
BB be an indefinitely ſmall Part of 
e Curye comcident nearly with 
ie Tangent T-B. Draw ba | 
BA, and BcYVa; and put Bc 2 E 

E=, se , and IV = 4. / T7. TY 
1 Then Va=x Tu, and 45 2 7 r 5 42 
: j+ 7m; and in the Triangles 2 Be, BTA, 22 * 529 


mu + a, CERES =x +4; but y x Va = , that i, 


We + pu =7* + 27m + , but þx yy; therefore pn + 
Wy =z* + 2 ym (for m* is too ſmall to be 3 hence fn 


E „ e „. 
329 7 . tw Has 7 =» that in 
; M = x + pa, and p = = 22 =2, 2, conqueny 2.5 = 
, therefore x = a, or AV = Zr. | 

= 745. From the Focus E draw F B, it ſhall be FB =PT; for 
WT — 2 (745.) and AF = x — 2p; therefore FT =AT 
W-AF=2x—x + f = FB (by 743), | 
747. To the Tangent T B, let 
WCB be Perpendicular in the Point 
3, and meet the Axis in C; then 
vill be AC — £ p. For let AC 
, then (by 660.) it is AT: 
AB:: AB: AC, that is, 2-x : 7 297 


[ A = *>. (by. 203. = 


gY , c. 
en | « 


g 44 
6 i y w 4 i id 
- * * * ” 
| | ö f | 2 | 7 8 f | , 
Wo : SY 4 N 
C N , * 9 89 a + % 2 2 - 1 a , 
p f = » 
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748. Moreover it is, FB = FC; 5 ä 
AC = +Þ (by 747.) therefore FC 8 en + 2 4 
2 = BF (746.) = FT. _ 
Ceroll. Hence F is the Center of a Circle paſſing through C, 
B, and T. And hence a; the pe CTB Aeg 


(542. 


49. Draw VR | AB, then it ſhall be VR* = 2 x 72 _ 

* 
Put VR = 5; becauſe the Triangles TVR, TAB, are fin hall 
lar; and TV AT; gre noe, cap or b = +»; Diar 
and hence 5 = yy = 2 P m. * X23 therefore 3 = LY 
rv = 2 A. 9. E. D. 2 
750. Draw DH TB Tangent, LI 

cutting the Curve in I and H; and . 
from the Point B, draw BM | VG, LM 
this is called a Diameter to the Paint 21 
B; and it ſhall biſe& the Part IH - 1 
within the Curve. For through the _ 'T 
Points V, I, H, draw VS, KR, qual 
GH, parallel to AB, and meeting VL; 
BM produced in 8, R, M. Then dus 
becauſe O AB Vs, and /. / 4 Dian 
TVS SB, (745: ) therefore the Tri- * 
angle T VOSS BO, and A ABT "ay 
= [DO AS. But A ABT (or AS): (by 
KID::(AB*:KI* (670.):: AV : KV (740: JAS: K8(655) = \ 
Therefore A KIDS © KS. Again, A ABT (= 0 AS):MaT 
AGHD:: (AB*: GH*::AV: GV) q AS: 0 GS; therefore = 4 
A GHD = 0 GS. But GHD - KIDS GS - ES; ther- — 
fore the Trapezium G HI K = GR. From each of which, 9. } 
take the common Figure GM LI K, and there will remain the 75 
Triangle ILR = LMH; and as they are ſimilar, we have Ll * 
= LH, whence-the: Line I H is biſected in L by the Diameter A. , 
BM, to which therefore the Line HI is an Ordinate. 9. 1 
751. TheParallelogramLBTD = A MLH;for ABT 5, 
AS, whence the Trapezium GM BT (= GB + ABT = Focu 
HY 4 + AS= GS) = = (750-) GHD; from which take the cauſe 


com- 
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common Figure HML there remains LBTD= = 4 LMH. 
E. D. 
= From B let fall the Perpendicular Be; and from M. the 
Perpendicular Mb, Then becauſe BT x Ba = ER 
2 BT * n x M5; therefore 2 BT : LH :: Mb 
: Ba: : LM: LB, by ſimilar Triangles. Conſequently 2 B T 
x LB = LM x LH. Let BS: BO:: 2 BT: P. Then 
ſhall this fourth proportional P. be the Parameter N to the 
Diameter B M. f 
753. Then, the Rectangle of this Punch any Aiſciſſ 
of its Diameter is equal to the Square of Ordinate of that . 
ſciſſa. Or. P. x BL = LH* or LE. For ſince BS: BO: 
LM: LH, by ſimilar Triangles ; we have 2BT P:: "LM 
2BT LH 
LH; . whence P= AA and (by 752.) itis LB = 
LM x LH 2BTXLH * LMxXLH 
FL Thank Þ x LB = mp e 7 I PE" 
= LH; 4, BD © 558 lb bes. 
754+ The Parameter P is e- 
qual to p + 4 AV. For draw © | 
VL parallel to the Tangent TB, _. 
this will be an Ordinate to the A. 
Diameter BM (by 750). Then BNL 


becauſe BM IVG, it is TV / X& * 

= BL = AV (745.)=#; and 7 N | 

(by 753.) P x BE, or P , z ans 
VL. = BTI = AB* + > JN 1 $4, 5 
AT* =y + 4.5% therefore Px | 
=4x* + px (741.)z whence | © Ic r 
P SAZ +2 =f +4 AV. IM..- Z 

9. E. D. 


755. Let F be the Focus; and then BF=1P. For P = 
$+ 4 AV (754-)and p = 4 F V (742). Therefore P = 4 AV 
+4FV, and 4 PS AV + FV = FT= BF (by 746.) 
9. E. D. = 

756. If an Ordinate ab to any Diameter BM paſs thro the 
Focus F, then it ſhall be 3 4 P abe, org PSA. For be- 
cuſe of Parallels, aB = T = BF (755.) P. Alſo 


P x 
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P: x- 5 W 
＋ 45 E 

757i Let'CB be perpendicular to the Tangent in 87 then i is 
CT =EP.. For 851 77 — 27 7 = FT: (748) 


ü Hit 


5 — CT 
V g.H9N ; 109 

. 958; If a RightHineQB touch che = 
Parabola in B, and from the Pointe 
M, 8, in the Tangent, the Right⸗-⸗- 
lines MG, SD are drawn parallel to 
the Axis VR, cutting the Ordinate 
BC in G and D; then it will be 
MO: SR: BG ο D Put MO V 
=.b, :$R = d, BG Dc, BDR 45 
a; alſo let AV (= VT) SX; WT 
then drawing Bm VA, and Ol, V=169; it is &: 5: (Bi 
BA:: M: G:) BT: BM: 1 (26 
(by 657 and 671 ). F. Preps ebe 4: I:: *: ¹. There- 
fore (by 652.) we have ö: 4: 1 . 45 X e SR :3 BG 

: BD*. , E. D. 

759. Moreover uf x MO = BG: or x sR BD;, 


For (758.) = = , = px (by. 741). Alte F == po; 


therefore pb = &, ind dp ="; that i 2X MO. = BG, 
and y x SR = BD. 


calle 


nl P 
dupp 


760. Again, SR: RD: BD: De; for draw OC VA. * 
and put Q Dr, RD, and DC = , R=þ:: Then 
d: 7: (BS˙: BO. 0 4 ＋ l, and r: 4 4 :: 448 TE 
4791 : 
(by 657.) Therefore = ee ep IE LE 2. 
whence we get a* s + ags=dag+UF, and dividing by a + 6 
it is as = dgz hence 4: $::4:4, or SR; RD: BD: 0. Ae 
2. E. D. | 
Jer — Again, AV : A RD. BD D. . 4 7 
1 44 | 
*: 4 (758.) and: #3: 6:3 $(760) theo 7 == ori 
hence x94 =f 5; then * N11 5:09 gr AV. A A B* :: RD; y 
the 


BD E. E. . 5 way 
* DC * 277 ; 3 Ra '" Ciroll, 


- Ut 
4 


7 brits Value in the flow Equation it becomes * 
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Call. Hence alſo (AV: AB: :) 0G:BG x, 8 
D: BD VD CCG. 2 


762. Becauſe the = px (741.) * "7 (761.)there 
fre px = ==, and þs = aqz that is, P * RD BD X 
DC. Thusalfop x OG = BG x GC. A E. D 
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763. If aCone FLP be cut by a | 
Plane which paſſes through both its 
Sides, that Section V BT BV is - 
called an ELL1ps1s ; and its gene- 
nl Property is thus inveſtigated, - 
Suppoſe -E BeB a circular Section . 
parallel to the Baſe, and cutting Jy 
he Ellipſe in the Night- line BB; 
then-ſhall Ee the Diameter of the 4% 
Circle interſect TV the longeſt . OT 
called the Tranfverſe) Diameter of M.. * 
the Ellipſe in the Point A, biſectin ; 
the Ordinate BB; then raw G U and T H paralerto FP; and 
putG VV = d, TH=,VT=a AB = ** VA = x. Then 
becauſe of fimilar Ar A VAe, VT H, we have VT: TH 


: VA: A 1 —_ Allo becauſe of the ſignilar Triangles rev. 


el 0 
TEA, it % TVG 4A AB SLICES 


* W * 
2 aer d. Cre Pb. n. metre PAX 


en Ane (638) a- auth, RL 


764 Letithe made 6 77: c the hen eng 
her —gar' 

12 
5 And if another circular Section Dbdb D be made cutting 
ROGERS then ab=y, and Va = x, it will ap- 


pear 


1 
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pear by the ſame Reaſoning, that r XX =_ 77. Hen 


ax —XX 5370: iar xx. | Conſequently it will 
be every where's: * . * 


of the HyPBRBOLA. 


765. If a Cone EC be cut by a 
Plane thro the Baſe, and the oppoſite H 0 T 
Side continued above the Vertex as ly 
at T, ſuch a Section is called an 
HyPeRBOLA, as ABVB;* and 
becauſe the ſame circular Sections | 
made here, and- the fame Lines N us 
drawn, as for the Ellipſis, there 3 
will be the ſame. fimilar Triangles 6 AV 
formed, which will give the Kane „ 


— TOES 


is bew T. 4 =a+x; * ſo the 


Equation for the Hyperbola, will be 1 0 
this 2 + px* — A - {NE 1. — 
mY =", or in nad EK N | © 


logy, a: p: * 57. Hence the Analogy a : þ:: | 
Tx r yy will ſerve for both Ellipfis and Hyperbola, at the 
ſame Time; uſing the Sign — for the former, and + for the 
latter in all Caſes. 

766. The greateſt Ordinate DE in the Ellipſe i is called the 
Conjugate Diameter. Let the Half thereof of ED = 6; in this 
> wth VC = + a, and y = x 6. b. Whence the Analogy for 
the Ellipſe becomes 2: Piia—Laxiae:iby 2b; that 
is, a: :: 2 44: +66, and, ſo ap = bb; whence a: b:: 5:9. 
So the — the Ellipſe is a third Pe ara to the 7 
verſe and Conjugate Diameter. 


767. Since 50. 77 (766.): r x 215 (764) 
wehave AB: TA x VA:iDE>: TV* 2 5 , 
S | 


0 . 2. * 
'% 1 : 1 - - 21. 1 
4 ; — 
J x 7 1 
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ence 768. Becauſe, in the Focus, M p 7225 = 


Z P- or yy Ap p- we 
ball, in that DP have 4 5 = * 


t— XX 1 
a 


ind changing all the Signs it is N i 
f—ax = — Lap, and com- | \þ V 
eating the Square it is & = 


ix + 44 244 — 4453 
extract the Root, and x 24 281 
= 


Va- apa p. 

Let F, H, be the two Focus's; = 

en CF =CH=4a—x 

=1\/aa—ap, ory aa—ap * 2 2 

=2FC= FH; whence a@ 

- 2þ = FH", and ſo TV 

(S4): FH:: FH: TV a 101 well 

(= a—p.) X 
769. Two Right Lines drawn from any Point in the Curve of 


he Ellipſis to the two Foci, are, together, equal to the Tranſ- 
rerſe Diameter. 


CASE I. 
Let E, the End of the Conj. 

Diameter, be the given Point; 

nd draw HE, FE; then is 

HE+FE= TV. For CE- 

+ CH* = H E*;: but CE“ 


=, ad CH = TI = 


u—ap 


= E, therefore E MH 22 24 2 EP; con- 
kquently EH + EF = 10 T A TV. Gen 


C ASE II. 


Let A be a Point taken any where in the Curve, and 
a, HA, FA; and the Ordinate AB. Put TB , HC 
=d; then TH — HB = — 2 4 ＋ 4, and be- 


wie HE TCA a, therefore CE* = ＋ 44 But 
Aa a TC 
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TCxCV: CE :: TBxBY : AB* (765) that is a 3 BU 
4 - 4 Wo 
Ladd: a- : or 8 + ST = AT Ang 
a aa Ang] 
this add A the H A 
Sum. will be AH 3 —ad+dd+2ds $268 N * 
4 a aa ＋ 
2 d EEB 
an n —_— Allo, i 75 
to the above A B- you add BF* d + da 24 — 24 - bh 
e, eee ee veal 
4x4d = | 2 dx AF ou 
* TE E ame 
to which add the above found Eneation A H 2 24—44 nt 
2 
245, the Sum is AH + AF = akon EY, 2E. D. al 
Note, in the two oppoſite Hyperbolas, the Difference of theſe = C 
Lines is equal to the Tranſverfe 1 . (f- 
770. If to any 75 
Point A of the Curve duces 
right Lines be drawn * 
from the Foct, viz. | | * 
AH, AF, and one — 1 
of the Lines (A H) XY * py 
be continued out to. 11 B F V = 
G, then a right Line, A L, biſecting the el Angle FAG N 
ſhall touch the Curve in the angular Point A. For make AG 2 
AF, then (becauſe the Angle GAL = FAL) if you take an | 77 
Point, D, in the Line Al, we have GD = DF (by Inſt. 68 1. 
draw H D, and H d, then HD + D G is greater than HAM 
(+AG=) +AF= HAT AF = TV. (769.) There = 
fore the Point D is without the Curve, and will be ſo *till it coin © 
cides with the Point A, NEED AL is a Tangent to tg 6 * 
Curve in that Point. 
771. The two Lines A H, AF, drawn from the Point of or V 
Contact A to the two Foc, make equal Angles with the Tan 
= &; 


gent MAE. Far the Angle FAL (= GAL (by 770.) =þ 
3 . ; 
2 * 772. 
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% 772. Let A B be perpendicular to the Tapgent i in the Poigt 
of Contact A, then ſhall the Angle HAB = FAB: Fort 
Angle MAB = LA B. pc ka pres frogs, which, take the 


H 1 BF. For in the Triangle Rah +. he Fr le HAS 
=BAF (772.) Therefore: (by 666, Ha AF;: HB; BFE. 
774. Since one and the ſame Line: CV ; is the common. Axis 
both to the Ellpſis and to the Hyperbola ; (ſee Pie. to Inſt. 768.) if 
ve allo take one common conjugate Diameter D E to both; and 

about the Ellipſis deſcribe the Rectangle abed. Then, finceg is t} 
2 ame in the Ellipſis and EHperbala; we have Et Cd, or the Diſ- 
; + MW tance of the Focus f of the H yperbola fram.the Cente C, equal to 
half the Diagonal of the Rectangle abed. For ꝑutt ting f= x, We 
re jp 


ſhall find {by the Proceſs of, 768. ) v5 ag. 5.4 = +x 
= Cf; but ap = bb (by 766. ) therefpre ras + 29 = 
C=O Y = Cd (636.) 9. E. 3 | 
775. The Diagonals of this rectangdlar Rarallelogram] pro- 
luced both Way indefinitely, make thoſe right Lines which, are 
called the ASYMPTOTES, whoſe Property:it is fo approach nzayer 
md nearer to the Curve of the Hyperbola mnſcribed-between them, bug 
will never coincide therewith, * Thus C'S, CL. ate the Afymptates 
o the Hyperbola GVZ; CK, C M of the opp aſite Hyper- 
tola. Alſo CM, CL are Aſymptotes to che Hyperbola 
nd CZ, CK of the Oppoſe age, | As ITE | 914 
776. That the A- . 
ymptotes conſtantly 4 
proaches the Curve but 
an never meet it, is thus 


denn. Lat CV. 
the . % 


5 | ” z +| " « # UE — _ 
: . nin: :e ed: 30 N 


? 1 e. 
= VI=x; then CA'z £4 5, CI = 7 


"> « © 3 4 LV. 


858 "INSTITUTIONS : 
cv: VD:: :CA: A= endow 
"ore, AL EZ +9 SEE 75, G = 


AB] therefore AL. - AB = 7 E v Ds. And by rea- 
ſoning in the fame Manner we prove IN* —I A* = VD. 
Therefore, ſince the Square of the Ordinate to the Curve is 
every where leſs than the Square of the ſame Ordinate to the 
Aſymptote, by the conſtant Difference of 7 or V Da, ds exi- 


dent the Aſymptote can never touch the Curve. & E. P. 


777. In the Hyperbola, it will be every where VD x VE 7 
e ee For VD x VE = VD. Hyr 
zap = AL* — AB. = IN* —IH* (776.) and ALA CR 
AB = = BM, and AL. AB LB; therefore AL + AB The 
* AL XB AL* — AB* =LBxBM=30p; t chere- ll 
bet, ha = ub In the a. BA 
dect 
170 ; wherefore, ſince H O'is greater than B Mu, tis evident 7 
N HH is leſs than L B; fo that the Curve is nearer the Aſymp- G 
tote at H than dt B. And thus it will ever be nearer, but never 0 6 
meet it (by 776.) | _ 
778. Since E * BU = = (14þ=) NH'x HO (777 * 
It is LB: NHS HO: BM. Draw HP, BQICN; D 
then are the Triangles Q M and PH O ſimilar, and there- 0 
fore (657. ) BM: HO: :B Q: PH (: NH: LB.) Draw 5 
BD, RH | CO; then'QF'= CD, and PH = CR; there- 4 
fore CD : CR :: NH: LB H : DB, by ſimilar Trian-i *, 
gles NRHand D BL. Tits ND DBZ CRx RH. bs 
779. Draw SV |. CO, aPPVY CN; and put SV =CS We; 
= a, SR=x, and RH=y; then; ſince CS: C R:: RH: SV, 7 


(0 or a: 2＋ * 3241 . or = ze 


2 or (put a= 1) = 22 ; forthe Equazon expreſſing | — 
the Nature of the Hyperbpla between the Cure and the Aſywp-f | is 
* J i 


on | 780. 1 N 
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780. If the Aſymptotes make a Right Angle R CF, then the 
Hyperbola is ſaid to be Reclangular. From the Point C draw 
CH, CB, CG, CK. The U CRHP = CDBQ (778.) 
Therefore the Triangle RHC DBC; ſubtract from each 
the common Triangle CDa, there remains the Trapezium 
RDAH = A CaB; to each of theſe add the common Space 
BAH, the Sums are DBHR = HBC, che Hyperbolic 
R 

781. Becauſe of Parallels, the Hyperbolic Trapezium GEF 
K = DB HR, and ſo the Sector CKEG = CHB: and ſup- 
poſing the Ordinate B G to moye gy the Sector C VH 
=CV.E. 

782. The Line CF is divided nene inPQEF, 
that is, CP:CQ::CE: CF. For (778.) RH (= CP) 
DB (ACO ;:TD (= CE): RHS CF). Where- 
fore, ſince the Hyperbolic Spaces HRCP, HRCQB, HR 
CEG, HRCEK, are in Arathmetica! Progreſſion (being as 
I, 2, 3» 4» Ec.) and CP, CQ, CE, CF, are in Geometri- 
cal Progreſſion, * tis evident the Famer are Logarithms of the Lat- 
ter; that is, the Hperbals neus are Logarithms of the np. 

nic Abſerſſe, (by 130, 131.) 

783. Becauſe when CP: CQ:: CE: CF, the Sector 
BCH = GC; therefore when it is made CP: C:: CQ 

CE, then dale BCH = BCG. Conſequently, when CP, 
CQ, CE, CF, are proportional, the Sector HBC = BC 

J=GCH. And ſo the SeQtors HBC, HGA, HKC, are in 
Lune Pragreſſiu, and chereſore are the Logarithms or Expo- 

nents 


46s UNSTHTUTIONS \; 
nents of the Geometric Ratios of the Abſciſſæ. Thus, if the Ra- 
tio CP: CQ be expreſſed by the Sector HB C, then the Ra- 
tio CP: CE will be expounded by the Sector HG C, and the 
Ratio CP: CF, by the Sector HEC. , 

784. But the Sector HBC > HBDR. (780.) and HBDR 
= HPQB. For the Reftangle R P PS DB QC; from 
which ſubduct the common Rectangle D P C, there remains 
DZHR = PbBQ,; to each add the « on Space HB; 
then DBHR = HPQ B.' Thus the Sector BCG — QBGE; 
and the Sector HCG = HP EG. Whence, univerſally, the 
Logarithm of CE to C QCis the Space B QE G. 

785. From what was demonſtrated in (769.) is deduced an 
eaſy mechanical Method of deſcribing an Ellipſi, viz. fix a Pin 
in each Focus, and à Third in the End of one of the Diameters, 
and then tying a Thread faſt about the three Pins, take out that 
on the End of the Diameter, and placing the Head of it within 
the Thread, carry it with a tight and ſteady Hand about the 
two Foci, and it will deſeribe the Ellipſis very exactly. But the 
organical Deſcription ef Curves is a Subject that will merit more 
particular Attention in another Part of this Work, 

786. As to the Etymology of the Names of theſe Conit 
Setions, it is derived from the Nature of the Curves re- 
ſpectively; thus when the Square of the Semi-ordinate is equal to 
the \Reftengle- under. the Purameter and Abſciſſa, viz. yy = P 
then that Equality is intimate by the Name of the Curve, vi. 
PARABOLA. ( 7404)" But, when that Rectangle (p x) is lels 


than the Square 6 by the Quantity 2 9 then chat Dep- 


ciency is expreſſed in the Name of the Curve ELLIrsn. (764.) 


By the Word —— 9 of the Rectangle ps 


above the Square (31 by. ity = ixfhewn, cs 
It is moreover dra Cy is a Rectangle, . *. 
12 1 +4 F 5 0 3 | 


» Gmilar to he enden neee renz 2h, 


We have now premiled a 25 rſt Pit "A Conics, "pd, cn 


enlarge. upon. them at Plea or i wt * any" Ting Bye: 
after have Occaſon: "has - md; 
iv 9 ns MS: T H + 


40 ae Sh dd 


THE 


DocTRINE of FLUXIONS, 


OR 
ELEMENTS of the New GroMeTRY. 


r 


— „ I 2 


H E Subject we are now entering upon is really a New 

GEOMETRY, not in the leaſt known to the Ancients ; 
Algebra, they are ſuppoſed to have underſtood ; and kept it a Se- 
cret; but FLUX1ONS, remained among the [ncognrta of every 
Age from the Beginning of the World to our own. The Glory 
of this Invention was reſerved for the great Bri; Genius, Sir 
aac NEWTON, as is put paſt all Doubt by the Author of a 
Treatiſe entitled, Commerrium Epiſtolirum. As this Species of 
Matheſis opens at-once-an Entrance to all the ſublimer Parts of 
Learning, it will be neceflary here to premiſe the firſt Princi- 
ples thereof in a Manner the moſt natural and eaſy that we can, 
and agreeable to that in'which it was firſt propoſed to the World 
by its Author. The Doctrine of Fluxions depends upon a few 
Principles on” an . or to be underſtood, which here 
follow. © Met 637 


AE: hs en: A . 9 
0 HAF x 


87. JF evo Patt A 55 be Hi e uf 2 4 ** 0 
move equal Pact? XM. BN, in, NE — 

the ſarge Time; they art then ſaid bu h 

with the fame or quo Velkritien; and if in 142 —_ — 
every equal Portion of Time, the Spaces | 0 
paſſed over, be equal; HAAS men fark te be 21uabls or 


wform.. 


788. If 


362 The Ddffrinn f FLUXIONS. 

788. If in the fame Time, the Point A paſſes from A to M, 
the Point B moves from B to O, then is the Velocity of the 
Point A to that of B, as AM to BO. Put AM= x, and 
BO =y. And let Aa, Bb, be the indefinitely ſmall Spaces 
deſcribed in the firſt Moment of Time ; then the Motion or 
Velocitics of the Points A and B being ſuppoſed equable, we 
ſhall have Aa: AM:: Bb: BO. Let Aa , and Bb =; 
then ſhall æ, 5, (which are called the FLUxX1oNs of x andy) re- 

preſent the Velocities with which the Points A, and B, ey) 
where move, and ſo it will bex: :: 4:9. 

789. Since Superficies AB C D, 
EF G H, are deſcribed by the Paral- 
lel Motions of the Lines AD, E H, 
(615.) Let AabD, and EebH, be D 
the indefinitely ſmall Parts deſcribed EN 
in the firſt Moment of Time in each, : 
Put AB = , AD=a; EF =, 
and EH= 6b. Then alſo A = &, 
and Ee=j (788.) The whole Rect- 
angles are ax and by, and their Naſcent Increments (AabD, 
and EehbH) areaz and bz. If now the Times of deſcribing 
theſe Rectangles are equal, and the Velocities equable; then 
ax:bj::ax:by; and ſo ax, by, will be proportional to, and 
therefore may repreſent the Velocities with which thoſe ReQ- 
angles are generated, and are therefore their Fluxions. (788.) 

790. But what we have now ſaid relates to the Fluxion or Flow- 
ing of the Rectangle one May only, or according to one Dimenſun; 
but ſuppoſing it to increaſe according to both its Dimenſions, or 
ſo that both its Sides may flow to compleat the Space it contains, 
then we muſt add the Fluxions of both Sides together, and their 
Sum wil! be the Fluxion of the Rectangle in this Caſe. 

791. In order toilluſtrate this it muſt be conſidered, that the 
illuſtrious Author of this Invention firſt delivered the Idea of 
what we now call a Fluxion under the Name of Momentum, 
which was a Term uſed in Mechanics to denote the N of 
Motion generated by a given Quantity of Matter (A), and 
the Velocity (@) with which it moved conjointly. This Me 
mentum therefore was properly repreſented by (A a); and if (B40 
denote, any 32 a Quantity of —_— 

(B) 


2 
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p) moving with any Velocity as ) 6 
hen if thefe Momenta are generated in- 
xe ſame time, they will be as Aa to 2 
; and if the Velocities of Motion | . 
re equal in both A and B, then witt- 
Moamenta be as the Quantities A A 
ad. B. But inſtead of this mechani- > ( 
al Notation, we now uſe x # and y 5 for the Momenta, or Flux- 
ons, generated by the Quantities x and y as above deſcribed, 
792. Then on a given Line AB, ſuppoſe a right Line G H 
re to move in a Poſition always parallel to itſelf, from A toB. 
ſo upon another Line & C let the Line EF move from A t 
rds C in a parallel Poſition alſo. And let the Velocities of 
he moving Lines be ſuch, that their Interſection at I ſhall de- 
ribe the Curve Line AID. By the Motion of theſe Lines 
ere will be deſcribed the Curvilineal Spaces AID B and 
3 alſo the Parallellograms AEF B and ACHG. Put 
= (EI SH), and GI =(AE=)y; and the Fluxions 
f -& Spaces deſcribed by the Generating-Lines æ and y, will 
e always as the Magnitude of thoſe Lines, ſuppoſing the Velo- 
ity of each to be conſtant. Therefore when the Line A C arrives 
the Poſitions gh, GH, 74, the Fluxion of the curve-lined 
pace AI DB will be as ag, IG, and 5%; but the Fluxion 
f the Parallellogram AE FB will be in each Poſition the ſame, 
eing always as the equal Lines c g, I G, and 4&. In the 
Poſition therefore at g h, the Fluxion of the Space ATDB 
$ leſs than that of the Parallellogram, becauſe a g is leſs than 
g. In the third Poſition at i , the Fluxion 5 4 of the ſaid 
pace is greater than 41 the Fluxion of the Parallelogram, 
nſequently there muſt be ſome intermediate Poſition G H 
there the Fluxion G1 is the ſame in both. 7 | 
793. In like manner it is ſhewng that the Line which moves 
om AB to CD, when it is in the Poſitions. ? 4 EF, and /m 
roduces the Fluxions of the Space AID C lefy,, equal to, and 
reater than thoſe of the Parallellogram AGH C.- But we 
ave ſhewn that the Fluxion of the Rectangle A B FE is at 
he Poſition at I G equal tg y &, and of the Rectangle AGHC 
tis x 5 3 but theſe are alſo equal to the Fluxions of the two 
nilineal Spaces A G A bby which together make the 
Rect- 
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Rectangle AG IE; therefore the whole Fluxion of the ai, 
Rectangle AGIE (or x y) (conſidered as flowing according 
to both its dimenſions) i is equal yz + x. 
794. Hence it is manifeſt that when A G = AE, or x=y 
4 4 ＋ x5 xu, or 25); which therefore is as the 
Fluxion of a Square whoſe Side is x or y, that is of + ** or N. 
795. Let AF be aParallelopi- 
pedon, whoſe Length is AB= x, 
its Breadth A D = y, and Depth 
AH = z. Suppoſe it to flow 
equably according to its Length 
only, by the Motion of the Plane 
AD GHS yx, and ſuppoſe 7 
As (S ) the Space deſcribed in the Direction of A B th 
firſt Moment of Time; then will the Solid Ac be as the Flux 
| Jon of the Solid A F, and therefore equal toy z &. If the Se 
lid were to flow only according to its Dimenſion of Breadth 
A B, by the Motion of the Plane ABEH = xx, then woulc 
the Fluxion bexz 5. And if the Solid flows in the Dimen 
ſion of Depth A H, by the Plane ABCD = xy, then is it 
Fluxion x y z. If then it flows in all its three Dimenſions$ 
_ the momentary Increaſe or Decreaſe will be proportional to t th 
Sum of all, viz. yz 4 + K zj + xy £, which 
Fluxion of the whole Solid in this Caſe. 
796. The ſame Thing may be otherwiſ 


xy = v; then xyz 2; and by (791, 792, 793,) 24 
x j, and the Fluxion of v z, viz. vz Sends = the Fluxiot 
of x yz: Therefore, by Reſtitution, o gxy for v, an 
4 y + x 5 for ©, we ſhall have the Fluxion of xy z = #y x 
x 3 2 + Ku as before, And whenx=y =2z, Ns on 
and its Fluxion 2 * x, or 3 44. 
7097. Since the Fluxion of x is & (788); and of x* is 2x5 
2 x*—*z (794) ; and of &, is 3 * 4 (796) = 34 ; iti 
evident the Fluxion of x" is m x"—*x; and the Fluxion of x" 
b e, + =. 

798. Becauſe r = a (for x: Vr VT: t, and x' 


* 


= : xT : * z) therefore the Fluxion of Vs At is FL ; 
1— 


2 * 7 = N ; and 3 in lice Manner the Fluxio | 


. 
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VT =xt, is2+*4; and in general the Fluxion of 


m 
2 — x" is _ 7 . 


—— 

— 
14 

* 


799. Thus alſo the Fhadon of == 232 


3 ＋2＋ x T7, i] 44 + 2 and in general, the \ 
22 * 25 * | 
2 2 == 4 » == 

ſurion of , = x , is odd a 127 * 


. 
— 


m* 
* 


B th boo. The Fluxion of any Root of Surd Compound Quanti- 
are alſo thus eaſily obtained. As the Fluxion of V +33 


FE TT D X x5 +34 + 2 
SE AA 222, * And univerſally the Fluxion of 1/JFF z® 
2xy +395 


1 &. ag. 
— 7 1— 7 ws 
W-i" + x * K 7 wt * 


Alſo x? V+ 2" =x*Xy*+ Z7V gives the Fluxion 


. xi tel +#' Xn e 
\- - 
qx7 +21" 


81. The Fluxion of a Fraftion s is thus found. Put 


=v, then x = vy, and the Equality between x and vy 
F'oht ever to hold in all their State of Increaſe or Decreaſe, 


tir Fluxions will always be equal, but the Fluxion of x is &, 
che Fluxion of vy is v3+y (792, 793); therefore a 5 


: TY maren 5, 3 


Create for v its Value = 5 
Bbd2 $02. 


« 
2 * 
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. 802. Becauſe (4) repreſents a conflant- Quantity, it 
Fluxion is (o), therefore the Fluxion of a + x is on 
*, and the ſame may be ſaid of numerical Quantities, thu 
= Finnie of 1 +x is only x. The Fluxion of @ x 


a 
or 2 x, is only 4 & or 24. Hence the Fluxion of = - Is . — 
| xx 
» if PY : A a + ; 
and that of is — But the Fluxions o 
4 d 24x + xXx. 


complicated F actions are beſt found in their Value e expredled i i 


aa a * a 'x* 
infinite Series. Thus FX 3 I (103); ; th 
* 2 2 * x*'s 
Fluxion of which: Swies i Is — => + a — 2580 


(by 801). 5 ” 
803. But the principal Uſe of Fluxions is to find the Flu 


or flowing Quantity from the Fluxion given, which is done in ge 
nerat by the Reverſe of the Method of finding the Fluxion « 
a given Fluent, above delivered. This Method conſiſts in thre 
Particulars, viz. (1) Expunge the fluxionary Letter; thus th 
Fluxion 2 x & becomes 2x, (2) Add Unity to the Index c 
Exponent of the flowing Quantity; and thus 2 x become 
2x*'+* 2K. (3) Divide by the Exponent thus encreaſec 
and fo 2 * becomes *, which is the Fluent of- the Fluxio 
2 x &, as required. Thus 32 * is (1) 3, (2) 3, and (3 
5. So in general mx —* # becomes firſt nr then n 
and laſtly x ” the Fluent required. 


804. Hence alſo the Fluent of x 4 is —- ; forit is firſt 
they +* ; and. laſtly = 80 K à is firſt, x* 3 ſecond) 


af 3 thirdly 5 the flowing Quantity; and by Inſpectioꝶ it a] 


pears that + Fluent of + is x; of xj Dis (by 79 
2935) and the Fluent of 1 + x25 + e 


796.) And alſo that the Fluent of. —2 is EE and that | 
Fluent of x + x * ＋ x 45 ut. wa + x + pa * ge 


» 


"#1 
by 


ner 
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xeral the Fluent of m =" 4 will be =; and of 4 


e, tr ae 


| m— * 
Bog. Thus alle the Fluent of, e is #® =", 
7 "4 - 5 -+- , F 111 x N 8 a | ab + — 


38 3 
and of ax" # is x ſor by. reje@ting a, it iS ag"? 


Mn 


* 


a ; * — 
and by adding 1 to o the Index * it is a & fir — "+ 1= 
5 DP 3 


= we have "> mie» 


n+n 


x 


;) and dividing by” 


50 Now this is a ek" YE for any other fluxionary Power 


e nee . m T, 2 =2, 


and o — 


a 
2 25 therefore 7 2 2 822 and conſequently we 


8 (Far oo $ jan „ 45 | 
* ws 3 T5 , 
222 r = of x eee 
burt After this Manner the IE of A 4 will 
be found 1 * =7 V, hn of xx + = War" oh wilt be 


3 3 
7 ; of =* =" 7 Xs will be — 2.x= 


2 
And laſtly, the Fluent of —z SA vill be Z S 


5 x Ter dees here , m = 17 and 
1. | 
906. If a Fluxion be multiplied into ſome Quantity affedte 


with a Vinculum, that-is, into ſome Compound or Surd Quan- 
fitys, which Quantiey is the Fluent of the ſaid Fluxion, as 


—_w— * 


44 * 4 4 ＋ 4 A5 then will the Fluent of the Expreſſion be 
had by the general Rule thus; ſtrike out the Fluxion, and it 
becomes aa+ AN and add Unity to the Index m, and it is 
4 + a al" * chen divide by the Index fo increafed, and ybu 

5 have 


f 
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have the Fluent _ 7 a Fan” ' for the Expt 
propoſed. 


 807., Thus alſo a x N Aer =ax X aa Taz n 
by the * ſame Proceedure, will have its F luent thus ex- 


22 
nd" | eo» Thus the Fluent of An x 
n+m 
Var 2x54XaaT xx* is 2 Feb orinSurk 


240 TEE: x*. So the Fluent of this-Expreion 


2 ** 2 47 n and ſo for any o- 
ther of this kind. . - | 
808. If the Fluxion * the e be: not that of the 


Quantity under it, -but is yet in ſome given Ratio to it, the Flu- 
ent may in this Caſe be had in a finite Number of Terms. Sup- 


poſe the Expreſſion were x / a a+ , or x + Xa a + xx|* 


where the Fluxion x * is to that of *, as 1 to 2, viz. x £:2x# 
: I: 2. It will be beſt here ta proceed by Subſtitution ; therefore 
let V + x*=2z; then a a J Xx * 2 2, and 2 * 4 = 225, 
er x * 2 therefore x 4 V a a + xXx =ZZ2z but the Flu- 
42a TA 


ent of x 22 f is 28 = 222 X z = (by Subſtitution) 
of ana + XX. | 


809. Alſo the Fluent of x a a! ral may be found 
in like Manner. For here the Fluxion * — & is to that un- 
der the Vinculum of x”, viz. m = , as 1 to n; which Ra- 


tio is given. Therefore put a a! —x*" = 2, and ſo aa! + Xx" 
= 3 and conſequently m x "—* 2 = &, and therefore x" — 4 


= HA therefore K* 1 Xa? + ws But the Flu- 
m m | 


, ofa 
ent of the Latter, viz. — 


EE” 
Lake * mn +1 


r 
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Neef = the Fluent of the given Expreſ- 


—T7 


fon, js 
810. Thus alſo the Fluentoſ 4 "5 x GP * may be 
found ; for put a+ x” A, then 7 n = z, and ſox = 


fm a=" 5, and therefore 7 , and fo FE = = 


CX- 

TY [/aankd therefore dx "= * # X a+ jo\ 3 X2" = 
_ — 2 £, but 2 of this latter Fluxion as 
: — x -+", or 5 if therefore inſtead 
on WW "+ Ini | 

3 « xe ee helen FER T, wo ha : 

915 n »+ 1 I 
FEST 7 for the Fluent of the Expreſion propoſed. 
the 811. The laſt i is a general Form for any fluxional Expreſſion 
lu- of that Kind; thus ſuppoſe the Fluent of 4 x a + » were re- 


quired ; herem=1, n =1, F =, da" 2 A4 A 
4 ws. "Ml 
= I, therefore 


xz fmxn+1” 

ore IN vill be the Fluent required. Again, let æ * V =a5 

, asel, here m== 2, 1 = I, andd x" =" =x 
1. dx, and therefore 42 t ; hence —.— 232 

* 8 1 * 4 


= and ſo x aa Fe Mair © is the Flu- 


ent, the ſame as before. 
812. The Fluents of ſuch Auxional Expreſſions may: * 


found alſo by an infinite Series; : for a + 8 * 3 * an 
infinite Series will be a” + 4 — ＋ =X boy  xff 


x, &c. Or if A = „ BA S2 3 


% ST TM: 


A 


Us o. Sc. we ſhall have a + / x® i —Y ls 8 + n 
Af" 


11 
o 
* 
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Afar + EE Bp + e- +, e. Nay 
if this Series * multiplied by the F Juxion d 1 4 and, he 
Fluent of each Term: be taken, we that have a" x 


ĩ * x 2 „ 21 | 

+ Aſs + - — + . e 
a? 2, Nc. for the Fluent of dx x 4 +f x" which there 
fore will ſerve as a general Form for all binomial Expreſſion 
of Fluxions of the ſame Kind with this. But where the Fla- 
ent can be had in finite Terms, the general Form of the (8r0) 
is much the beſt. | | 

813. But it muſt be confeſſed there is no direct and certain 
Method of finding the Fluent of a given Fluxion that ſhall 
hold in every Caſe, becauſe there may be Uifferent Pluents 
which produce, and conſequently which belong to the ſame 
Fluxion; thus , a ＋ „, X + 1, &c. all have the "common 
Fluxion #; and if there be nothing in the Oircumſtances or 
Conditions of the Problem to determine the Fluent, we are 
wholly. uncertain what it is. But of this more hereafter, 

814. To find the Fluxion | 
of Curve Lines and Curviline- 
al Spaces, or Areas, there is 
required but one Poſlulatum, 
viz. that the Curve VB E and 
its Tangent T F at the Point of $48 - 
Camac B, are in the ſame Di- TT W AC 
rection for an indefinite ſniall Diſtance on either Side, as B J. Or, 
that the ſmall Portion of the Curve and Tangent Bb are coinaigent; 
and make a Right Lineola; then putting the Abſciſs V A 
the Ordinate AB = y, and the Curve VB = a, and draw * 
infinitely near and parallel to AB, and C Ba parallel to the 
Axis TG. If now we ſuppoſe the Ordinate AB to move 
equably along the Axis, and with its Point B to deſcribe the 
Curve V BE, then it is evident in any Situation of the Ordinate 
A B, the Fluxion, or Velocity, of the Abſciſs AV, is Ac =#z 
and of the Ordinate A B, itis ab = 5; and of the Curve VB, 
it is B sl 


— | | B15 5. Now 
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815. Now becauſe of parallel Lines, the Triangles B44 
ind T AB are ſimilar ; and therefore (657) TA: AB::Ba: 
44: : & : 5. Let the Curve be the Parabola; then TA=2x, (745) 
and ſo 2x : ,: :x:jor2xj=y x; butpx=yy, (740) and putting 
2 1, it is x =yy, andſo2xj =2yyj =, or 29 j== xe 
Whence it appears again, that as the F — of x is x, ſo 10 
Fluxion of yy is 25 agreeably to (794). 


816. Becauſe the Ordinate A B is at Right Angles with the ; 


Axis, the ſmall Triangle B ab is rectangular, and fo B & + 
i = BH, x*+5* = z x, conſequently the Fluxion of any 
Curve V B is & #4 +55. 

817. Again it is evident, the Fluxion of the curvilineal 
Space A V B is the fame with that of the Parallellogram 
AVC B, at the Inſtant the Ordinate arrives at the Situation 
AB; for at any Time before it was leſs, and at any Time af-' 
ter, it is greater. But the Fluxion of the Parallellagram is as 
AcaB=yz, (792) which therefore is the e for he. 
* of any curvilineal Space. 


— „ — — 


CH. Af. . 


Of the METHOD MAXIMIS and MINIMIS; 

the RECTIFICATION of CuRves ; the QUADRA- 
\ TURE of Curvilineal Spaces; and the CUBATURE 
F SOLIDS, 


818. W E ſhall now give a Specimen of the univerſal Ap- 
plication of Fluxions to all mathematical Purpo- 
ſes; and which will contain the original Principles of the moſt 


extenſive Geometry: We ſhall illuſtrate this Subject in the 
following capital Articles. 


I. The METHOD de Max1mi1s end MINIMIS, 


This Method conſiſts in determining an extreme Value of any 


propoſed Quantity, that is, to find when it is greateſt, or laſt, 
| "GC EC Now 


— 2 22. to re 
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Now,' as ſuch a Quantity becomes greater or leſſer by flawing, 
ſo when it has attained its greateſt or ledſt Magnitude; that 
flowing State is at an End, and its Fluxion i in that Caſe muſt of 
Courſe be nothing, or So. | 
819. To illuſtrate this, let V BD 
be a Circle; VD 4 = Diameter, 
the Abſciſs v A = x, the Ordinate 
AB=y; then AD'= a —x, and / | 
becauſe of the Rect-angle VBD,(645) I ATT D 
it is AD: AB: AB: Ay, that is a— * 225: „ a 
xx =yy. Now to find when ABory is greateſt, put the E- 
guation into Fluxions, and it is * ＋ 2x 4 = 2.y y. And 


becauſe i in this Caſe ro, (8 18) therefore 2557 o, and fo ax — 


a 4% O. Hence a 4+ 2, that is, a=24, or = 
42 22 V. C, when 7 or AB is a Maximum, a as it evidently is at 
CE. 

820. Hence it appears, that when a Line VD is divided 
— two Parts, AV and A D, whoſe Product AV AD is 
a Maximum, thoſe Parts arc equal to each other, or the given Line 
821. Let the right Line AB be A C B 

4 
ſo divided in C, that AC“ x C Br, FT” | 


may be a Maximum ; put AC = = X, and CB = y; then it is evi- 


dent, that theFluxion of both Parts is the ſame, and that white 
C increaſes, .B C decreaſes 3 therefore & = — 5. Since * 
„is a Maximum, its Fluxion m t e X y" —ny*—* x 


"dy whience- hcl Mido therefore x": 


1 — 12 FOR 5 2 - m _t 
N * eee. 1 
and 2x = my, whence x : Ven er the Parts' dt 
rectiy as their Powers. | | 
3822. Again, ler E V D be 
3 Parabola; and put CD = a; 
CA = x, AB = y, then AD = 
a—x,and (762) px AB = CA 
x A D, or Pp D K -; 
and in Fluxions py =azx— C £ 
2 * * When therefore AB or y is a Makinant it is j = 0z 


then o 2x 45 or . 4 = CE, as before. 


"Y 
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act The RTI IAT ION of CuxvxSs. t Þ 
823. By the Nan fication of a Curue, is meant no more 

hav the Bubing = right" Lint api abit T ſhall ee an Eae- 

ple in the Arch D B of the Circle T. 

VBD-. Let I D bea Tangent ar Dy PN 

draw C P, and infinitely near it CT; }BX 

and with the Radius CP deſetibe te 

fmalf Arch PQ. Put D'C'='a, DP D 

= x, and then TPS; and BUBA E 

= Fluxion of the Arch D B. Then it is TP L 

CP: CD; and P Q. ne: CB=CD. Therefore 
| {ex quo 652,) TP2 342: OP + CD*; but = = 


d £16 Gow Ob : af 223.3 whenge &= 
„ IAEA 1 5 4 
* TITS + ca which muted b 


& of & #d 


jp | 22 5 2 

| the Fluent ,of which. is * — 37 5e Sc. x 

DB the Arch required f in the Values of the right Lines CD, 
nd DP. 


824. By putting CD.= a = = . the Length of the Arch 
D B will be thus expreſſed; x — * T4 — , Ce. 


And if the Arch B D = 30 Degrees, then A B 210 D 
= 2, and AC CB —AB* 1 + = 
whence AC VN = VN. eee nen 


D Pg . 3 233: a db 2 g, and & = 
1 x 2477 x =2 5, &c. Therefore by ſubſti- 
uting theſe Values of x, we have the Arch DB = . 1 — 


ATN Ar VÞ or DH N e 
r — 1 T 7 Cc. 


825. 2 ſince DB is 3 of the Semi- circle; therefore 


, N = = 24/ 3= n and hence, 


For the Side of an Hexagon is the Chord of 60 Degrees, and 
equal to the Radius; Half that Chord is the Sine of 30 Degrees, 
| #hich is therefore equal to Half the Radius. 
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Term in the above Series be multiplied by this Namber, an 
the Sum of all the negative Products taken from he bed c 0 
all. the affirmative Ones, the Reſidue. will give the Value of the 
whole Circumference = 3414159265 358979, Ec. "Wherefore 
the Radius C Dis to the Semi-cirele DBV (or the Diamete 


DV to the whole Circle) as 1 to Inge We. 
26. From hence appears the Impolibility of an ed Ree 


tification of the Circle; and ſince the Quyadrature of the Cir 
depends upon it, that alſo is impoſſible; in vain therefore n 
any one attempt to rectißy, or /guare the Circle, tho', we can ap- 
Proximate to the Truth, as there can ever be Occaſion for. 
The following prodigious Number, calculated by the late Mr, 
Sharp, viz. 3,1415 9265 3589 7932 3846 2643 3832 7950 2880 
1971 6939 9375 1058 2097 4944 5923 0781 6405 ; and a- 
terwards examined to the laſt Figure by Mr. Machin, is more 
than ſufficient for computing the Number of Grains of Sand A 
that may be contained within the Sphere of the fixed Stars. I C 
give this Number a Place here as it is the Product of the grea- © 
teſt Effort that was ever made in practical Geometry, The ti: 
Rectification of the Conic Sections, and other Curves, will here- be 
alter find a Place, when we have Occaſion to 2pply them to 

—_— | per 


III. The QUADRATURE  Copviurnras, SPACES. 


827. To ſquare any Curve-lined Chace, is to find an Ex- 
preſſion of a Right · lined Space equal to it. Thus, ſuppoſe i 
is required to ſquare the Pa- 
rabolic Area ABV. Then be- | / 
cauſe p i, (850 we have Nw. TIT | 
y = Vpx x = 3 x3, which 7 1 
multiplied by z = Ac, gives | | F1 
N=. +1 = AcbB,theFlux- ; wes. e 
ion of the Space, (789) The T V_- 97 0 _ 
F luent of which is 5 pr xx (803) =2// pa? =2 r* TIT | ; 
=4= = Ah. But CB = VA = = x CV = ABE 
= 9; wherefore the Area ABV of the Parabola is 3 of its cir- 


cumſcribing Pa- ee AB CV. And conſequently the ex- 
ternal Space VBC is 3 thereof. ? 


$256 


7 anc 
um o 


of the 
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828. To ſquare the Circle: Let | 

the Ordinate A B move from V C e- 

quably toward D put CV BC 

a, AC , AB=y, then AC +. fy 
AB = B C', or a = a* 41 *. 

Therefore a a2 —- * = „, and. „ Py 4 

Vir = = A, r 

bt te 
( 789). But ae ag 2 * — 6 therefore 
„ ag * 


eee F ; Ye. 232 


| 11 x7 
the Fluent of which Series is ax — 7 ri ITY &c. 
= ABVCOC, the Space required in Terms of the right Lins 
AC. When AB arrives at D and rr then a = x = 
CD= 1, and the Series will become 1 — 3 — 2 — 74; —) 
&c, = the Quadrant VCD; or if the Dan ws = 1= DE, 
wm this Series will be the Area of ths whole Circle, and will 
= 0,785 398, Ce. 
_ To ſquare the Hy- 
perbolic Space DVBA ; let II 
CDS a, DA x, AB | 


i hen it iy =, 


7 putting a=1,) y= E 
(239) The Flux- 


I 75 
ion of which is x y = 


= e wt ADE E 


Fluxion of the Space A DVB. But 


< —= I— 24 — x7, 


&c. (as will appear by Diviſion) therefore 1 T 


= x o& x 
Xx 


+ x* xz — , &c. the Fluent of which is x = 4 x* + 4 x7 — 


g 3 xt, Cc. = ADV B, the Space required. 


. 


IV. . The CuBAaTVRE9&f SOLIDS en 

830. By the Cubature of a Solid ls meant no more that! 
to find its Pimenſion or Content eſtimated in the Meaſure of x 
Cube, either of an Inch, Foot; Yard; Min, c, chat is, to 
ſhew how many ſuch Cubes are contained in, or are equal to 
the Bulk of ln to- which Purpoſe che — 
Theorems are premiſet. 

In the Circle DB V (Fig. to Art, 923 ) the infinitely final 
Bector CB may deren a reftitined! Triangle, and ſo equal 
to * BC x bB, or as, the Fluent of which is 3 az= the 
Sector CDB; ond putting p = am of the Cucxle, 
when z = p, then the Area of the e Circle i Is; * This i being 
premiſed, we procecd but} 

831; To cube the gran A AG. Put A an 
= a, and the Circumference p; then will the 
circular Area be + ap, and let A E x; then 
24 will be the Fluxion of the Cylinder, and 
the Fluent thereof 5 ap x = the Solidity of the 
Cylinder. 


832. Alſops = Fluxion of the ede Surface, and its 
Fluent (p x) the Area thereof; whence 1. x p# = the Solidity 
of the Cylinder, equal to its Superficies lk by * its Dias 
meter. * 

833. To cube the triangular pyR ab 
AB CD. Put AB = , BC=6b, BD =4q; 


make abc parallel to the Baſe ABC ; and put 4 
ab , be 2, bBD =>. Then a: b: 4 þ- 1 — 
os 


il. pg 
== 3 and therefore 4 y 2 == S the Area of the flowing 


Triangle ve, and 227% = the Fluxion of the Pyramid; a. 


gain c:: : & _, and yy = LE therefore the Fluxion 


| b$a* ** x ab f x ab 2 
of the Pyraniid | IS = 277 er whoſe Fluent i 18 TE 
= ſolid Content of the Pyramid ab c D. And when x becomes 

5 > 
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% or bD = BD,'then then g. = <= = the Solidity of the 
Pyramid A BCD. "Rs every Priſm is equal to its Baſe 4 5 
multiplied by 2c = its Altitude. 

834. To cube the right CONE AHB. Let AC 
= 4, CH b, and p = Periphery of the 
Baſe; ſuppoſe the Section a 4 b e parallel 
to the Baſe AD BE; and make 4 =p. 


2 


H=x; then will a: p:: = Peri- 


phery of the Circle a&be. And its Area AE 
will be la * iy (830) = = 2227, whence | 


2925 will be the Fluxion of the Cone; and fince b 42 :: K 


2 = 35 we have y 28 = : ; and the Fluxion above will be- 


come EL2< i 


Ip ; the Fluent of which nts 


a xf 
66+ * 


6 


and when x = — b, then the Fluent 11 = the Solidity une 


Cone ARB. 


835. Becauſe E 102 ——, it appears that the Cone is 
one Third of a Cylinder, having the ſams Baſe and Altitude. (831) 
Alſo becauſe > = 2: Pa x - it appears, the bolidity 4 
Cone is equal to the 20 multiphed into one third Part of its 
Height. | n 
836. To cube the Sphere ADBE. Let AC 
=a, and p=Periphery of theCircle, whoſe 
Diameter is A B. Draw aA B, and put 


ac=y; then a: p: y = 22, the Pe- 
riphery of a Circle on the Diameter 45 
therefore 222 = Area of the ſaid Circle, 


* * 0 
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Let De * ; ; then 222 is the r 


But yy 2 24 (819), therefore 28 t — 5X 2 4 


— K* EG = Fluxion of the Segment Di, 


whoſe Fluent is - _ 1 = = $olidity of the ſaid Segment 


And when x 24 = DE, the Diameter, then the ha 


3 3 
Fluent will become 22 — — 2 = = 2. = the Solar of the 


Sphere. 


* 7 : 2 AT. 
837. Now fince g- = = Ab A 


2 4 4 X 4 p it is evident, the Solidity of a a Sphere is equal to the 
Reftangle under the Diameter and Circumference of its greatsf Cir- 


cle multiplied i into +; of its Allo fince 27 = 2X 


15 , 1 x 4 TY X 4; therefore * 

to 2 of its ircumferibing Cylinder ($38); 955 + = 5. 201 
838. To fquare the Super fictes of the Sphere; draw the Tan, 

gent F meeting the Axis produced in F, and join C 6; draw 


5% DE, and 4m infinitely near, and parallel to ab ; then are 
the Triangles C b c and CF fimilar (659.) And ſo c. 


Ch::beo:bm,ory:a:: _ = = bm, the Fluxionof 
222 
23 


the Arch Db; which multiplied by £2 2 (836,) gives == 


p the Fluxion of the — of the Segment 4 DL, 
whoſe Fluent p = Area thereof, and when æ = 4d, the Super- 


ficies of the whole Sphere will be p d, as required. 
839. Hence the Superficies of a Segment i is to that of the MY = 
Sphere, as px to p d, or as x to d, that is, as the Altitude De 


of the 8 to the Diameter ] DE of the Sphere. And ſince 
127 E (830) * h; it appears the Superficies of 


the Sphere is ual to four times the Area of its greateſt C ircl. Hence, 
when o = by we have p = 3,14159265 (825). 
840. 
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840. If we put D, P, for the Diameter, and Periphery 
of one Circle, and d, p, for the ſame in another; and ſineg 
D: d:: Pp; and the Areas being denoted by A and q, we 
have A:@a::4 DP. +dp::DP : dp;: DD: 4d; thatts, 
the Arias of Cirdes are as the Squares of their Diameter. : 

. 847. Let S and s denote the Solidity of — 5 Then 
$:5::4PD*:3pd*:;::PD*: pd*:;: ; (836) that 
Is, the Sphere are to each other as the Cubes of — — 

842. Let the'Superficies of two Spheres be denoted by F 
and F. Then F:f::PD:pd: :D* :.d% (838) That is, 
the Surfaces of Spheres are to each ather as the Squares of their Di- 
ameter's. 

843. From what has been faid, it follows, that D* : DP 

: D*: P; that i is, any Cube (Da) is to the Superficies of its in- 
iribed Sphere (DP) as 4 Square (D*) is to its, mſcribed Circle. 

844. To cube the ELLreTic SPHE- B 
zol ABDE, HereBP , PM= 
5 * * 5 1 * Parameter? : 


dus of a Circle be to oe Css. 2. 4 
wr:cz then 7: 22 — = Periphery 


of the Circle, whoſe Diameter is F M ; then £22 _ > 


he Circle; and fo 225 = pe LE 
| 2r 27 4 | 
£5 2 ix 1 1 | 
wen FBC whole Fluent 3 . OP 


ib When x = a, then the aid Fluent is 2.<. 1 
1 47 6 179 


* fn = = Solidity of Nr as . 
: 76; m. — 2 (766) and = 27 5s 


845. Now becauſea : 6 


IL cad 0 
8 the Solidity of the Spherid, And N 
432 


D d d. | * eget 
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LF and = x @ = Cylinder cicuriſctibed abou 


the Spheroid, en eres % ctunſo 
i Cylindr. 
846. Henee in the Sphere ({< | ) and Spheroid (20 


16154 
An 3; it nb use: . cd®: 23522 d:a:: 3 I'S 
Conjugate : 1 of the Ellipſoid. 


10 b. | A 


87. Hees t the «Solty of Jide Cylinder = 7854. 


* the Cone = 2618. 


FF 40 | 1 4 | of 
P . 4 * ** W 9 [ * 89 o 4 + as . . * - 
* 1 0 TY, * J. 210 1 # 4 LS 1 » » 1 8 


nere 


The Nature and Geneſis of LoGaRITHMs, & 

_ Guced from the | HyPERBOLA, the MoDULss 
© and SCALES of Los ARIT AMIS; the FLuUx10Ns 
of LoGARITHMs, and their Up. 


248. 1 Have already obſerved, that a L is * an 
Expreflion of the Place or Diſtance from Unity, | 


which any giveri Number holds in a Series of geometrical Pro- 
portionals {ſee 147). 1 have alſo ſhewn how thoſe Logarithms 
are inveſtigated and expreſſed by Numbers. Alſo from the Na- 
ture and Quadrature of the Hyperbola it appears (784, 785, 786) 
that the Ratio of any Numbers to Unity, may alſo be expreſſed 
by hyperbolic Sectors or Spaces, and conſequently they are alſo 
properly the Logarithms of ſuch Numbers. And we ſhall now 
more fully proſecute and explain this uſeful Doctrine. 

849. It has been ſhewn, that the Aſymptotic Space ADVB 
2 * —x 4 + 42% — + x*, Ce. is the Logarithm of the Na- 
tio of CD t CA, —_ Fe e or of 1 + x to 1 


786). And becauſe - — is the Fluxion of this Ratio, there 


. appears, tht the Fin of te Lagritm oy Mr 
174 
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14 is 84 (x) of that Number Þvided by the, 
Number itjelf;. 8 
850. If we take any Number leſs than Unity, as C4;(Seefig. 
to Art. 829.) then 4 Dx, and the Logarithm of CY: Ci, os of: 


1:1 — x, is theSpace ABVD=#x+4x*+4-*+4 xt, &c. 


I Whence the Logarithm of the Ratio of CA:C4, or of 14 * 


to1 —x, the Space ABBA= 2x+535+33% + Cc 
= Sum of the other two Series, (Art. 849.) SLIT {1 

851. Let AD=AD= #;= x, then SS mn = 44 
and A CS -e. Nowhalf the Sum of the above two Se- 
res is x EAA + F +43 x", Sc. and half their Difference 
ü +250 +3x%* +4 x* +, Cc. which ' computed im 
Numbers make, o, 1003353477310 and 0,0050251679267 
the Sum of theſe gives the greater Logarithm AB V D = 
0.1053605156, which is the hyperbolical Logarithm of the 
Ratio of 1 to 0.9, or of 10 to 9. Allo their Difference gives 
the leſſer Logarithm A BV D = 0.09531018, which expreſſes 


* the Ratio of 1. 1 to 2, or 11 to 10. Laſtly, the Sum of the 


two Series, wiz. 2 x + 2x +2 x* +3 x", &c. = 0.20066707 
= ABBA, the Logarichm of the Ratio of hows t0-0,9, Of 13 
o 90. 2: 
852, By proceeding in this Manner, 8 of the. 
Ratio of any Number to Unity may by Degrees be found ; and 
that of 10 to 1 will be found to be 2.30258509299, &c. which 
Number is therefore called the hyberbolical Logarithn of to, 
But in the Logarithms of the Tables in common Uſe, the Lo- 
karithm of the ſame Ratio of 10 to 1 is 1,0000000, Sc. which 
is called the Tabular Logarithm of 16. © 
853. Let there be two ſimi- | |6|G- 
lar Hyperbolas BVG and BVG, | 
di. ſuch whoſe tramſuerſe and | 
cnjugalate Diameters are propor- 
tonal, or CV: C:: CD: | 
C D. And let C A: CD, C4: © 
CD in each be the Ratio of 10 ©| 
tor. And let the Logarithm of IS: b 
this Ratio in the firſt, wiz... A 
ADVB= 2,3025851, Cc. and as of the fume 
Ratio in the latter, viz. ADV B = 1,0000000., Thea it 
Dad d 2 will 


„ 


af The Det#riie'sf | © LUXE O NS. 
will be ADV B*ADFB :: CDV Et: CDE. For put 
CDS, AD=x; CD=a, Fanny then wiltA DVB 


ON — * — N 1 SH Art:! 92 ud 
wo ATT NET G., De 
3 * * i > Y . IN 5; —4 — 
Sek, —_— Te Now fince Ca: CD: 0 0b 
Ne * we nabe 2 K S a x; and fo Lad, 
r A nor | OI) ==: A e 
x PRO" Br WW. 
e e n and 
conſequently it is AD VB: ADVB: *:: CDV: 


CDV E: 2,3025851: 1.0000000.:-:k : 9. 3 
854. Now theſe Parallelograms, CDVE, CD E. are 
called the Mopurks of the Sy/tems or Scales of Logarithms, in 
each Hyperbola reſpectively ; let theſe, be called M and ; 
and L and L repreſent the Logarithms of any given Number; 
then M: M:: L.! ZL and ſo I . put 11 * 
ee the Module of the common Tables. Then RL 
= = 0,4342945 L = the tabular Legarithm of the given 


Number. And == =: 2,3025851 L = the Logarithm 


whoſe: Module is = or CDVE. | 
855. To illuſtrate this, let 4 Series 1 N eder, and their 
Logarithrs be as follow: 4 nts 
„„ * Sc. Lagerithaw, 
1. 2. 4. 8. 16. 3a. 64. Numbers. 


Here ſince the Logarithms are given, we can find the Module; 
for L: M:: L: M. Thus the Logarithm of 8 in this Series is 
3, in the Tables it is 90309, therefore o. oog : 0.4 342944819 
: 3: 1,4427 = AM, the Module of the Logarithms in the Se- 
iS above. And having the Module of the Logarithm-or Ra- 
tidg *tis eaſy to find the Logarithm by the Reverſe of the laſt 


Analogy, we. M: L:: M: I. Thus 0.4343 © 0.90309 : 
1.4427; 35 G6 Logurita of 8. 


— sd 2 , 0 * » 1 TE" th 
k 50. 
2 


* 
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856. Alſo the hyperbolical Logarithms are eaſily produced 
by multiplying thoſe of the common Tables by 2, 3025851, 
as in the following Examples of all the Numbers from 1 to 10. 
Thus 


Table of Logarithms. - TNT Logarithms. 


I—0.0000000] 14 I—0. — 
mm | kt 
. —— Multipled by | 2 . 
2585 —1. 
alles e ige 
1 | | i 86—2,0794415 
-— $—0.9542425 1 
10—1.0000000,) U 


857. We ſhall next ſhew how to find the Fluxion of Lo- 
garithms and the Powers; as alſo the Fluxions of Exponential 
Quantities, of any Degree. In order to find the Fluxion of 


the Logarithm of any Quantity, as x, or x + 1, or T, we 
hall denote the Logarithm by L, and its Fluxion by L; and it 
is to de underſtood that L, and L reſpects thoſe Quantities only 
to which they are are immediately prefixed : Thus L x Ty is the Lo- 
garithm of x + y; but L + y is only the Logarithm of * 
added to the Quantity y. 


858. Hence it will be eaſy to find the Fluxion of any Kind 


venere 


. _2axx+ 3a*'s _ 2ax + 3ZxX 
La + if = 5 ; and univer- 


of cbs UT 2 + 20" = | 
as hgh + x == Ir . For put a. + 
=) then will 2” +" , and conſequently the Flux- 


ion of the Logarithm thereof will be = 9.5 x — * 


2 =; which will be found equal to the Fluxion above, by 


L 
liodltudng the Values of 5, and 5. bas 
859. 
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859. The Fluxiens of the Powers of Logarichms are found 
by the general Rules for the Fluxion of the Powers of flowing 
Quantities. Thus admit the Fluxion of the 2d, or Square 
Pmwer of the Logarithm of x were required, or Fluxiog, of 


L x; ; we muſt firſt pultiply by the Index of the Power, viz. 
2, which, makes 2 Læ 3 then is the, Index to be leſſened by 
Unity; which makes 2 EX = 2 Le; laſtly, wank 


tiply this into the F luxion, of the Root L x, which is - =» and d 


will produce 2 L * + the Fluxion of Ix, as requited. 
860. And in genera the Fluxion of L” v mL"=" x x 


= *; andL"x + a= 28 x and LA N 


NN 1 Ci 7 N E ogj multiplied by 


188 the Power is.m L* T ; and ; that vith in Ex- 
ponent m leſſened by Unity, is m L S , and this. being: 
multiplied by the Flexion of the Rgot LA + 4, (which it 


3 en) will mile „FHN 


. — the ſame as above. And this may the Fluxions' of the 


— of Logarithms, however compounded with other Quin 
tigies, ox Powers of Quantities, be found. 
861. From what has beet! ſaic, we may obſerve that the 


Fluxions of the Logarithens of the ſeveral Powers of any Quan- 
tity, as x, ate in the ſame Ratio as the Exponents of thoſe 
Powers, and conſequently as the Logarithms themſelves, Thus 
Land Lv are TED mx 1 4 = lg 


* 7 = — 
: | P 
5 m: 1. Which Le the Truth, of chat! 
aid. | 


862, We have bitherto; ſuppoſed, the Indgxes,, or Expbnenti 


of Powers determinate, or invariable, but in ſome Caſes we ſhall 
ods that they alſo are variable or flowing Quantities, and have 
: accordingly 
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accordingly their Indexes or Exponents. Now the Fluxions of 
thoſe Exponential Quantities, whoſe Indexes are variable, are 


found by Means of the Logarithms very eaſily, as in the fol- 
lowing Examples. 

863. Let it be required to find the Fluxion of a*, where 4 
is a conſtant Quantity, and its Index x a flowing one: Put a 
= z, then will z be equal to the Fluxion of a*. Becauſe & 

= 2 if. we take the Logarithms on beth Sides, we ſhall have 
Lo = Lz; and fince the Logarithm of the Root of any Power 
multiplied by the Index of the Power, is the Logarithm of that 
Powerz therefore «.La = Le, and = L and tak - 


ing the Fluxions, we have + La = = =5 and therefore x z La = 


fLat=z; and conſequently # L-9-5 is the Flaxiap of 
as required. 

864. Again, ſuppoſe it required to find the Fluxion of * 
where both z and x are flowing Quantities, and make z* =v, 
then will Lz*=Lu=xLz. The Fluxions of theſe will 


be KL + x = 2 = (becauſe v = ,) and by reduc- 
. 3 LL TN xim=o; which 
therefore is the Fluxion ſought. Note, x - = x * => and 2 


Xx * 2 r and therefore x - X * = , 
5 u in the latter Part of the Fluxion. 


865. Laſtly, let the Quantity 2 be propoſed, to find its 


the Fluxion. Let * = 3 then L * = Lv, or Lz=Lyv; 
nd taking the Fluxions, we have the Fluxion of * = * Ly# 
ole 47 * (864) which muſt be multipliedintoLz, which makes 
bs 12 xyLys+Lzxy—*x5; towhich mult be added the 


7 Fluxion of Lz X, or =; and the Sum will be equal to the 


Fluxion of Lo, or 2; thus LzFLyiz+Lzfe * 
. And therefore multiplying by 2, we have 
2 


Ne 


AL * Laar 33-9 iv 5; 
and is therefore the Fluxion of the Expreſſion 2”, as ; required. 
5 * 


* 
— 11. 


CHAP. xVI. 


The Mrrnop of finding Fiat by the 2 
of RAT IOS and ANGLES, by the Help of Ta- 
BLES of LoGARITHMS ; and of Natural 81x ES, 
TANGENTS, Cc. 5 


_ 


S the Method of finding Fluents of given Fluxions 
is the moſt neceſſary, and yet the moſt abſtruſe Part 
of the new Matheſis, it is no Wonder if it has exerciſed the in- 
ventive Faculty of the greateſt Geniuſes of the laſt and preſent 
Age. And fince in the : Grometry of Curve Lines, and eſpecially 
in the Solution of Phyſical Problems, (which are of the higheſt 
Importance in the Sciences), Caſes will often occur, which 
make it neceſſary to have Recourſe to Infinite Series, for procur- 
ing the Fluents required, and this often proves a laborious and 
diſagreeable Taſk ; and which of Courſe the Student would be 
glad to avoid or exchange for ſome other 1 more ny and Prac- 
tical Method. 
867. Now there are ſeveral Forms of Fluxions whoſe Fluents 
may be readily obtained in the Meaſure of à Ratio, and alſo of 


8659. 


the Arch of a Circle; and conſequently, as all Ratios of Numbers 


to Unity, are already calculated in the common Tables of Lo- 
garithms of Numbers; and any Arch of a Circle is known 
from its Right Sine, Verſed Sine, Tangent, or Secant, calculated 
in the Trigonometrical Canon, it follows, thoſe Tables 'will 
greatly facilitate the Buſineſs of finding Fluents ; and the Method 
of uſing them for that Purpoſe, we ſhall next explain and illuſ- 
trate ſomewhat farther than has been yet done for the Capaci- 
of a Learner. | 
' $68. For this Purpoſe he muſt recollect, That the Fluxion of a 
Hyperbolic Logarithm of any Number, is ever expreſſed by the Flux- 
ion of that Number, divided by the Number itſelf (849). And 
hence 
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hence will ariſe the four following ogarithmic. Forms of Flux- 
ions, whoſe Fluents may be had from a Table of-Logarithms, 
which would otherwiſe require an OR” Series to determine 


them, viz. * '7 
* 


869. The Fluent of EIS will be expeliy th y- 
x* 


erblicalLogarithm of * * + 75: For _ Fluxion of 


xx 


(x + vt + @* ) the Number nn bing + VL FER 


4 ** 2 * + A 46K x 
v A 
laſt Quantity, divided by that N gives = the 
| = + + - HY 
ery Fluxion firſt propoſed ; which is the of Rem. n 


870. It alſo appears that the Fluent of = will 
: 7 2 ＋ * 


be truly expounded by the hyperbolical Logarthi of a + x + 
V 24s w =: Becauſe the Fluten 'of the Number (a+ #+ 
ales: 4 ＋ A === * 
Hera 
N t which due by 2 
poluces Sers e bi 
871. Likewiſe the F luent of. — . vil be repreſented by 


* e + *, this 


rer is here = 


the hyperbolical Logarithm of == 2 : Becaufe the Fluxion of 
a+ x EDITS 24x if the fame, 


5 — CILIGETY 


22 4 — 4 


i —. 


2865 | 
= == — = = ”Y ; which 1s the hind Forms 


872. Laſtly, the Fluent of x vil be denoted by: 


N 
E e e the 
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the byperbolical Logarithm of < 3 = 5 for here the 
a 

Fluxion of the Number is — X 24 VEE: + 

LET: 4a ＋ VA. Fr im 


5 EET; + x* 5 T2 4 

7 Ja 1 rr e 3 why . 
a—v of +* 2 F24xX, 
** EN N 
. at PE _ | 44 422. 
2 
; a—y/ & £x* 

24 4 
— ud En 
whch is the fourth Form. 


Theſe four are the principal Forms of Fluxions ; whoſe Flu- 
ents may be found from a Table of Logarithms of the hyper- 


Which divided by 


LU 


N *, V EN xa—V its 
2ax 


bolic Kind: Which Table, upon Occaſion, may be eaſily ſup- 
plied by a Table of the common F. m as we have Sona 


LN 

873. Four other Forms of Fluxions 
ſimilar to theſe, expreſs the Fluxion of E 
the Arch of a Circle in Terms of the 
Sine, Verſed Sine, Tangent and Se- 
cant of that Arch. For let AD be the 
Arch of a Circle, whoſe Center is C, | 
its Sine BD, Verſed Sine AB, Tan- 


gent AE, and Secant CE, let bd, be drawn indefiniently 


near to BD, and draw D @, parallel to A C, then ſince the 
very ſmall Arch Da, may be eſteemed a right Line, the ſmall 


fluxionary Triangle Pa d will be ſimilar to the Triangle DBC 


or A E C, for the Angle at a, and B is a right one in each; 


alſo, if from the Right Angles C Da, and B Da, we take the 


common Angle C Da, there will remain the Angle 4D a = 
B D C, and the Sides in each, viz. da, and Da being paral- 
le] to the Sides B D and B C, they will be e _ he 
w ſimilar "oy (621, 65 th 


17 


7 r the Fluxion propoſed, 
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874. Put the Radius AC= a, the Verſed Sine AB= x, 
the Sine BD = y, the Tangent A E t, the Secant CE, = #5; 
and the Arch AD=z, then in the fluxionary Triangle Da dy 
we have Da= , ad=j, and Dd , whence we have 
the following Analogies, TID CD: : Da: D, that is, 


Va „„a: 23 5 = which n to 
YE 
the firſt Form in (869). 
875. Again, we have the following Analogy in Terms of 
the Verſed Sine, — 455 CD:: Dat Dad, that is, y: 4: 1 


ax 


= = —— by (636). This Form i is ere 


2 4 x — 


to the ſecond Form in (850. | | 
876, The Fluxion of the ſame Arch, ut” in Terms 


of 15 Tangent, we have already ſhewn in (823,) is + = 
; — which is ſimilar to the third Form in (871), 

; an. Laſtly, by ſimilar Triangles CBD, CA E, we have 

CE: CA::CD: CB; that is, 5:@: 


'a: E hence A Ba 


122 — =, whoſe Fluxion is 5 = £5, be Ar CE 12 


4 2 . 227 . a a; 
Da: Dd; that is, A — ::: 1 — 


which is like the fourth Form in (872). 

878. Theſe Forms differ in nothing from the former, but 
the Signs and conſtant Quantities, by which it will be eaſy to 
know when the Fluent is to be ſought for in the Meaſure of 
a Ratio, or of an Angle; that is from a Table of Logarithms, 
or the Trigonometrical Canon of Sines, Tangents, &c. But as 
in the above Forms, the Radius is expreſſed by (a), and the 
Radius of the Table by Unity, or 1.000000; therefore to ac- 
comodate them to the Tables in uſe, we take the Expreſſion of 
the Sine, 7. angent, &c. ſuch as pertain to a Circle, whoſe Ra- 
fius = 1, in the following Manner. 


Eees 379. 


3% The Darf, if FLUX TO NS. 


879. Wich the Radius CA a, EN. 
deſcribe the Circle 4 DG; d J 
with the Radius CA=1, d. 
ſcribe the Circle A D G; draw _ m 
the indefinite Line C E, and from 7 ö 

the Points D, D, let fall the Per- 
pßendiculars DB, DB; and at A + 3 
and A raiſe the Perpendiculars AE, 4 . B A N. 4.4. 
A E. Then by fimilar Triangles C A; CA:: AD: AD; 
whence (putting AD = D, and 4 D = A), we have 1:@:; 
D:ieD= A. Again, put D B = y, and DB =; then CD; 
CD:: DB: D; thatis, 1:4;:y:ay=y. In like Man- 

ner, by making A E t, and AE = t; we have 1:a::t: 
a t i; and if CE 2s, e then 1: 4:: 5s: 46 
5, Laſtly, putting A B x, and AB = x, then BC=1—xX 
and B CS x, but it is 1; a: 1 [*. 4— * and con- 
ſequently 1:4a::x;x=aX k&V“ 


_ 880, Hence, the Tabular Sines, Tangents Gre. 2 = 


in n Terms of the above fluxionary F orms, will be y= => t the 
A 22 DH and x 2 8 And therefore ſince the F Juxion n Lo 
, £3" $65. 1096: 4 5 


Arch AD . P) is == (6570); ; the Flux 


af Guan = D, EE and w 
_ it will follow, 


— 7 © * £44 225 * SP 
nne 2. | Right Sine 2. 
2 t 2 
— 2 e. — 5 8 S 6 , 4 
© od 5 7 x i 5 a | | | * 
- 2 — 5 — + y $62 | 
* V aus 2 -# Verſed Sine 7 
- Eq | £ 5 | © 37 Tangent "BY | 2. — = 
F 1 2 | 
">. AP 25 ＋ 1 | 28 1 . ''@ , cor! 
— as Sox . 5 > LY = 
18 Secant | = H 


Abr. But to — i Doctrine more generally to Uſe, or! 
" with regard tg finding the Fluent by Logarithms or Trigono- I and 
metrical 
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9 metrical Numbers, it is to be obſerved, that if the Terms of. the 
8. 41 » MAH TOR IITAAL $M 

| Ratio conliſt of ſeveral Quantities, as AF = „ and ny one of 

— 1 as A, be *conflant © or given; and the Relation. of the 

.1. WJ Reſt depend upon their Connectiom with! it, then the aid 

Quantity A may be aſſumed for the Madule of that Ratio; and 


then (according to the Method invempddy thedate learned Mr. 


Cotes) it may beexprefledi in this Manner, A 2 + U. the Ra- 


tio TAB 49 C, in that Scale J en, the Module of 
whe Logrthns is A. / 


882. Thus, fappole it were required to find the Fluent of 
1 this you will oblerve cat of « 


ut * 


— — 1 X =p and the Fl 


ent of the Latter i is — = (871), which, (as it is a Ratio, and 


the Part (0) — may be thus expreſſed, 1 3 the 
Logarithm, or 2 of this Ratio is a LR, Which is 


the Fluent it of — 3 therefore Jim: 5 or * RE 19 


6. c | 
the Fluent ＋ 2 h 0 ii 


Xx a* 

883, To purſue the "Gas Method yet farther, let the 
Right angled Triangle A CE be propoſed, See Fig. to (873) 
make AC r R = Radius; then will AE = T = T; Tangent, 
and CE = S = Secant, of the Angle ACE. Then if it be 
propoſed to find the Meaſure of the Ratio of the Sum of the 
Legs to the e the 1 AC being the; Module, 

the 


„ VB. A Miſtake in Art. $54, paſſed (thro' Inadvertency rains 
corrected. The latter Part of that Article is to — read thus ; | 


ML 
(0.4342945: 1::) L: Land N. korg ( 


. 
| =R = 2,3025851 ; then will RL = £ = M al 945 
Jſe, or Meaſure of a 44 in the Scale, whoſe Module is 1. Alfa M. 
no- and L may repreſent the Module and ande of any other Scale 


wal belides that of the Hyperbola, and gly R may be determined. 


392 eee 
the Expreſſion vin he ths; JESS orif R ray 


, 


then vil e the Rai fands thay 
2 4 74 


A 720 55 | | 
le ET woh ji 45 re 


which is found as before, thus; 0. 4343 014613; T= Table 
of Logarithms of 3) : :.4+ 2.6917 = Tegarighen or e 
of the Ratio of 4 to the Modulus 4. . 

884. If the Fluent cannot be found in the Exprefion.gf q 


Ratio, (as it ſometimes happeds) then we can often obtain it 
by the Meaſure of an Arch of a. Circle, as A D, (See Fig 46 
873), or the given Angle. ACE; for Tince the Circumfe- 
renct of a Circle is-to us Diameter ap 3.1459, Sc. to 1, 
if we ſay, as 3.14159, &c.: 1:: 180, Degrees: 57. 2957795. 
c. 2599 17 4% = the Degrees © in the Arch of-a/ Cirele 
_— to adius ; ; this Number therefore is called the Tri r1gone- 


* and is repreſented by K = 57. 2957795, Ce. 


af — =-0.01 29252 = = 4, then is 4 
. . 00174832928 E 
called the Reciprocal Modulus. 


885. Suppoſe now any Arch of a Circle A D = D; * 
it will be, As the Radius A C in Degrees to the Arch A D in De. 
grees, fo is the Radius A C in * 2 to the Arch AD in Num- 


„ 


bers 3 that is, as K: D:: R: FD =RED = de A 


AD in Numbers. For Example, TfR=1, and ADD 
=30*, then R D IX o. 0174530 X 30 = o. 523598, S. 
= the Meaſure of the Arch AD in Numbers. 

- B86. In order to find the Fluents in the Meaſure of a 
Rztio or Angle, in the Manner as has been taught, Mr. 
| Cotes invented a great many general Forms of fluxjonary Ex- 
preſſions (to which others are to be reduced) and diſpoſed in 
Tables, the various F luents pertaining thereto, according to 
the different Values of the Exponent of the flowing Quantity, 
affirmative or negative; which the Reader will find at large in 
Bis beinen Treatiſe, entituled Harmonia Menſurarum, | 
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=», Y 887. It will be neceſſary to obſerve 18. that, if in- 


bus; I fead of R * =, we my. meet "with the Ratio 
will KAS 28 Nys K 
ka 1 Inn this Caſe —— 8 = ; for XR 


Met =RR—SS=TT, by the Propeny of a tight angled Tri 
. FT" RES; and conſe- 


able 8 
dur queatly = == and fo R[EFS=R [2s which 
mY to know will be of, uſe hereafter, | 

888. © Alſo it will be proper to obſerve, that the negative 


Expreſion of — is 
made Adfemative by inverting the Ratio, as thus + R Nr 


2 * —3 


a8 
For; = 3 but r .. Or if 5 then — 


= +2, 1 {hall luſtre this Dodtrine by a Solution, of the 


lowing Problems. a. 
889. To ſquare the Sector of a Circle "TS " 

CAD. Let CA=a, APS x, and = 

PM= y, then by (874), we a. the | 


Fluxion of the Arch A D =—; 


ad—yy To | — 1 

nE D 4; which multiplied by = is C 9 SE E A. 
D d 
1 7 2 = 4CD, which ſmall Sector is oh Fluxion 

mY a8 —y 
n of the SeQtor A G D. Now is is a ſtable Quantity, and 
T. TOY | 0 
r the other Part — being the Fluxion of the Arch. 


in Vaa—yy 

to A M, its Fluent will de found in the Meaſure & * * 
y, Isle A C D, vis. it will be = 41D (885); and if A D 
=D= 355 „the Length AD o. 523598, Sr. Which mul- 


uplied by = = will give 0.261799), S. = * of the Sectors 
ACD, 3 1. (See Art. 828.) £7 890. 


1 a. FLUX TOD 
D ſquare the Sector of 1 


Eli ACD. Let AC R a, CB, Ely 
. A CP=ED=v, "Ef _s 


PD= 7. *Fis evident the Flux - LE NN 


ion Te eee 
vj; alſo the Triangle ME =p Q 22S "A 


whaſe Fluxion is LAGER which ſubtrated from the Flux. 
i 


ion vg, e = toD C4, the Fluxion of the 


Sear A CD. And nne, nen the Equation of. he Curve 3 


17 = 24 — o we bave in Fluxians, 757 75 = , or 


Har if ve ſubſtitute this Valtc:of Si in the Ex- 


— we ſhall have 25 x vv LITE = 255 


becauſe v v+ Deen allo, becauſe it is v =5 WI 3 79, 


3 
therefore g = = — ——_k = Fluxion of the Sector CAD. 
ane” + , ' k * * * 


Here — 2 a 9 Quantity, and the Fluent of the other Part 


ol — 
, the laſt cle; therefore 
Ch as ſhewn in Arti 3. 


21D. Area of the Sector A C D, as required. 


3 To ſquare the Sector of an Hyperbola A C D. By the 


very ſame Method as in the Ellipſis, we get the Fluxion 
aby " 


— bor dhe bypeibolleal Sector A C P, which differ 


bb+y 


55 in the Sign ” of the Quantity yy; from the other. Here 
the conſtant Part = - is the ſame as before, but the fluxionary 


Part > 23 is different, or is not the Fluxion of an Arch 
WI a 


O0 
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er Angle; and therefore its Fluent muſt be fought i in the Mea- 


ſure of a Ratio, by reducing it to one of the Forms in the Ta- 
bles of Mr. Cotes. The Form which it agrees with, is the 


JE r 4 55 
Sixth, via. to which the Fluxion — 
V e+fz* 26645) 
is reducible by the following Subſtitutions, 
4 9 2 RR. 
— — O . 
2 Jes |T= £74. = -vÞb+57 
* 8 3 | CI J 
Viz. 4r = 8 48 CESS... 
2 2 2 25 8 1 
7 * Alfo R = 
E 


Therefore in che Table the Fluent which ſtands againſt 


my. RTT 23 1 41 ab 
2e, is — dR = — 2 
nf d 2 b 2 


LR. Now ſince ö, and y are given, the Logarithm L of the 
Ratio of y + bb to b, will be given alſo; whence 


the Fluent 2 LR may eaſily be computed for the Area of 


Sector A CD, (See Art. 882.) 
892. The Reaſon why the Flu- B 
ent of the Fluxions of the Circular | 
and Elliptic Sectors were not found 
in the Meaſure of a Ratio, is evi- 
dent, becauſe there / was a nega- © . 
tive * Quantity, or f=—1, and fo it would have been R 


Al, which is impoſſible, there being no ſuch Thing as 
the Square Root of a negative Quantity. 


893. If the Tangent A T had been aſſumed for the varia- 


ble Quantity, inſtead of the Sine PD ; then the Fluxion of 


42447 a 
2 for the El- 


the Circular Sector would have been _ 


42335 


17 
Ff f abbj 


ubtic Sector, 


1 —— 3 and for the Hyperbolical Sectot : 


„ ___Yy_ — 


2 — 2 — 


q 
q 
l 
[ 
i 
| 
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3 77 The Form in Mr. Cotes Table for this, is the ; 
TT” oO 14: af tl 
Second, UIZ, 2 + fx" 3 . f 
d = ab Ws 2 4 
20 = 18 * 2 mow 
EL) = bak IIS 
_ Ihen 1 — 
* ow 2: | 5 8 — f 4 — V bb 7 
2 2 265 / 
f=—2 _— 


The Fluent g 7 = 06 7, dR 8 = 0 


4 1 =2ZabLR; which will give the Area of the 
9 

Sector A C D, in the Hyperbola, the ſame as before; but it 

will not be the Fluent or Area of the Circle or Ellipſis, beckul 


| there fi is Affirmative, or + /, and therefore R = JS Sh 
= —6, which is impoſſible. 


he 

| p b SOS. | 
$94. But ſince *. are the F luxions of He 
* caÞ+yy N * yY 


an Arch, their Fluents will be a4 D, 20451 D, and therefore 
— - D a nd — — ＋ D will be the Fluents or Anas of the Circular — 


- Elliptic dae, the ſame as before, | 
is the Fluxion of the Logarithm of Th, 


895. That 
95˙ 2 
. — will be evident, if we conſider that the F luxion of 
v/ 3b—yy ; F 
| 3 222 2. | 
the Logarithm of 5 + y is — = and the 


py 08 oy Not: 
_ Fluxion of the Logarithm of / 66 —yy = 1 


Now ſince the Fluxions of Logarithms have the ſame *>Y* 
Properties with the 1 themſelves (861), if we ties. 


n 8 
fubtrat s, from⸗ 1 there will remgin - 1 will 


Fluxion 
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Fluxion of the Logarithm of — , which was to be 
| v/bbmyy 


ſhewn. . 

896. Tt will be worth HII 
while to ſhew how eaſily | 
the Fluent, or aſymptotic 
Space ADVB is obtained 
by this Method from the 

aax E 
a -+ x 
{ See Art. 829 ), which | 
comes under Mr. Cotes's * 
| 4 & — C * 
firft F orm, viæ e + + fo” | 


for putting 44, Y 2, # 


Fluxion x y = 


iD Aa e 


= 7. 2 1, , f=1s 


we have (againſt r = 1, ) the Fluent © . 24 — 
C LEES, ='; = : x =. 2. .302585L" 


== Area of the Space AD v B, which — is given from 
the Logarithm of the Number 1+x in the common Tables, 
Hence it is again evident, that the hyperbolic Space ADVBi is 
the Logarithm of 1+ x. | 


«a _ _ „ * * — ä * _— - — hs 
—_— 
F 


CH AP. XVIL 


The Nature of SBcowD, TRIRD, Sc. FLux1oNs 
explai ned. 


89 ROM what we have 

3 F ſaid of the Nature and 4 
Notation of Fluxions in general, it is 
evident, when the Velocity is al- 
ways the ſame, the fluent Quanti- 
ties AB and EF can have but one 
Sort of Fluxions A @ and Ee, which 
will be to * other, as the Velo- 


F ff 2 
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cities of the Fluents reſpectively. But if the Velocity with which 
the Fluents A B and E F increaſe or decreaſe be not con- 
ſtant, but variable every Moment, then may this Velocity 
itſelf be conſidered as a Fluent, or flowing Quantity ; and 
the Rate or Ratio of its Increaſe or , Decreaſe each Mo- 
ment of Time, will be the Fluxion thereof. And this Flux- 
ion of the former Fluxion is called a ſecond Fluxion, and 
is marked with two Points over the ſame Letter; thus &, , & are 
the ſecond Fluxions of x, , 2, As F dy 3, E, are the ft ff Fi 
of thoſe Quantities. 

898. To illuſtrate the Notion of ſecond Fluxions, let us 
conſider the Motion of a Body deſcending by its Weight, or 
by the Power of Gravity ; the Motion reſulting from hence 


would be accelerated, and therefore the Velocity continually in- 


creaſing, (ſuppoſing the Fall of the Body to be in Vacuo) con- 
ſequently the Velocity of the Body the firſt Moment, (which 


is the firſt Fluxion) would be augmented the ſecond Moment, 


by the continual Action of Gravity, and this Augmentation 
will be the ſecond Fluxion, or Fluxion of the firſt Nluuxion; and 
ſince this Acceleration or Increaſe of Velocity is regular and 
uniform, or proportional to the Times, 'tis plain this Sort of 
Motion will admit of nothing beyond fecond Fluxions. 

899. For Example; ſuppoſe from the loweſt | A 
Point B of the Line AB, an heavy Body begins | 
to deſcend, and at the End of the ſuſt Moment 
It arrives to C, let the Velocity it then has, be ex- 
preſſed by the Line CD. At the End of the © 
ſecond Moment it will have paſſed through four C 
Times that Space, and be found-in E, its Ve- 
locity then will be E G, increaſed by FG. At 
the End of the third Moment, it will have paſ- 
ſed through nine Times the firſt Space, and be 
found in NH, and its Velocity will then be H K, 
again increaſed by IK. In all this Time the 
Line A B has flowed into. the Line A H, but 
with a Velocity continually increafing ; and its 
momentary Increments F G, I K being equal, 


ſheyr that this Sort of NTP admits of no DOR Variation 
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and therefore of Second Fluxions only, or rather of Fluxion, in 
the abſolute Senſe; for I ſuppoſe I need not tell the Reader, 
that * is but the ſame Fluxion of x, as & is of x; and that & 
has no Relation to the Fluxion of the Line AB, or x, but to 
the Velocity C D, or x. The Want of this Hint in other Wri- 
ters has left the young Student very often in the utmoſt Am- 
biguity and Confuſion. | 

goo. The Fluxions of ſecond F luxions are called third Flux- 
ions; and are thus marked with three Points &, , &. Theſe take 
Place in the Motion of an heavy Body deſcending by its Gravity 
at a great Diſtance above the Surface of the Earth; for in ſuch 
a Caſe, its Weight, or Power of Gravity increaſes continually, 
as the Squares of the Diſtances from the Earth's Center de- 
creaſes : And therefore the momentary Increments F G of the 
ficſt Velocity, (which before in ſmall Diſtances, near the dur- 
face of the Earth, were eſteemed equal) will now receive a. 
continual Increaſe, or Acceleration themſelves; and hence 
third Fluxions will ariſe, And ſince the nearer the Body ap- 
proaches the Earth, the greater will be its Weight, theſe Ac- 
celerations will be conſtantly increaſed ; and hence every Mo- 
ment will produce a new Order of Fluxions, or Third, Fourth, 
Fifth, &c. Fluxicns, will be generated in Infinitum, or ſo long 
as the Motion continues, as is eaſy to conceive. | 

gol. What has been already ſaid, 
in regard to Second Fluxions, may be 
farther illuſtrated and explained, by 
conſidering the Ordinate PM, as mov- M 
ing along the Axis A B, of the Curve 
AMC, from A towards B: Let AP 
=x, PM=y, and AM=z. 

oa. If now in an indefinite ſmall 
Particle of Time, the Ordinate PM A PST 
moves from that Situation to another pm; then, drawing M s 
parallel to A B, we ſhall eaſily obſerve, that 5s m will be the 
Velocity, or Fluxion of PM, and Mm the Fluxion of the 
Arch AM, and alſo that Ms is the Fluxion of the Abſciſs 
AP, in the ſame Time; that is, Ms =#, ms =5, and M 


=o | 
903. 


— — 
* 
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903. If in the next Moment the Ordinate move to q1 n; 
draw m parallel to AB, join s t, and draw parallel thereto 
mm u, to interſect the Ordinate gn in w; then will the Velo- 
city with which the fail Ordinate decreaſeth in the feoond Mo- 
ment be nt, and the Difference between ms and nt, or wt 
and ut, biz. wn, will be the Variation of the Velocity, or 
Fluxion ms, that is, it will be the Second Fluxion of PM 3 and 
ſo wn . 

904- Again, in the third Moment; ſuppoſe the Ordinate 
arrives to the Situation 7 0, draw nv parallel to AB; ; _ t v, 
will vo be its Fluxion che third Moment, which is leſs than 
that in the Second, by the Quantity x o, (becaufe #t = xv) 
therefore the Difference between wn and x o, will be the Vari- 
ztion of the V elocity wx or 5 in this laſt Moment; and fo 
wWxa—x0=5, the Fluxion of 5 = wn, or third Fluxion of 
P M. And after this Manner you may eaſily conceive, how 
Fourth, Fifth, &c. Fluxions are generated. 

905. If the Spaces Pp, pg, qr, are ſuppoſed equal, and 
paſſed over in equal Times or Moments, then will the Abſciſs 
AP flow uniformly, and its momentary Velocities or Fluxions 
M, mt, uv, &c. will be all equal; and conſequently + will, 
in this Caſe, be a conſtant or invariable Quantity; and fo 
there can be no x, or ſecond Fluxion of A P. But if the 
Ordinate P M be ſuppoſed to flow with a variable Velocity, 
then all the Orders of Fluxions will ariſe, as we have thewn ; ; 
and the ſame may be ſhewn of the Arch A M. 

906. As to the Rules for operating Second, &c. Fluxiom, 

they are the ſame as have been laid down for the fly Fluxions in 
every Reſpect ; as they needs muſt be, ſince nothing more is 
propoſed in finding any Fluxion, than diſcovering the Ratio of 
Velocity, with which the Fluent varies its Magnitude, in be- 
coming greater or leſſer: And as this is the ſame Thing in every 
Kind of Fluent, fo the Rules for determining it muſt in ME 
Order of Fluxions be the ſame. 


Hence as the Fluxion of x is &, fo that of x is #3 
id that of & is &; and io on. 1 5 


Net 


* 


The Doctrine of FLUXIONS. 401 


Note here, that when any of theſe firſt Fluxions are ſuppoſed 
to be conſtant, they will be expreſſed in Roman Characters, as 
x, y, 2; but if they are flowing Quantities, they will be re- 
preſented as uſual in [talics, * 4, Jy & 

908, Thus the Fluxion of x xj is & 5 and of 4 5, Is 45 
+ y , and the Fluxion of xj K is * 7 4 — F 25 15 4 K. 
Alſo the Fluxion x j is x j + y x, and therefore the Fluxion of 
xj T5, isxj TAT AT, orxj + y# + 2X3 
which, as it is the firſt Fluxion of xy + y x, (as that is of 
xy,) ſoit will be the ſecond Fluxion of & 5. And thus the ſe- 
cond Fluxion of any other Quantity may be found, as per- 
Rule (793). 

909. The ſecond Fluxion of any Power of any primary 
Fluxion, is found by the Rule for Powers (794). Thus the 
Fluxion of & is 2 4 * and of , is 3 . Alſo the Flux- 
ion of 2 x 4 (the Fluxion of 9 is 2 * 4 + 24 * ; which there- 
fore is the ſecond Fluxion of x 


910. The Fluxions of 2 Fractions are alſo found 
by the proper Rule (801). Thus the Fluxion of = 7 will be 


\ 


found to be 2 = ; the Fluxion of F, is ——= - ; of , 
is >; and of 2, is 2117 x; =27*, bot ir abe E. 


the Fluxion is =; 


LEXIS, ir , it is A ir 23 
** * 4 * X 


the Fluxion is SELLS, , ; and ſo of others. 


911. The ſecond Fluxion of a  furd Duaxtit i is found in the ſame 


Manner as the Firſt (798) ; thus the Fluxion of 2 = 40. 
is 2 n e r . A 

of =z (which i ite the Fluxion of N) is , 
which therefore is the ſecond Fluxaon of Vr, x, and which, if we 


divide by 4 x, will be thus expreſſed, + x 7 Tn! x _ #5 


912. We he ſhewn that the Fluxion of the Logarithm of 
I + 
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1+xis =, and the Fluxion of this is f. 

I + 1+2x+xx 
which is 3 the ſecond Fluxion of the Logarithm of that 
Quantity: And thus I preſume the Second, Third, &c. Fluxions 
of any Quantity propoſed, may be eaſily found by any one who 
underſtands the Rules for the fir? Fluxions, without any further 
CNN. 


— 


CH AP. XVIII. 
Of Invo.uTE and EvoLuTE Curves ; and the 


Method of inveſtigating the Radii of EvoLu- 
TION, or CURVATURE. 


* 

913. B Y the Problems of this Chapter, it will appear how 
| great and extenſive the Uſe of the Doctrine of 
Fluxions is, both of the Firft and Second Orders, ſince their So- 
lutions are hereby rendered facile and perſpicuous, which by the 
common Geometry were not only difficult and tedious, but, to 
an ordinary Genius, quite inacceſſible, or inſuperable. Theſe 
relate to the Nature of Involute and Evolute Curves, and the Me- 
thods of finding the Radii of Evolution, or Curvature. | 

914. If in the Point A, in the Right Line A H, we ſup» 
poſe one End of a flexible String, or Thread to be faſtened ; 
and Part thereof to lie. along, or be coincident with the ſaid 
Line from A to B, and the other Part to be ſtretched along the 
Curve BE F, and there fixed at I. And then if the other 
End A be looſened, and raifed from its Poſition on the Line 
and, Curve, and moved tight and ftrait along, while it diſen- 
gages itſelf from the Curve B E I, then the Point A will de- 
ſcribe a Curve A MN, which is called an Inuolute Curve. And 
the Curve BEI, is called the Evolute of the Curve A M N; 
or the Evolute Curve. And the ſtrait Lines EM, FN, are 
called the Radii of Evolution, or Curvature for the Points 
M 85 N. 


* 4 f 12 
* : 915. 


_— 
— 
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LY 
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915. It is evident (ſince the Length of the Thread ABET. 
ntinues the ſame) that the Part of the Evolute E F is equal 
b the Difference of the Radii F N and E M or that — = 
12 5 the Parts of the — BE, BF will — equal ta 
heir reſpective Radii E M and FN. 
916. Tis moreover evident, that each point of the Curve 
MN is deſcribed by 2 different Radius, which is perpendi- 
war to it in that Point. Thus the Points A, M, N, are de- 
tribed With the different Radii, A B, EM, F N, on the res: 
heQive Centers B, E, F, and conſequently the Curvature in 
boſe Points will be reciprocally as the Length of thoſe Radii. 
917. Therefore the Railii belonging to each Point of the 
wolute A MN, by their various Interſections form the Curve 
the Evolute BE F. Thus, ſuppoſe the two Points M and 
# contiguous, their Radii touch each other in the Point E, 
Ind if continued out, would there interſect each other. Ther | 
pre, 
918. It is a general Problem; The Nature of the Gans | 
P N being given, to find the Length of the Radius of Buoke® 
m E M, belonging to a given Paint M. 
= the Ordinate PM, pn, be continued out, and from 
de Point E of the Interſection of the Radii, to the Points M 


dm, draw E G perpendicular to the Ordinates, and draw 
LD parallel to PG; and mo to A B. Let AP , PM 
„ and * z, and we have M's = v, M0 =)ys 'and 
| Gge M #: 
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Mm=/#* + 5*; and by Reaſon of the ſimilar Triangles 
Mom,MGE;wehave Mo = 5: Mnzy/ = +5* ::MG 


x: ME — 2. 


2 ꝗg—ẽ— nl 


919. Before we N ae 4 three Things muſt be con- 
fidered. (.) That while the Radius E M deſcribes the Arch 
Mn, or becomes E m, it varies not its Length, but is conſtant, 
and therefore its Pluxion is nothing; that is, the Fluxion of the 


Expreflion eu. muſt be made = 6 (2.) 


z==MG is 3 alſo during that Time z for then it be- 
comes og = MG, and its Increment or Fluxion m is the 
Fluxion of P M, that is, 2 = . (3-) Since the Fluxion of 
the Abſciſs reſults from the Motion of the Thread, which we 
ſappoſe to be equable and uniform, tis plain it will be con- 
ſtant, mak is Mo-= x, will be the ſame in all equal Spaces of 
Time. ä 

920. Therefore acting x conflant and the Fluxion of 


EM = 


— 


z 23, (919;) we have? = i DING thatis, l. + 57 + 
* V4 13 
235 =0, and ſo #* + 55 = 23, and thus we get 2 


| — MG. Hence a Perpendicular to the Point G, 


will interſoct the Tangent MC in E, which will give ME, 
che Radius of Evolution required. 

921. To fond the Radius of Evolution for any Point My in the 
Curve of 4 Parabola & MN. 

The Equation of the Curve'is'p x = y*, which in Fluxions 


þ * p x . — 22 —=2þxy 
ves 7 = — = —=- and ſo j = ——— = 
gives 3 "OFT" 2) þ py of 4579 4px 
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ſubſtituting theſe Values of 5 and 3, in the general Expreſſion 


M G ue, we ſhall get an Expreſſion, conſiſting only 
ans ede in the Manner following 3 jj = 


n — 
ee eee 
e is divided by —F ax pe will give 

77 „ © 
n= =MG=PG+PM, whence P G 
— 7 — 


922. Let t M touch the Parabola in M, then is t P = 22 
and PC =; ; fortÞ(2) : PM (5): :PM (3): PC= 


22 | tharnfore 24 X PC = yy = pn conſequently PC= 


z P. And as PM (9) :PC(pi)::MG ( 3 
AD GES PDS DTA PC + CD; but PC 
84 Darren 
; 923. Now ſince PC = + p, is an invariable Quantity, there- 
tung BY fore when the Point M coincides with the Vertex A, the Point 
P will be there too, and conſequently PC will then become 
„ABA. Hence the Vertex B of the Evolue B E F, touches 
the Axis of the Parabola, at the Diſtance of A B = x, from the 


= Vierter A. 
924. Hence the Radius of Evolution in the Parabola, when 


G, a Minimum, is = AB = 2 p = Half the Parameter, conſe- 
[E, quently the Curvature of the Parabola is then and there a Maxi- 
mum, and equal to the Curvature of a Circle deſcribed with the Ra- 


the dus AB = 5p. 
925. To find the Curve (or Nature) of the Evolute B E I. 


oP We have already ſeen that BE =P G = — j and KE 


of = BD= APD. an at 3x. 
* Let the Abſciſs B K = x, and the Ordinate K E = y ; then 
Ggg2 x& ; 


7 
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x: 5 4 mn ge n= IVE. 1 Bu 


7 =3 x, and ſo æ = > which ſubſtituted for x in the Equa 


tioh above, — comes out 75 7 pxx — , which ſhews the 
m— B E I is a — Wo Parabola, whoſe Parameter i is 
455 Z of the Parameter of zhe Invoſute Parabola A M N-, XV. 


926. Hence it . that the " Evolute \ is a Geotetrical 
Curve when the Involute is ſuch ; or an Equation may be founy 
to expreſs the Relation of its Abſciſſes BK, to its Ordinates 
K E in finite Terms, and free from F luxions, when 2 lnvo. 
lute has ſuch an Equation. f 
927. Having found the Radius of Evolution M E. we rec- 
tify the Part of the Evolute B E with eaſe. For it will "Always * 
be, the Curve'BE ME — A B, viz. the Curve B E wil 
row be equal to the Differencs of two given right Line. tl 

28. We ſhould next have proceeded to the Elli keen and 

hola, but that in our Method. we muſt have Rec 
the Radius of Evolution directly M E, which becauſe ja N 
the fimilar Triangles M om M G E, will be found | = K 
— 2 X N EL. ; which will prove too troubleſome; th 


— x 


Y a . 


and therefore, as well as for Eaſe as Variety, we will inveſtigate 
— Expreſſion for the Radius M E, ina * | Manner 


than before. 4 
929. In orger to this, let M G = uv, and the Arch A M = = 


=; the Reſt as before. Then &: &: 25: = = = ME; which 2s fo 


it is conſtant; its Fluxion 3 is nothing, therefore the F n of 
vz.vax + 4 n — D 


— is — = Z = o. "Therefore vE#SvVEF 
ff . : g af; ; ; 2 

* g _ ; FS; 

— +5; and fo v = — — 2 — 2 ;» becauſe 
1 2 * * 4 A VL 4 ＋ 
TY inks 


2 2 3 / 930. 
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930. - Therefore 2 #: 3 222. : LE -=ME; 


K — rA EA — 4 


d ee 


+x=PD+AP=AD. 5 n 
Lady, 2. „ =MG—AP =PG=BK, 


324 — X83 
In all theſe Expreffions, when either &, J, or z, are conſtant, 
they may have Unity placed in their Stead, and the Terms 
when in &, 2, j, are found, will vaniſh, and ſo the abo 
Expreſſions will be abridged very pam All which wil 


be plain by the following Examples. 
931. Let AM be an Arch of the Gures of an Elbpfe, or 


Hyperbola, to find the Radius f Evolution E M. The Equation 
for theſe Curves being 77 S & x, (where @ and bare | 


the tranſverſe and conjugate Diameters,) we have y = - 


4 a. - FL. =; and —j = — A. Iv 


24 U axF x* 4 Xx 4x 
Now by ſubſtituting theſe Values of 5, y, j, into the general 
Equations above, we ſhall have the Radius of ET and 


the other Parts expreſſed by them. 
n = ME, by making & = 1, or 


whith Equation 


as | | 
of the Values of 3, and — 5, above found, being ſubſtituted will 
p give the Value of the Radius of Evolution ME. 


* *2 
933- Again, ——= =7 2 * 2 A D, becomes = +x = 
ſe . =— 3 
_Y 
| * This Analogy between rf} and 1 Fluxions is eaſily deduced 
Ds from the Figure 2 Art. ah act if on the Center , a ſmall 
Arch be deſcribed from to m ww, it will -conſtitute a ſecond fluxion- 
ary Triangle, 6imilar to the firſt mt W, which give the Analogy above, 


_— 
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bb 
put x o, will become — = = AB, that is, when the Point 


M coincides with the Vertex A, the Radius of Evolution then 
becomes a Minimum, and 75 to AB S half the Parameter 
of the Axis A Q. 


934. If this Quantity 2+. bs takes from the abore Expre 


— 


ſion for AD, it will leave ©© — "1 TX —.— 2 2 
—=KE=B D; if here ö = a, the Ellipſis will become a Cir- 
cle, and conſequently the Points E and D will ever coincide 
with the Point B; and therefore the Evolute B E of a Circle 
will degenerate into a Point, viz. the Center thereof. 

935. If in the Expreſſion gotten for M E, as above direct 
ed, we make & = ; 4 AH, that Expreſſion will become = 
57 = half the ee of the conjugate Axis, and the Ra- 
dius of Evolution, is then a Maximum, and the Curvature of 
the Ellipſis a Minimum. 

936. To find the Evolute A E F, and Radius of Evelutie 
ME of the common nn B. 


0 _— JF 
Let BP =x, PM =, the Arch BQ = u, and BD = 
2; then C za x, by the Property of the ewes 


Py 8 Sa  - 


FRY PO WY 1 A £4 ana Jac 8 3 


1 Mr .S ——— F Y 


. 


e 


Qu * 
8 7 


N 


bt 
4 


2. 


2 
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and ÞM=y=v +V 2ax—xx, by the Property of the 
Cycloid . This laſt Equation in Fluxions will be 3 = = 0D + 


ax —XxX 


—— but = ——— s ($75-) therefore 5 =2 
24xX— XxX 24x —xX 


by making & invariable. Therefore fubtiuring theſe Values 
of ; and in the general Pxpredion for ME 2 - HERS <tr 
ISP VIS 


Fo 4 
=2DQ=2MHE. 

937. If we put æ e, we have ME =2V 44224. 
when the Point M coincides with the Vertical Point B. But 
if x = 2a, then ME = 0, when the Point M coincides with 
A. Therefore the Point A is the Beginning of the Evolute, 
and the Point F the End, and ſince FB=4a, FD is = 24 
= DB. Compleat the Rectangle DG; deſcribe the Semi- 
circle AK G; and draw AK parallel to ME or DQ. 
Then ſince the Angle DAK = ADQ,, the Arches AK = 
DQ, and the Chord AK = D Q; whence K E is parallel 
and equal to A H, and therefore equal to the Arch DQ, as 
is evident from the Generation of the Cycloid; therefore, alſo 
E K is equal to the Arch AK, which is the noted Property 
of the Cycloid. Therefore the Evolute A E F is a Semi-cychid 
every alike and equal to the Involute A MB, but in an inverted 
Poſition. 

Thus I have at Length finiſhed what I have thought neceſ- 
fary to premiſe, as an Introduction to the mathematical Scien- 
ces, the fundamental Principles of Arithmetic, Logatithms, 
Algebra, Geometry, Conic Sections and Fluxions, in nearly 
one Thouſand Articles. This Syftem of mathematical Ele- 
ments will, if impartially conſidered, be found a ſhorter and 
more eaſy Introduction to the Practice of thoſe Arts which 


depend on them, than any other that has been hitherto pub- 
liſhed, 


„This we ſhall demonſtrate, 'when we give an Account of the 
Geneſis and Properties of mechanical, or tran/cendent Cur des, in our In- 
troduction to Mechanical Philoſe phy. 


„ weſhullget ME=2v Fag=2av 
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liked, that I know of. The Tranſition from one Branch to, 
the other is natural, and ſhews their mutual Connection and 
Dependancy, and the Reaſon of the ſubſequent Articles evi- 


dently appears from the preceding ones : Nor do I know, that 
I have any where advanced one ſingle Poſition, that has not 
been previouſly demonſtrated. Such a' Series of preliminary 


Principles appears to me abſolutely neceſſary, to qualify every 
Leatner for & rational underſtanding of the moſt uſeful Scien- 
cies that are now to follow, and which we can now communicate 


in a more compendious, and leſs expenfive Forth, and in a plea- 


ſanter Manner, than we could have done any other Way. If theſe 


Inſtitutions are thought to be dry or uſeleſs, it muſt be owing 


to a Want of Genius, or a natural Incapacity or Diſinclina- 
tion to ſuch Studies. We do not here treat of Trifles, and what 


ve write is intended, in this Part, for ſuch only, who are 
born Mathematicidns. They will have a natural Reliſh for, 
and take a peculiar Delight in them. It might have been ex- 


pected, that a Table of Logarithms ſhould have been added, but 
we have judged that unneceſſary, as they are almoſt in every 
one's Hands, and as we could make no Alteration in that Sub- 


ject, not afford them cheaper than they may be bought by 
themſelves ; it would be ſcarce fair, to oblige our Readers to 
buy the faihe Things over again; eſpecially, as the artificial 


Line of Numbers, Sines and Tangents, ſupply their Place, in 
moſt practical Caſes, by Inſtruments, which will now very 
ſoon follow in their proper Order and Places, among the 
practical mathematical Sciences, which will be the Subjects of 
the following Volume, where the Reader will find them treated 
of in a Method new, and with many Alterations and Improve - 
ments, both in the Subject Matter, and the Inſtruments for 
* ; 


The End of the Pract Votunte. 
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